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1 Motivation

This course is about developing a theory of calculus which is applicable to continuous time
stochastic processes, e.g. Brownian motion. Why do we need a special theory?

Brownian motion is not differentiable.

Ordinary calculus Stochastic calculus
Integral Itd (stochastic) integral
Derivative It6 (stochastic) derivative
ODEs SDEs

Example: Suppose that we have a gambler who repeatedly tosses a fair coin, betting $1 on
getting a heads for each toss. Let

¢ {—i—l, heads on kth toss
k pu—

—1, otherwise.

That is, the (&) are i.i.d. Bernoulli(£1). Let
Xp = Z &k
k=1

be the net winnings of the gambler. Note that (X,,) is a simple random walk and Xy = 0, hence is
a martingale (MG) w.r.t. F, = 0(&1,...,&,). Suppose that at the nth toss, bet hj on heads. Then

(H - X)n = Zn: i (Xy — Xg-1) -
k=1

We interpret (H - X), as the gains process from a self-financing strategy H which gives the net
winnings after n tosses. Assume that (H,,) is a deterministic sequence.

Claim: (H - X),, is an F,-martingale.

(a) Hj is integrable v/

(b) Hy is adapted v~

(¢) E[(H - X)nt1 — (H - X)n | Ful = Hpyr - E[Xnp1 — X | Fo] = 0.

More generally, the same is true if we take H, 1 to be F,-measurable (and integrable). This is
called a previsible process. As before, (H - X) gives the net winnings of the gambler. This is
called a martingale transform.

Goal for first part of the course: Extend this reasoning to define the stochastic integral

(H-X), = /0 "H.dx, (W)

where H is previsible and X is a continuous martingale (e.g., Brownian motion). Crucially, one
cannot use the Lebesgue-Stieltjes integral to define (#), since this requires X to have finite
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variation, and the only continuous martingales with finite variation are constant, as we will show
later in the course. Thus, our strategy to define the It6 Integral will be to set

[t/e]
(H - X)p = lim > Hye(Xpe — X(-1)e)
k=1

We need to be careful about the type of limit since X in general will be rough (not differentiable),
like Brownian motion. To get convergence, we need to take advantage of cancellations. For
example, if X is a Brownian motion and H is a deterministic and continuous process. We have

ke<t k#¢

Lt/e]

Z Hks (k+1)e sz—: ]

Cancellations come from martingale orthogonality and are what make it possible to define the It
integral.

Lt/e]
ZHks €—>/H ds ase—0.
k=0

Next, learn about properties of the integral:

e Stochastic analogue of the chain rule,

e Stochastic analogue of integration by parts.

Formulas look like those in regular calculus but with an extra term to reflect that X is rough
(quadratic variation).

t
Yt:/ H,dX; <— dY; = H; dX;.
0

Itd’s formula will tell us how to write df (Y;) in terms of dY; for f € G2. It has many applications,
for example the Dubins—Schwarz theorem which states that any continuous martingale is a
time-change of Brownian motion.

Next look at stochastic differential equations (SDEs), i.e
dXt = b(t, Xt) dt + O'(t, Xt) dBt,

where b, o are “nice” and B is a Brownian motion. For ¢ = 0, just an ODE. For o # 0,
corresponds to adding noise which depends on time and the state of the system.

Last part of the course: diffusion processes and how they are related to SDEs, and how they
can be used to solve PDEs involving 2" order elliptic equations (e.g., A).

Next time we will start with some preliminaries (cadlag processes, function of finite variation,
integral against a function/process of finite variation).

2 Preliminaries

2 t/e
(Z Hie (X (kt1)e — st)) =E {Z HE(X(on)e — Xie)® + > Hye Hee(X(1)e — Xe) (X (e41)e

- XEE)



2.1 Cadlag processes, functions of finite variation
Recall that « : [0,00) — R is cadlag if « is right-continuous and has left-hand limits:

lim a(s) = a(t), lim a(s) exists.
s—tt s—t~

Let a(x—),z € [0,00) be right-hand limit, and set
Aa(z) = a(r) —a(z™),z € [0,00)].

Suppose that « is non-decreasing, cadlag and a(0) = 0. Then there exists a unique Borel measure
da on ([0, ], B) with
da((s,t]) = a(t) — a(s), forall0 < s < t.

For f measurable and integrable, then the Lebesgue—Stieltjes integral of f w.r.t. a is defined by
/ f(s)da(s) Vt=>0.
(0,¢]

Then, by dominated convergence t f[07t] f(s)da(s) is a right-continuous function. Moreover, if

f is continuous, then ¢ — fg f(s)da(s) is continuous so we can write

[ 16)dats)= [ j(s)dats)
0 (0,¢]

We want to integrate more general functions. Suppose that a*,a™ are functions satisfying the
same conditions as before, and set a = a™ — a~. Define (f -a)(t) = (f-a™)(t) — (f - a™)(t) for all
f measurable so that both terms on the RHS are finite. This class of functions (i.e., differences of
cadlag non-decreasing functions) coincides with the cadlag functions with finite variation.

Definition 2.1. Let o : [0,00) — R be cadlag. For each n € Nt > 0, let

o(E5) (8

Then the limit v(t); = limy, oo " (t) exists and is called the total variation of a on [0,t].
If v(t)y < oo then we say that o has finite variation on [0,t]. If v(t); < oo for allt > 0, we
say that « is a cadlag function of finite variation.

r2n]-1

() = Y

k=0

To see that limv"(t) exists, fix ¢ > 0 and let
th =27"[2"] sothattS >t>t— V¥n

=27 ([2"] — 1)

n

and
ot —1

o) = > la((k+1)-27") —a(k-27")| + |a(t]) — a(ty)] .
k=0

The triangle inequality gives that the first term is non-decreasing in n. The cadlag property
implies that the second term converges to the jump |Aa(t)|, hence  v™(t) converges as n — oo.



Lemma 2.2. Let a be a cadlag function of finite variation. Then v is also cadlag of finite
variation with Av(t) = |Aa(t)| for all t > 0 and v is non-decreasing. In particular, if a is
continuous, then so is v.

I Proof. [@ . O]

Proposition 2.3. A cadlag function can be decomposed as a difference of two non-decreasing
right-continuous functions if and only if it has finite variation.

Proof. Assume that a = a™ — a™ are cadlag, non-decreasing. NTS: @ has finite variation. Note,
ja(t) = a(s)| < (a¥(t) = at(s)) + (4= () —a™(s)  VO<s<t
Plug this into ® and use that the sum telescopes for monotone functions to get that
() < (@t () — ot (0)) + (a=(t) — a7 (0)) .
Since a™, a” are right-continuous,
RHS "% (a* (1) = a*(0)) + (a™(t) - a™(0))

which gives that a has finite variation, as desired.
Now the reverse direction. Assume that v(t) < oo for all ¢ > 0. Set a™ = $(v+a), a™ = $(v—a).
Then a = at — ¢~ and at,a™ are cadlag since v, a are cadlag. NTS: a* are non-decreasing.

Fix 0 < s < t, define tz /= as before and SI/ ~ analogously. Then:

at(t) = a*(s) = lim % (v"(t) —v"(s) + alt) — a(s))
oty —1
= dim o | > (lallk+1) 27 —atk- 2] +a((h+1)-27) — alk-27)
k=2ngt

Hath) = alty)] + (alt)) - alt;)] > 0.

Same argument works for a~. O

2.2 Random integrands

We now discuss integration against random functions of finite variation.

Let (2, F, (Ft)t>0,P) filtered probability space. Recall that X;(w),t € [0,00) — R is adapted to
(Fr)e>o if X¢ = X(+,t) is Fy-measurable for all ¢ > 0. X is cadlag if X (w,-) is cadlag for all w € Q.

Definition 2.4. Given a cadlag, adapted process A: ) x [0,00) — R, its total variation
process V: 2 x [0,00) — R is pathwise by setting V(w,t) to be the total variation of A(w,-).



Lemma 2.5. If A is cadlag, adapted, and of finite variation then V is cidlag, adapted, and
non-decreasing.

Proof. Only NTS V is adapted. For t > 0, ¢, =27"(]2"¢] — 1)

B 2"t —1
V= Z ‘A(k+1)-2—" — Apg-n
k=0

i

Vi adapted for all n since ¢, <t.
Vi = lim (%" +]AA(1))

which shows that V; is F;-measurable. O]

Lecture 3 We now seek a class of functions so that the integral is adapted.

Recall from the introduction that a discrete-time process (Hy,), is called previsible w.r.t. (F,)
if H,4+1 is measurable w.r.t. F, for all n.

Definition 2.6. The previsible o-algebra P on Q2 x (0,00) is the o-algebra which is generated
by sets of the form E X (s,t] where E € Fs, s <t. A process H: Q x (0,00) — R is previsible
if it is measurable with respect to P.

Examples:

L. H(w,t) = Z(w) - L, 1) (1), t1 < t2, Z is Fy,-measurable.

2. H(w,t) =120 Zx(w) - Lty tpq)(B), for 0 =19 < --- < t, and Zj is Fy, -measurable.
A simple process, will be important for the construction of the Itd integral.

Remark. Simple processes are left-continuous and adapted. It turns out that P is the smallest

o-algebra on Q x (0,00) so that all left-continuous processes are measurable, [/é] . In general,
cadlag processes are not previsible, but their left-continuous modification is.

Proposition 2.7. Let X be a cidlag, adapted process and let H, = X;—, t > 0. Then H is
previsible.

Proof. Since X is cadlag and adapted, it is clear that H is left-continuous and adapted. For
each n, set
oo
H = Hyo—n - L(gon (js1).2-n)(t)
k=0
Then H™ is previsible for all n and since H is a left-continuous process,

nh_}rgo H['= H; VYt= H is previsible as a limit of previsible processes. [

Remark. The proposition above implies that continuous, adapted processes are previsible.



Proposition 2.8. If H is previsible, then H; is measurable w.r.t. Fi— = o(Fs : s < t),
vt > 0.

I Proof. [/,@2] . O

Remark. The Poisson process (N;) is not previsible since Ny is not F;_-measurable, where (F)
1s the natural filtration.

Now we are going to see that integrating a previsible process H against a cadlag process with
a.s. finite variation A yields a well-defined and adapted cadlag process of finite variation.

Theorem 2.9. Let A: Q x (0,00) — R be a cadldag process which is adapted and has finite
variation V. Let H be a previsible process with

/ |H(w,5)|dV(s) <oo Vi>0,we . (2.1)
0<s<t
Then the process H - A : Q x (0,00) — R given by

(H-A)(w,t) = 0 H(w,s)dA(w,s), (2.2)
with
(H - A)(w,0) =0,

is cadlag, adapted and has finite variation.

Proof. The integral in is well-defined due to Indeed, let HY = max(H,0), H~ =
max(—H,0), and
+_ 1
AT =3
Then H=H" - H and A= A" — A~ and

(V £ A).

H- A=H"-H ) (At —A)=H" A"+ H A~ —-H"- A~ —H -A".
All terms on RHS are finite by Need to show:
1. H -1 is cadlag,
2. adapted,

3. finite variation.

Step 1. Note that 1(g 4 — Loy as s |t and 14 — Loy as s / t. By definition,

(H - A)y = /Hs “Lse(o) dAs.

Hence,
(H-A) = /Hs - %Itl L(se(0,r]) dAs

(DET) ligl H, - 1(86(0,7“]) dAs = lii?(H ) A)T




giving right-continuity. An analogous argument gives that H - A has left-limits, hence is cadlag.
Also,

A(H - A), = /H A(ony dAs = Hy - A4
Step 2. “Monotone class” style argument. Suppose
H:].BX(&“], BeF,, s<u.

Then
(H-A)=1p - (Atpy — Atps), which is Fy-measurable.

Let A={Z € P:1z- Ais adapted}. Want to show: A = P. Let
II={B x (s,u]: Be Fs, s<u}.

We have shown II C A, and know that II is a m-system generating P. Not difficult to see that
A is also a d-system, and by Dynkin’s lemma we deduce

P=cIl)CACP=>A=P.
Now suppose that H > 0 so previsible. Set

H"= (27" |2"H|) An

—nii:2”~k-1(He |Zgek, Z2n0tU)) o 1(H > ) |

cP

This implies that H™ is a finite linear combination of functions of the form 1o, where C' € P
which in turn implies that (H" - A); is F;-measurable for all t. By the monotone convergence
theorem, (H" - A); — (H - A); as n — oo. For general H, write H = H" — H~, where
H* = max(4H,0), and use that

(H-A)y=(H"-A)y— (H - A) (both Fi-measurable).
Step 3. To show that H - A has finite variation, observe that

H- A=H"-H)- (AT-A)=(H" - A"+H -A")—(H -At+HT.-A")

is a difference of non-decreasing functions. O

Next, we will introduce and generalise our theory of stochastic integration to integrating against
Martingales.
Lecture 4

3 Local Martingales.

Let (92, F, (Ft)t>0,P) be a filtered probability space.



Definition 3.1. We say that (F;)i>0 satisfies the usual conditions if:
1. F; contains all P-null sets.
2. (Fi)e>0 1s right-continuous: Fy = (s Fs-

Throughout, assume that (F;) satisfies the usual conditions. Recall that an integrable adapted
process X is an (F;) martingale if

E[X; | Fs] = Xs as.

supermartingale if
E[X: | Fs] < X5 as.

submartingale if
E[X: | Fs] > X5  as.

forall 0 < s < t.

A random variable T is called a stopping time if {T <t} € F; for all t > 0. If X is cadlag and
adapted to (F;) and we set

Fr={FE e F:EN{T <t} e F forallt>0}
then X7 is an Fp-measurable random variable.

If X is a martingale then XtT = Xiar is also a martingale.

Theorem 3.2 (Optional Stopping Theorem (OST)). Let X be an adapted, cadlig and inte-
grable process. Then the following are equivalent:

1. X is a martingale.
2. XT := (Xynr)i>0 s a martingale for every stopping time T.
3. For all bounded stopping times S <T', we have

E[Xr | Fs] = Xs a.s.

4. For all bounded stopping times T', we have that

E[X7r] = E[X0].

Definition 3.3. A cadlag adapted process X; is called a local martingale if there exists a
sequence (T,)n>0 of stopping times with T,, /* 0o a.s. (non-decreasing), and for every n,
such that the stopped process X' is a (true) martingale for all n > 1. In this case, we say
that (T),) reduces X.

Note that a MG is a local martingale as any deterministic sequence T,, oo will reduce it.

Example. Let B be a standard Brownian motion in R3. Let M; = \?ltl' (1A)



(i) (My)e=1 is L?-bounded: supys; E[M?] < occ.
(ii) E[M¢] — 0 as t — oo.

(iii) M is a supermartingale.

M cannot be a martingale, otherwise its expectation would vanish by (ii), but this cannot be
true since M; > 0 a.s.

For each n > 1, set:
T, =inf{t>1:|B| <1}
=inf{t >1: M; >n}.
We want to show

1) (Miar,)+>1 is a martingale for all n.

2) T, — 00 as n — 00 a.s.

Note that
n§M1:>Tn:1, n>M1:>Tn>1.

Since |By| cannot hit 1/n before hitting | By|, have that T;, is non-decreasing. Now, recall from
Advanced Probability: f € C3°(R)

t
f(B) — ;/0 Af(Bs)ds is a martingale.

Note that f(z) = ﬁ is a harmonic function in R3\ {0}. Let (f,,)n>1 be a sequence of C°(R3)
with fi,(z) = f(z) on {|z| > 1}. If

1
0 < |B¢| < —, then T,, = 1 and so My, = M, is a martingale.
n

Since B; # 0 a.s., we have that |By| > % for all n sufficiently large enough, in which case

f(Birt,) = f"(Biar,) VE> 1.

Thus:
Mt/\Tn = f(Bt/\Tn) - f(Bt) + f(Bl)

1 AT
= lf(Bt/\Tn) — f(By) — 5/1 Af(Bs) ds] + f(B1)

1 tA\Ty,
= [fn(BtATn) — f"(By) — 5

5] Af(B) ds

+ f"(B1)

and so we conslude My, = (Miat, )t>1 is a martingale.

We also need to show that T;, /* co as n — co. Now, as T,, < T,,11, it remains to show that
lim,, oo T, = 00 a.s.. For each R, let

Sp=inf{t >1:|B;| > R} =inf{t > 1: M; < 1/R}.

10
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Then Sg — co0 as R — oo.

P(lim T, < o0) <P@ER: T, < Sg'¥n) = limlim P(T, < Sg).
The OST implies
E[Mz,ns5z] = E[M1] = N € (0, 00).

and so the LHS becomes

1

1 N N
nlP(T,, < Sp) + =P(Sr <T,) = = =P(T, < Sr) = £ 5 0asn— .

Therefore, (M;):>0, non-negative local martingale but not a martingale, a supermartingale and
in L?-bounded.

Observe from the preceding discussion that by only requiring non-negativity, the first two
properties actually give that M is a super martingale.

Proposition 3.4. If X is a local martingale, Xy > 0 for all t > 0, then X is a supermartin-
gale.
Proof. Suppose that (7},) is a reducing sequence. Then for any s < t, we know that

(Fatou)
E[X; | FJ) =E[lim Xinr, | F| < liminfE[Xur, | £ = liminf Xoup, = X, as.

Often work with local martingales instead of martingales, so as to not have to worry about
integrability.

We will now answer the following

1. When is a local MG a MG?

2. Continuous local MGs with finite variation in time.

Definition 3.5. A collection G of random wvariables in L'(Q, F,P) is called
uniformly integrable (UI) if

sup E[| X |1 x>p] =0 as M — oo.
Xeg

Examples of UI families:

1. Uniformly bounded random variables: If G C L' is bounded in L2, then G is UL
2. LP bounded for p > 1: supyg E[|X|P] < cc.

3. there exists Y integrable so that |X| <Y for all X € G.

11



Lemma 3.6. Suppose that X € L'(Q, F,P). Then
X :={E[X | G] : G is a sub-o-algebra of F}

s also a uniformly integrable family.

I Proof. [f@ﬂ . O

Proposition 3.7. The following are equivalent:
i) X is a martingale.

1) X is a local martingale and for all t > 0, the family
X, ={Xp : T is a stopping time with T <t}

is uniformly integrable.

Proof. i) = ii): Suppose X is a martingale. By OST, if T is a stopping time with 7" < ¢, then
E[X: | Fr| = Xr = X; is UL

1) = 1): Suppose that X is a local martingale and X; is UI for all ¢t > 0. To show that X is a
martingale, by OST it suffices to show that for all bounded stopping times 7', we have

E[X7] = E[X(].
Let (T},) be a reducing sequence for X and let ' < t be a stopping time. Then

osT

(def’n of XTn)
E[Xo] = E[Xg"] °=" ELX7] "=

[X7aT,]-
Since {X7rap, :n >0} is Ul and X7pap, — X7 as.,
Advanced Probability = Xpa7, — X7 in L' as n — oo.

Therefore, E[X7a7,] — E[X7] as n — co. Hence E[X] = E[X7]. OST finally implies X is a
martingale. O

Corollary 3.1. A bounded local martingale is a martingale. More generally, if X is a local
martingale and there exists Y integrable such that | Xy| <Y for allt > 0, then X is a martingale.

Theorem 3.8. Let X be a continuous local martingale with Xo = 0. If X has finite variation,
then X =0 a.s.

Proof. Let V be the total variation process for X. Then V) = 0, and V is continuous, adapted
and non-decreasing. Let
T, :=inf{t >0:V, =n}

12



for all n € N. Then T,, /* o0 as n — 0o, since X has finite variation. Moreover,
Thy) _
| Xi ™| = | Xear,| < Viar, < n.

Therefore X7» is a bounded local martingale and hence is a proper MG.

To prove that X =0, note: X™ =0 forall T, S coasn — oo. Fixne N, let Y := X Y
is a continuous bounded martingale with Yy = 0. To prove that Y = 0, it suffices to show that
E[Y;2] = 0 for all ¢ > 0. This implies that ¥; = 0 for all ¢t > 0, t € Q a.s., so Y = 0 by continuity.
Fixt>0, NeN, let

t = %t for k < N.

Compute
N—-1 N—-1
(MG orthogonality)
E[Yt2] =K lz (Y;fkﬂ - Y;‘/k)Q‘| = E lz (Ytk+1 - nk)2‘|
k=0 k=0
<Viar, <n N_1
< E[Ogingalif(—l ‘Y;fk-u - Y;fk‘ l;) ’Y;fkﬂ - Y;5k|1 < n2'

<VinTn
Since Y is continuous,

lim max |Y; -Y =0 a.s.
N-=o0 ngng—l‘ trt1 b

Bounded convergence finally gives E[Y;?] = 0. O
Remark. (i) The proof requires continuity, in particular not true without continuity.

(i) Theorem implies Brownian motion has infinite variation, so cannot use Lebesque—Stieltjes
integral to define the integral against a BM.

For continuous local martingales, there is always an explicit way of choosing the reducing
sequence.

Proposition 3.9. Let X be a continuous local martingale with Xo = 0. Then
T, :=inf{t > 0: |X¢| =n}
reduces X .

Proof. Step 1: T, is a stopping time.
Let ¢t > 0, then:
eFt

(T <ty ={suwp {|Xs|>n}= ) U {IXq>n—-1/k}.
Oss<t k=1] s€Q,s<t

Step 2: T, /' o0 as n — oo.
Since

sup |Xs(w)| < oo = there exists n(w,t) € N such that n(w,t) > sup |Xs(w)|.
0<s<t 0<s<t

=n>n(w,t) = Th(w) >t = T,(w) = o0 as n — 0.

13



Lecture 6

Step 3: (7),) reduces X.
Let (T7") be a reducing sequence (exists since X is a local martingale). Then X7 is a martingale

for all n. Need to show: X' is a martingale. The Optional stopping theorem implies X7 Tm
is a martingale for all n,

XT is a local martingale with reducing sequence (77%).

Since X7 is in addition bounded, it is a martingale; concluding the proof. O

We now move on to construct the stochastic integral proper.

4 The Stochastic Integral

Goal: Be able to integrate against a continuous local MG. How does one construct an integral
(Riemann / Lebesgue)?

An integral is a linear map

Z:X —Y where X,Y are normed vector spaces.

Steps:
@ Define it on a dense set D C X
@ Show that it is a continuous linear map:

3C > 0 such that |[Z(f)|ly < C||fllx VYf € D.
= 7 extends by continuity to X.

Need to
@ specify D, X, Y , prove @

simple processes, quadratic variation 1t6 isometry

Theorem 4.1. Let X be a cadlag, L*-bounded MG (i.e., sup, E[X?] < o0). Then there
exists Xoo € L? such that:

X; = Xoo  a.s. and in L?, and X; = E[Xw | Fi] (Xoo is called the final value of X).

Proposition 4.2 (Doob’s L? inequality). Let X be a cadlag, L*-bounded MG. Then:
E {sup|Xt|2] <4E|[XZ].
t
Define:

e M? = {L%bounded cadlag MGs}.

o M2 = {L?-bounded, continuous MGs}.

14



o M?, .= {L?bounded, continuous local MGs}.

c,loc

Definition 4.3. A process H : [0,00) x Q@ — R is called a simple process if there exist
0=ty <t <---<ty, and bounded, F;,-measurable random variables Z;, such that:

n—1
Hy = Z Zil(ti,twrl](t)
=0

Let S be the set of simple processes. We will proceed to
e define (fg H, dMS) for He S, M € M2

o Extend the integral to more general integrands (M € M%)
Proposition 4.4. If H € S, M € M?, then H - M € M?. Moreover,

E[(H - M)% ZE[Zk My, — My, 2| < 4| H|ZE |(Mo — Mo)?].
k=0

Proof. Step 1:H - M is a martingale.
Suppose that ¢t < s <t < tx41. Then we have that

(H-M)—(H-M)s = Z(M; — M),

so that
E[(H - M) — (H - M)4|Fs] = ZyE[M; — M,|Fs] =0

since Z), € Fy and M € M?>.
Suppose that 0 <t; < s <t; <t <t;. Then

E[(H - M); — (H - M);|F5]

k—1 j—1
=E |> Zi(M,,, — My,) + Zp(My — My,) — (Z Zi(My,,, — My,) + Zj(M, — Mtj)) ‘f} .
=0 =0

= Z E[Zi(Mti+1 - Mtz)“rs] + E[Zj(Mtj - MS)“’TS] + E[Zk’(Mt - Mtk)‘fs]
i=j+1

Since
E[Zi(Mti+1 ) FS] Z]E[Mt +1 Mtz"/—:s] - 0, j + ]. S Z S k - 1,

|
E[Zj(Mtj )|.7:5] 7 E[Mtj Ms’fs] =0,
E[Zy(My — My,)|Fs] = E[ZyE[M; — My, | F, ]| Fs] =0

Step 2: H - M is L?>-bounded.
If j < k, then we have that

E |:Zj(Mtj+1 - Mtj)Zk(Mtk+1 - Mtk):| =K {E[Zj(Mtj-H - Mtj)“’rtk]Zk<Mtk+1 - Mtk):| = 0.

15



So,

E[(H-M){]=E
k=0 k=0

n—1 2 n—1
MG orth nalit;
<§ ' Z (M, — Mtk)> } rrREony [E ZE( My, — My,)*

Doob’s L? inequality
] < 4[| H |2, B[( Moo — Mo)?.

n—1
<|HIZ DB [(My,, — M,)?
k=0
This bound is uniform in ¢, so H - M is L? bounded, so H - M € M?.
Step 3:

E[(H - M)%] < liminf E[(H - M)?] < supE[(H - M)}] < 4| H||% E[(Ma — My)?).

t—o00 t>0

4.1 Space of integrators

For X cadlag and adapted, define the norm:

XA = 1 X[ L2, X™ = sup [ Xl
t>0

€% = {X cadlag, adapted processes X with || X||| < oo} .

Define the norm on M? is given by

X = [ X ool 2

Clearly ||-|| is a seminorm. To see that it is a norm, suppose that

X = I Xsollzz =0 = Xoo =0 as. = Xy = E[X|F:] =0 as. forall ¢t > 0.

Cadlag property implies X =0 a.s.
Setup:
M = {cadlag martingales}

M. = {continuous martingales}
M, 10c = {cont. loc. martingales}

Lecture 7
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Proposition 4.5.
a) (C2||X-|| is complete.
b) M?=MnCe?
c) (M2||-|) is a Hilbert space.

d) M?:= M.NM? is a closed subspace.

The map
M? = [A(Fs), X0 X

is an isometry, where
s :O'(ft 2t>0).

Remark. We can identify an element of L? with its final value, so (M?2,||-||) inherits the Hilbert
space structure of (L*(Fuo), ||-|lz2). Since (M2, ||-|]) is a closed linear subspace of (M2, ||-||), it is
also a Hilbert space. This is the space of processes against which we will integrate.
Proof. (a) Suppose that (X™) is Cauchy with respect to ||||. Then there exists a subsequence
(X™)g=1 of (X™) such that

S OIX™ = X < oo

k

Thus,

3 sup X — X7
A t

<D JX™E - XM < oo
L2 k

= > sup| X — X" < o0 aus.
k>0 120

= (X" )¢>0 is uniformly Cauchy on [0, 00) a.s., hence converges to a cadlag limit X.

NTS: X" — X with respect to [||-|||.

IX — X"||> =E [sup|X; — X7*?| =E | lim sup | X} — X" |?
>0 k—o0 >0

< li]gn inf E

—00

sup | X[ — X |2

Fatou 2
< <liminf X" — X"km) —0 as.
t>0 k—o00

Since X™ is Cauchy.
(b) Suppose that X € €2N M. Then

Jensen 9
X[l < 400 = sup|[ X2 < <oco=XeM
t>0

sup | X|
t>0 L2

Suppose that X € M?. By Doob’s L?-inequality,
X < 20| Xoollz2 = 2| X|| <00 = X € 2N M

and so

M2 =Mne?

17



(c) Note that (X,Y) := E[X Y] defines an inner product on L%, For X € M?
XN < ([ Xoollz2 < 2[IX[| - (Doob’s L*-inequality)
which shows that
Il , lIl-|Il are equivalent norms on M?
To show that (M2, ]|]||) is complete, it suffices to show that (M?2, ||-|||) is complete. To see this,
let X” be a sequence in M? such that
[|IX™ — X|| = 0 as n — oo where X € @2

(Suffices to show M is closed.) We know that X is cadlag, adapted, L?-bounded since X € €.
NTS: X € M2
Fix s < t, we have that

X™is MG
IELX | Fo = Xallpe ™ =7 EIX - X7 | Rl + X3 = Xl

S [Xe = X7 | Folllpe + X — Xl e

Jensen

IXE — Xell 2 + X7 = Xl <2 IX" = X[ =0

which implies
X € M? = M? is closed in C2.

d) True by definition. 0
(d)

4.2 Space of integrals

Let (X™) be a sequence of processes. We say that
X" X2 X uniformly on compact sets in probability (ucp)

if for every € > 0,

P(sup|X§—Xs| >5) — 0 a.s. asn — oo.
s<t

18



Theorem 4.6. Suppose that M € M,.. There exists a unique (up to indistinguishability),
continuous, adapted, non-decreasing process [My] such that:

[M]o =0, M?—[M]E€ M.

Moreover, if we set:
[27t]—1

2
Mg = > (M(k+1)2—"_Mk2—”> .
k=0

then
[M]* 22 [M]  as n — oco.

The process [M] is called the quadratic variation of M.

Examples 4.7. Let B be a standard Brownian motion. Then (B? —t);>o is a martingale,
which implies that [B]; = t. We will prove later that Brownian motion is characterized by
this property, i.e., if M € Mg joc, and [M]; =t for allt > 0, then M is a Brownian motion.
(Lévy characterization of Brownian motion.)

Proof. Replace M; with My — My, so without loss of generality My = 0.
Step 1: Uniqueness. Suppose that A, A" are two non-decreasing, continuous, adapted processes
satisfying the conditions in the theorem. Then

Ay — Ay = (MF — Ay) — (M} — AY).

LHS: continuous, bounded variation. RHS: process in Mo = A — A’ constant. Since Ay =
Ay=0=A=A4. O

Before we proceed with the proof of existence, we start with a lemma.
Lecture 9

Lemma 4.8. Suppose that M € M., is bounded. Then for any N € N, 0 =ty < t1 <
co- <ty < 00, we have that:

N—-1 2 .y
E Z (Mtk+1 - Mtk) <48- ‘HM‘HLOO o
S
=k
Proof. First write
N-1 2 o N-1 N-1 N-1
E (ZAk> EYE[A+2Y E (A} > Al
k=0 k=0 k=0 j=k+1
For each fixed k, we have that:
N-1 N—-1
E|A; Y A} =E|AE| > A Fy.,
j=k+1 j=k+1

19



N-1

2. 4

j=k+1

MG orthogonality

E |AZE Ftr

B[ 6 [0, ~ My | o] B [0 0y 0.

Hence,

N-1
2 2 § 2
w=E [(0<1}1<a13/(1 [Mt10 = My ) 2 0<jEN—1 My = M| (k—O Ak)]

and using the inequality (a + b)? < 2(a? + b%), we obtain:

N-1 N-1 2
2 2
® <12 | M|} -E [E : A%] =12 | M|}~ - E (Z Ak>
k=0 k=0

4
=12+ | M|} - E [(May — Mig)?| < 48+ || ]|}

Proof of Theorem[4.¢] (Cont’d). Uniqueness
WLOG M = 0 (by replacing M; with M; — My if necessary).
Step 2: M € M, bounded (M € M?). Fix T > 0 and set:

r271 -1
Hi = Y Mg-nligg—n (s1)2-n(t)-
k=0
Then H™ € § for all n, and set
[2n7]—1

X =(H"-M)y= Y Myg-n(Mys1)-n — Myan).
k=0
Then X™ € M., bounded implies X" € M?2. We will show that (X") is Cauchy in (M2 | - ),
hence has a limit in ./\/lg Fix n > m > 1 and write
H:=H"—H™ sothat X"—-X"=(H"—H"™)-M=H- M.
Then,

|X" — X™2 = B{(H - M2
= E[(H - M)3]

r2n1 -1 2
=E ( > Hpgn(Mepyon — Mk2‘")>
k=0

Fr2n -1
=E Z HE,y (Mg1y2-n — Mk2—n)2] (MG orthogonality)
k=0

i [2nT]-1
< E sup |Ht‘2 . Z (M(k—‘,—l)Q*” — Man)2]
tE[O,T} k=0

20



Lecture 9

1/2

1/2 r2nr)—1 2
< (E[SUP ’Ht’4]> | E ( > (M(k+1)2"_Mk2")2)

te[0,7 k=0

First term: (A)supiepo | Hil* = supyeio ) [HP — H"[* < 16 - | M][4..
supte[U’T] |H — H"| — 0 as n,m — oo.

Since M is continuous, by the Bounded Convergence Theorem, first term — 0 as n, m — co.
Second term:< (48 - HMH?‘:oo)l/2 <oo= || X" - X™| =0 asn,m — oco. Since (M2, ||-]) is
complete, there exists Y € M2 such that

X, =Y asn— ooin M2

For any n and 1 < k < [2"T'], we have that

k—1
MI?TH —2Xj5n = Z(M(jJrl)Z—” - MjQ—")2
j=0
= [M"]yg-n.
Hence, for all n, M2 — 2X™ is non-decreasing when restricted to times of the form {k27": 1 <
k < [2"T]}. To prove the same is also true for M? — 2Y, it suffices to show that X™ — Y a.s.

uniformly, at least along a subsequence. This follows from the equivalence of norms || - ||, [||-|||-
Set [M]; := M? — 2Y;. Then [M] is continuous, adapted, non-decreasing and

M? — [M] =2Y € M..

Can extend to all times by applying the above T' = k, Vk € N. Uniquenessimplies the process
obtained with 7' =k, T'= k + 1 restricted to [0, k] is the same.

Step 3: [M"] — [M] ucp as n — 0.

Observe that

X" =Y in (M2 |-)= sup |X'—Yi| —0asn— ocoin L
0<t<T
since [ - ||, [|-|I are equivalent which implies supy<;<7 [ X" — Y;| — 0 in probability.

Now, [M]} = M5 yn = 2X5ngnyy- SO,

sup [[M]7 = [M]u| < sup |MZ pgnq — M| (4.1)
0<t<T 0<t<T
+ 2 - sup ‘X27n |'27Lt‘|n — }/27n|’2nt“‘ + 2. sup ‘Y277L "Qnﬂ — Y;f . (42)
0<t<T 0<t<T

Fach term on RHS converges to zero in probability and so we obtain the ucp convergence.

Step 4: Let M,, € M o.. “Localization argument”.

For each n € N, let 7, = inf{t > 0 : |M;| > n}. Then (7,,) reduces M and M, = M™ is a
bounded MG for all n. Therefore, there exists a unique continuous, adapted and non-decreasing
process [MTn] such that

[MT"}O =0 and (]\4T")2 — [MT"] S Mc,loc .
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Let A" := [M*"]. By uniqueness, (Af/len, A7) are indistinguishable. Let A be the process such
that
Aipr, = A7, foralln > 1.

Then Mtz/\Tn — Aiar, € M for all n € N and so M2 — A € M, with reducing sequence (T},)
giving [M] = A.
We know that [M7T¥]" — [M7*] in ucp as n — oo for all k. In other words, for all

e, T>0: P[sup [[MTE] — [MTE]| >E] — 0 asn— oo.
0<t<T

On {Ty < T}, [M"]; = [M™*]? and [M]; = [M*];. Thus,

P| sup |[M]|} —[M]] >¢
0<t<T

<P[Tp <T)+P| sup [[MTF = [MT],| >e| =0

0<t<T

as n — oo, then k — oo.

LHS — 0 as n — oo. O

Theorem 4.9. Let M € M?. Then M? — [M] is a UI martingale.

Proof. Let T, := inf{t > 0 : [M]s > n} for n € N. Then 7T,, /* 00 as n — o0, T}, is a stopping
time, [M]ia7, < n and (noting M € Mo, for all n > 1)

| M\, — Mz, | < n+ Sg}()] M?2.
u_

By Doob’s inequality the RHS is integrable and so
Mg, — [M]inT, € M.
The Optional Stopping Theorem (OST) also gives
E M}, — [Mlisr,| = 0= E[[Mlinr,] = E [ Mg, |-

Send t — oo; the Monotone Convergence Theorem (MCT) implies

LHS =% E[[M]r,],
and the Dominated Convergence Theorem (MCT) also implies

RHS =¥ E M3, | .

and so
E[[M]r,] =E M} ].

Finally, send n — co. MCT implies the LHS converges to E [[M]], and the RHS converges to
E [Mgo:| = E[[M]] =E {Mgo] < 00 = E[[M]s] is integrable.
Moreover,

|M? — [M];] < sup M2 + [M]s.
u>0

So we conclude the RHS is integrable = M? — [M] € M, and UI as it is dominated by an
integrable r.v. O
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4.3 The Space L?*(M), M € M?
Recall that P = previsible o-algebra:
P=c({E x (s,t] : E € Fs, s < t}).
For A € P, define
p(a) =E [ [~ 1atw.s) ).
Then p is a measure on (2 x [0,00),P). Moreover, it is uniquely determined by
u(E x (s,t])) =E[1g ([M]; — [M]s)] for s <t, F € Fs,

since P is generated by sets of this form and they form a w-system. If H > 0 is previsible, then:
/ Hdu—E[/ Hsd[M]s}.
Qx[0,00) 0

Definition 4.10. Let L*(u) := L*(Q x [0,0), P, ).
Write |H| 2y = |Hllx := (B [Jg~ HZ d[M]S})I/z. Then L%(u) = previsible processes with

S

|H||,, < oo, a Hilbert space. This is the space of integrands.

Remark. (L%(u),|| - ||l,) depends on M, since u depends on M, but the simple processes are
always

S C LA (M) YM e M2

(here S denotes simple processes)

4.4 1t6 integrals

Recall that for

n—1
H = Z Zk]'(tk,thrl] €S, Me Mg)
k=0
we set
n—1
(H : M)t = Z Zk(Mtk+1At - Mtk/\t) S M?
k=0

This map defines a map
L*(M)2> S — M2

We will prove that it defines an isometry between
(L2(u), || llu)  and  (ME, |- 1D,
when restricted to S C L?(M). (Itd isometry). Indeed, compute

|H - M|*> = ||(H - M)wol|/22  (see calculation from before)

3

-1
= Y E[Z}(My,., — My,)?].
k=0
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Since M? — [M] is a martingale, we have that

E [Zz(Mtk+1 - Mtk)ﬂ =E[Z [(Mt’““ Mt’“ | }—t’“H
- Z,fE (ME,, MEk EAl
= [ tk+1 - tk ‘ ‘Ftk]}

E\|\Z
E

_quM]tm - [th)] :

Hence,
n—1
IH - M|*=E [Z Zi([M]1y.p, — [M]tk)]
k=0
—E| [T B2 .| - |1
0
Lecture 10

Theorem 4.11 (It6 Isometry). There exists a unique isometry I : L*(M) — M? such that
I(H)=H-M for all simple H(€ S).
Definition: For M € £, H € L*(M), let
H-M:=1(H) where I is from the theorem.

To prove the theorem, we first prove that the simple processes are dense in L?(M).

Lemma 4.12. Let v be any finite measure on P. Then S is dense in L>(P,v). In particular,
if M € Mg o and we take v = p, we have that S is dense in L?(M).

S in L*(P,v). We wish to show: S = L?(P,v). Let A:={AcP:14¢€S}.

that:

@ contains the m-system {E x (s,t] : E € Fs, s < t}, which generates P,
A is a \-system.

combinations of such indicators are dense in L?(P,v).

that
||Hn—H||L2(M)—)O as n — oQ.

This implies (H") is a Cauchy sequence with respect to || - ||2(ap)-
Need to show: I(H") is Cauchy with respect to || - ||.

24

Proof. Since H € S = ||H - M||~ < oo, it follows that S C L?(P,v). Let S be the closure of

We wish to show: A = P. It is obvious that A C P. To see why the other direction holds, note

By Dynkin’s lemma, it follows that P C A = A = P. Thus, the lemma follows since linear

Proof of It6 Isometry. Take H € L?(M). The above lemma implies there exists (H") C S such



|I(H™) — I(H™)|| = ||[H" - M — H™ - M| (linearity)
= ||(H" — H™)- M| = |H" — H™|3s (isometry)

— 0 asn,m— oo.

Therefore, (I(H™)) converges with respect to || - || to an element in M2. Since (M2, -|) is
complete, set I(H) to be this element.

NTS: I is well-defined.
Suppose that (K™) C S converges to H with respect to || - | L2(a). Then

[(H") = I(K™)|| = |[H" - M — K™ - M|
= [[#" = K"[[m < |H" = H|m + [|K" = H|[m — 0

as n — 0o, so that the limits of I(H™), [(K") are indistinguishable.
NTS: [ is an isometry L?(M) — M?>
(H"Y C S,H™ — H € L* (M), |[I(H)|| = lim [|[H™ - M|| = lim ||[H"||ps = | H || ps- O

From now on, we write

I(H), = (H- M), = /Ot H, dM,

This process H - M is the It6 (stochastic) integral of H with respect to M.

Extensions: Our goal now is to extend the definition of H - M to the setting that H is locally
bounded and M € M, j,.. Need to understand how the integral behaves under stopping.

Proposition 4.13. Let H € S, M € M. Then for any stopping time T, we have that

(H-MT)=(H-M)T.
Proof. We have that:

n—1
(H : MT)t = Z Zk(Mg;\tk+1 - Mg;\tk)
k=0

n—1

=Y 7 (Mt/\(thrl/\T) - Mt/\(tk/\T))
k=0

= (H - M)yr = (H - M)}

Proposition 4.14. Let M € M?, H € L>(M), and T a stopping time. Then

(H - M) = (H 1) M = (H-M7).

Proof. First note that if H € L*(M), then H -1 7] € L*(M) and H € L?(MT), so the integrals
make sense.
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Step 1: Let H € S,M € M2, and T takes on finitely many values. Then H - 1,7 €S and
(H-M)" =(H 1ogm) - M=H-M".

Step 2: Let H € S,M € M2, and T a general stopping time. Previous proposition implies
(H-M)"' = (H-1q7z)) - M. Need to show: (H-M)" = (H 1) - M. Will prove via an
approximation argument.

Form,n € N, let T}, ,, = (27" [2"T"])Am. Then T}, ;,, takes finitely many values and T}, ,, \, TAm

as n — o0o. Thus,

[/0 HE -1, mam dIM]¢| =0,

| 101, 0 = H - Lozam)| ; o =F

as n — 0o by the Dominated Convergence Theorem, with dominating function H2. Therefore,
(H-107,.,) M — (H-101rm) - M in M2 asn — 0.
Step 3:

LHS = (H - M) (H - M)Tm — (H - M)TA™

pointwise almost surely by continuity of H - M. Thus,
(H - 1(opm) - M — (H - M)T"™,
Repeat the same argument, send n — oo
=H 1oq-M=(H- -M)".

Step 3: Let H € L?>(M), M € M2, T a general stopping time.
Let (H™) be a sequence in S with H" — H in L?(M). Then,

|2 — (M) = IH - M)r = (H - M)z

c

< |lsup(H™ - M), — (H - M),

t<T

L2
<2-(H" M)oo — (H-M)xl|l;2 (Doob’s L? inequality)
=2-||((H"—H) -M|=2-||H" - H|); - 0asn — oo

(by It6 isometry) and so
(H" - M) = (H - M)T in M2

On the other hand,

|H™ gz~ H - 1<07T1Hj4 =k Uo

<E {/{)OO(H? — Hy)? d[M];

o0}

(H' — Hy)? - 1o d[M]t]

= ||H" — H|)3; — 0 as n — oc.

Hence,
H" 197 -M—H-1g7 M in M? by the Itb isometry.

Since H" - 1(gq)- M = (H™ - M)™ for all n, we have that

(H-M)" =H- 1 M.
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NTS: (H - M)T = (H o MT). Assume there exists (H") in S such that H" — H in L?(u).
1 = | =B | [ - 2R,

=E {/OOO(H;‘ — Hy)* L1 d[M]s}

S|]H”—HHi—>Oasn—>oo.

= H"oMT — HoM?T in M? by It6 isometry.
Since (H™ - M)T = H" o M7 for all n, we get that
(H-M)I' =HoMT). O
Definition 4.15. We say that a previsible process H is locally bounded if there exists a

sequence (Sp)nen of stopping times where S, /00 asn — o0 and H - 1o g, is bounded for
all n.

Remark. Fvery continuous adapted process is previsible and locally bounded.

Definition 4.16. Let H be a locally bounded, previsible process with H - 119 5,1 bounded for
all n, where (Sy,) is a sequence of stopping times with S, /* 0o as n — co. Let M € M o

with Mo = 0 and let
S =inf{t > 0:|M| > n}

so that M5n € M2 for all n. Let Ty, := S, A S, and set
(H-M)::= (Hlgmp,) - M™), Vtel[0,T].

Using the previous proposition, this definition is well-defined, and is consistent with the Ito
integral with M € M2, H € L*(M).

Proposition 4.17. Let M € M_ ¢, H locally bounded and previsible, then H - M € Mg o
where the sequence (T,,) is a reducing sequence. Moreover, for any stopping time T, we have

that
(H-M)"=Hlop -M=H-M".

Proof. That H - M € M_gjoc with reducing sequence (7},) follows from the definition of H - M.
For any stopping time T,
) T _ AfToNT . . ..
(H-M) ,}g{,lo(Hl(QTn] M*)"  (pointwise limit).
By the previous proposition,

(H-M)" = lim (Hlr) - Lo, MT = H -1z 0 M.

The same argument shows that (H - M)T = H - MT. O
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Lecture 12

Today we will show
(H M) = H? (M), H-(K-M)=(HK) M,

for semimartingales.

Proposition 4.18. Let M € M, o and H locally bounded and previsible. Then

[H-M]= H?-[M]
—— ———
Ito Lebesgue-Stieltjes

Proof. Suppose that T' is a bounded stopping time. Then H, M are uniformly bounded. Then

E[(H- M| = IE[((H Lo)) - ):}
=E[(H? 107 [M ])OJ (It6 isometry)

_ 2
=E[(& ), |.
OST: (H - M)? — H? - [M] € M,. Uniqueness of quadratic variation implies
[H - M] = H? - [M].

Now assume that H is locally bounded, previsible, and M € M_oc. Let (T3,) be a sequence of
stopping times so that H - 1o 1,), M Tn are bounded, and T}, — oo as n — co. Then

[H-M] = lim [H - M]™

n—oo

= lim [(H - M) (uniqueness of quadratic variation)
n—oo

= lim [(H1(o7,]) - M]

n—oo

= hm H l(OT] [ Tn]

n—oo

= H?.[M] (applying MCT). O

O
Since H - M € M, 1oc for M € M 1oc, H locally bounded, previsible, we can integrate against it.

Proposition 4.19. Let M € M_ oc, H, K locally bounded, previsible. Then:

H-(K-M)=(HK)- M.

Proof. Elementary to check that this holds for H, K simple processes, [@] . Note that by
linearity in each argument, it suffices to check for H, K consisting of single time intervals and
noticing that for 0 < s” < s <t,0< s < t,

Ysrae vne) — Lsavwnsyy = Lsravary - (st g
Now suppose that H, K, M are uniformly bounded. NTS: H € L*(K - M), HK € L*(M).

VHII 2 sc0r) = B [(H? - [K - M])oo]
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—E[(H?- (K*- M) |
=E K(HK)2 : [M])OJ (Lebesgue-Stieltjes)
= |HKI[72(a
< min { | B2 1K (72 0r) » 1K1 1H 7200} < o0
Let (H™),(K™) be sequences in S which converge to H, K in L?(M) and where (H"),(K")

uniformly bounded. Then
H" - (K"-M)=(H"K™) - M.

Then

[H" - (K"-M)—-H-(K-M)| <[(H"-H)-(K"-M)| +|H-((K"-K)-M)|
= H" = HI| 2 (gen.ppy + 1H | 2(0n—r0ya0) (It iso
= (H" = H) - K" p2apy + [ H - (K" = K)|| 2 (ap)
SNE™Mlo 1H™ = Hll p2(ary + 1H oo 1K™ = Kl p2(pry = 0 as n — o0

A similar argument shows (H"K")- M — (HK) - M as n — oo in M, yielding
H-(K-M)=(HK)-M (bounded case).

Now suppose that H, K are locally bounded, previsible and M € M, joc. Let (T3,) be a sequence
of stopping times so that

H1j 1,0, K11, M™ are bounded and T}, /' co as n — oc.

Then
HK]‘[O,TTL] . MTn == (H1[07Tn]> . (Kl[O,Tn] . MTn) .
Also,
Kljo g, - M™ = (K - M)™.
Hence,

Hlgr, (K1, M) = Hljgg, - (K- M =(H - (K- M) - H-(K-M) asn— occ.

Also,
(HK1pg,) M™ = (HK - M)™ — (HK - M) asn — oo

which finally gives

O]

Remark. We have repeatedly used a “localisation” argument to reduce everything to the setting of
a bounded integrand and martingale. This is a standard procedure; will omit in later arguments.
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5 Semimartingales

Definition 5.1. A continuous, adapted process X is a semimartingale if it can be decomposed
as

X=Xo+M+A
where M € Mo, A is of finite variation, and My = Ay = 0.

"Doob—Meyer decomposition": For a continuous semi-martingale X = Xg+ M + A, define
the quadratic variation by [X]; := [M];. Justified since once can compute ( [£4] )

r2m] -1 ,
> (X(k+1)-2—" - Xk-2—"> — [M]; .
k=0

n—oo

Definition 5.2. For H locally bounded and previsible, and X = Xo+ M + A a continu-
ous semimartingale, define (Here, the first term is the Ité integral, the second is Lebesque—

Stieltjes.)
H-X::H-M+/HsdA5.

Then H - X is also a semimartingale.

Proposition 5.3. Let X be a continuous semimartingale and H locally bounded, left-
continuous and adapted. Then:

rent]—1
> Hpon(X(gt1yo-n — Xpo-n) —— (H - X),
k=0

Proof. [/éﬂ . Hint: use a localisation argument first. Show that the It6 integral of H can be
approximated by discretely approximating H by simple processes. O
Lecture 13 Summary of the Stochastic Integral

Step 1: H €S, Hy = Y120 Z - Ly 11) (1),
7y, bounded, JF;, -measurable, M € M? set:

n—1

(H ’ M)t = Z Zk?(Mt/\thrl - Mt/\tk)~
k=0

Then H - M € M2
Step 2: Equip M? with a Hilbert space structure with norm |[|[M|| = [|[Mw||;2, M € M2

Step 3: Establish the existence of [M] € Mg 1oc, where [M] is the unique adapted,
non-decreasing continuous process with [M]o = 0 so that M? — [M] € M. 1oc.

Step 4: For M € M2, use [M] to define a Hilbert space (L?(M), |-||,; where

iy, = (5] [T mzana.]) "
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Step 5: Extend the integral to H € L?(M), M € M? using the It6 isometry:
I1H - M| = [|Hll,,

H-M e M2 forall H € L>(M), M € M?2.
Step 6: Extended to H locally bounded & previsible, M € M, 1,c by setting

(H ’ M)t = (Hl[O,Tn} 'MT")t vt <1y

Step 7: Extend to H locally bounded, previsible and X = Xg+ M + A a continuous
semimartingale by setting
H - X=H- -M-+ H-A
~—— S~~~
Ito Lebesgue—Stieltjes

then H - X is a continuous semimartingale.

Stochastic Calculus

Definition 5.4. For M, N € M_ .., define the covariation of M, N by setting:
1
[M, N := 3 (1M + N] ~ [M — N]).

(Polarization identity). Note that: [M, M) = [M].

Theorem 5.5. Let M, N € M ,c. Then:

(a) [M,N] is the unique process (up to indistinguishability), continuous, adapted, finite-
variation process with (M, N]o =0, so that MN — [M, N] € M¢ joc-

(b) Forn €N, set

r2ne]—1
[M,N]} = > (M(k+1)2—n - Mm—n) (N(k+1)2—" - NkQ—") :
k=0
Then [M, N]} — [M,N]; as n — oo, almost surely and locally uniformly in t.
(c) If M, N € M2, then MN — [M, N] is a Ul martingale.
(d) For H locally bounded, previsible,

[H - M,N]+ [M,H-N]=2H-[M,N].

Proof. (a) MN =1 ((M+N)>— (M —N)?. So
® MN — [M,N] = % ((M 4+ N~ (M N~ (M~ NP+ (M~ N)), € Mejoe.

Therefore, MN — [M,N] € M_joc. By definition, [M, N] is continuous, adapted and
finite-variation (difference of non-decreasing functions). Same argument used to prove the
uniqueness of covariation.
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(b) Note that
[M, N]i' =
duep duep duep
[M,N] [M+N] [M-N]
So [M, N]* — [M, N]; ucp.

(IM + NJf = [M — NT})

> =

(c) MN — [M,N] is a Ul martingale for M, N € M?2, follows from the identity ® and the
corresponding property for quadratic variation.

(d)
[H- (M + N)] = H?*-[M + NJ,
” [H-M,H-N|=H-[M,N].
Moreover,
(H+1)?-[M,N]=[(H+1)-M,(H +1)-N]

by bilinearity ( [ﬁé] )

=[H-M+M,H-N + N|

=[H-M,H-N|+[H-M,N|+[M,H-N]|+ [M,N],

and
(H+1)* [M,N] = (H*+2H +1) - [M, N]
= H?.[M,N]+2H - [M, N] + [M, N].
e 2H - [M,N] =[M,H -N]+[H-M,N]. O

Proposition 5.6 (Kunita-Watanabe identity). Let M, N € Mcoc, H locally bounded, pre-
visible. Then
[H-M,N|=H-[M,N].

Proof. NTS: [H - M,N] =[N, H - M], as then we can apply part (d) of the previous theorem.
Now, use that

(H-M)N —[H-M,N] € M¢joc,

M(H-N)—[M,H -NJ] e M_joc.
We will show that

(H-M)N —M(H-N) € Mcjoc.

This suffices, since then [H - M, N| — [M,H - N] € Mo with finite variation and starts from
0, so
[H - M,N] = [M,H-N]

Localisation: WLOG M, N € M2 H bounded.
By optional stopping, it suffices to show that for bounded stopping time 7,

E[(H - M)rNy] = E[Mr(H - N)r].
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Lecture 14

LHS = E[(H - M) NL], RHS = E[MZ (H - N)L]. So it suffices to show that
E[(H - M)ooNoo] = E[Moo(H - N)oo)]

for all M, N € M?, bounded H. Suppose now that H = Z1(sy, Z Fs-measurable, bounded.
We then compute

E[(H - M)soNso) = E[Z(M; — Ms)Noo|
=E[ZME[Ny | Fi]| — ZME[N& | F5]
=E[Z(M{N; — MsNj]
=E[Mx(H - N)ool,
Same argument the same argument gives

E[Moo(H - N)oo] = E[Moo(H - N)oo

for H =73 Z1(,y. Linearity gives ® for H € S.

Suppose now that H is a bounded predictable process. Then there exists a sequence (H") C S
so that H" — H in L2(M), L>(N) (in the lemma where we showed that S are dense in L?(P,v),
v finite, to be given by v(F) = E[[;° 1g(dM]s + dN];)]). Hence,

H"-M —-H-M, H"-N—H-N in |-||-norm

and so

H" M)y — (H - M)s and in L?
and

(H" N)oo > (H-N)s asn — oo
Thus,

C-S
[E[(H" - M)ooNoo] —E[(H - M)ooNeo]l[ 1 < [[(H" - M)oo — (H - M) oo 2]| Nool| 2
—0 asn — 0.

Thus,
E[(H™ - M)ooNoo) =3 E[(H - M)ooNoo]
Same works with M, N swapped which finally gives ®. O
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Definition 5.7. For continuous semi-martingales X,Y , define [X,Y] to be the covariation
of their martingale parts.

o This is justified as

[2n4]—1

X, YR = > (Xgtne-n — Xea—n)(Ygr1ya-n — Yea—n)
k=0

2P X, Y] asn— oo

o Kunita—Watanabe also holds for semi-martingales.

Proposition 5.8. Let X,Y be independent semi-martingales. Then their covariation
[X,Y]=0.

I Proof. [f@ﬂ . O

5.1 Itd’s formula

Theorem 5.9 (Integration by parts). Let X,Y be continuous semi-martingales. Then

t t
Xth—XQY():/ Xdeer/ Y,dX, + [X, Y], @
0 0

Proof. Note that the integrals are well-defined since any continuous adapted process is locally
bounded and predictable.
Note that for s < t, we have

XiY; — XYy = X,(Ys — Ys) + Ya( Xy — Xo)
+ (X; — X)(Y - V).

Since the LHS and RHS of identity ® are continuous, it suffices to prove the result for ¢ of the
form
t:m‘27‘77 majeNv (an)a

m-2" =7 —1

XiYi—XoYo = Y. (Xpo-n(Ygsryo-n — Yia-n) + Yo (X(ep1y.2-n — Xpo-n)
k=0

(X gy 1)2-n = Xpo—n) Ygy1)2-n — Yio—n)).
XY )+ (Y- X)) +[X, Y] as § — oo

O]

Note that the [X, Y] term does not appear if either X,Y are independent or if X or Y does not
have a martingale part.
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Theorem 5.10 (It6’s Formula). Let (X',..., X%) where each X', for 1 < i < d, is a
continuous semi-martingale. Let f : RY — R be C?. Then,

t
f(Xe) = 1(Xo) +Z/ af dXH— Z / 8:}6,8:6] Ha) A, X

Remark. 1. Integration by parts is a special case of Ité’s formula with f(x,y) = x - y.

2. Ford=1, Ité’s formula reads:
1, Xo+/f X+ - /f” X

It is possible to derive this using Taylor expansions, since:

|27 —1

fX) = F(X0) + > (F(Xenarn) = F(Xpa—r))

k=0
127t —1 1 [2n¢)—1
= f(Xo)+ D [(Xpg-n)(X(ps1)2-n—Xp2-n) Z F"(Xk2-n) (X (s1)2-n—Xpg—n ) *+error.
k=0
— f(Xo) +/f s)dXs+ = /f” [X]s (ucp asn — o0).

We will prove it a different way, since the extra error term is inconvenient to deal with.
Examples 5.11. 1. Let X = B, a standard Brownian motion, and f(x) = 2%. Then:
F6) = £(B) = fBo) + [ F(B)aB,+3 [ £(B)dlB,

t 1 t t
:0+/2Bsst—i—f/2ds:2/ BsdBg +t
0 2 Jo 0

which gives

t
B2 t— 2/ By dB, € M jpe.
0

2. Let f: Ry x R4 — R be C12, and define
X;=(t,B},...,BY)
where B}, ..., Bf are independent Brownian motions. By Ito’s formula:

f(t,Bt)—f(O,Bg):/O <aa+ A) £(s, B ds+Z/t OF (5, B,) dBi € Moo,

Here, A is the Laplacian in the spatial coordinates.
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Lecture 15

If f does not depend on ¢ and is harmonic in spatial variables, then f(B;) € Mcjoc. If f is

bounded, then f(B;) is a martingale.

Proof (Ité’s Formula). We are doing the proof for d = 1; the case d > 1 is just notationally

more cumbersome but the same argument essentially applies, [@} . Let
X=Xo+M+A
and let V' be the total variation of A. Let
T, =inf{t>0:|Xy| +V; +[M]; > r}

for each r > 0. Then (7;) is a sequence of stopping times with 7, /* 0o as r — 0.

It suffices to prove the formula on [0, 7] for each r > 0. Let A be the subset of C?(R) such that
the formula holds. We show A = C2(R).

We will prove this by showing

(a) A contains f(z) =1, f(z) =

(c) Ais an algebra, i.e., f,g € A= fge A.

)
(b) A is a vector space.
)
(d) If (f,) C A with

fn — fin C*(B,) for each r >0
(where B, = {x € R: |z| < r}), then f € A.

Here, f, — f in C?(B,) means that with

Apy = sup |fo — fI+ sup |f;, — f'| + sup [f — f"],
r€B, r€B, r€B,

we have A, — 0 as n — oo for each r > 0.

(a), (b), (c) imply that polynomials are in A. The Weierstrass approximation theorem gives
that polynomials are dense in C?(B,) Vr > 0, so (d) implies that A = C2(R). That (a), (b) hold

is easy to see, [f@ﬂ .
Proof of (c): Suppose f,g € A. Let Fy = f(Xy), G = g(X¢). Itd’s formula holds for
f,g give that F, G are continuous semi-martingales. Integration by parts also gives

t t
Fth—F(]Go:/ FsdGs—I—/ GsdFs + [F, Gl;.
0 0

Since 1t6’s formula holds for f, g, we have:

/FdG/Fd(/g dX+2/ ) (1)

g () X 3 [ ) () dIX), @)
Also, . . .
[ Gear = [ Fx)g(x)ax,+ 5 [ 1/ 0x)g(X) dlx), g
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[F, Gl = [f(X),g =[f'(X)-X, ¢(X)-X] (by def. of cov. and It6 formula)
_ / FX )d[X], (Kunita-Watanabe) (4)
Plug (2)—(4) into (1) gives Itd’s formula for fg, i.e., fg € A.

Proof of (d): Suppose that (f,) is a sequence in A and fn— fin C%(B,) for all v > 0.
WTS: Itd’s formula for f, i.e., f € A. Since It6’s formula holds for f,:

FuX0) = ful60) + [ ) a3 [ g aal v [ g

Finite variation part:

AT 1 [tATr
[ ) =) v g [ (106) - £1(05) dip),
0 0

1
[M]t/\TT) <2r-A,,—0 asn— o0

é An,r ' <‘/t/\TT + 9

which implies that

R AT t/\Tr AT,
" Oo/ dAS+2/ I —>/ s)dA —1—2/ f"(Xs)d[M]s uniformly in ¢.

MG part: M" € M2 since [M]r < r.

|- = (£(x) - M)

z =E [/OT (fL(Xs) — f’(Xs))zd[M]s]

< A2 E[[M]g] < rA?M —0 asn— oo

n,r

which implies that

(f,(X)‘M)TT = (f(X) -M)TT in M, asn — oo

n

finally giving

t TT tAT- tAT-
o) = F0) + [ Fac 3 [ precgdm [T pa,

5.2 Stratonovich Integral
Let X,Y be continuous semi-martingales. The Stratonovich integral of X against Y is defined as:
¢ t 1
/ X 0Y ::/ X dYs +§[X,Y]t.
0 0

(1t6)

This is essentially a ‘midpoint approximation’ since one can show

2"ty L+ X

k2—™n k+1)2—n u
> ( S ) (Vg o Vi) " [ xv,
k=0
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Proposition 5.12. Let X',..., X% be continuous semi-martingales and let f : R* — R be
C3. Then

i
f(Xy) = f(Xo) +Z / af $)0X!

In particular, integration by parts is given by:
t t
XY - XY = [ Xov.+ [ vox,
0 0

This shows that the Stratonovich integral satisfies the usual rules of calculus. But the
Stratonovich integral against M. N M, is not in M joc.

For example,

t t 1 1
/ B.OB, :/ BodB, + ~t = ~B2 ¢ Mc 100
A A 2" =3 :

for B a standard Brownian motion.
Lecture 16

Proposition 5.13. Let X',..., X% be continuous semi-martingales, X = (X',..., X%), and
let f :RY — R be C3. Then

t
f(Xt) = f(Xo) —1—2/ gj $)0X!

In particular,

t t
XY - XYy = [ X0v.+ [ vax,
0 0
Proof. d =1: d > 1 is similar, [/é] . Ito’s formula gives,
) F00) = F00) + [ FOax+ 3 [ PO,

@) PO =Ko+ [ X)X+ /f<3>< (],

[F(X),X]: = [f/(X) X, X]; = f/(X) - [X]; (Kunita—Watanabe)
giving

FOG) = FO0) + [ PO, + 31700, Xl = £(Xo) + [ F1(X)0X,

Before we proceed with some applications of the theory developed so far, we will make the
following notational conventions.

Shorthand:

t
Zt:Z0+/ Hsts <~ dZt:thXt
0
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t
Zy = 2y +/ HSE?XS ~ 8Zt = _HtaXt
0
t
Z, = [X, Y] :/ dX,Y], & 07 —dx.av;
0

Computational rules

Hid(K;dX;) = (HKy)dX; [Iterated integral]
Hid(X:dY;) = d(H; X;)dY; [Kunita-Watanabe]
d(XyY;) = Xt dY; + YV dX; + d[X, Y]: [Integration by parts]

d 2
0 f 3 j A9
If (X:) :Z )dX? + = Z Bwa; (Xy)dX]dX] [Itd’s formulal

1 7,,

6 Applications
Theorem 6.1 (Lévy Characterisation). Let X' ..., X¢ ¢ Mecioc, and set X =
(X1,...,X%. Suppose Xo =0, and
(X%, X7y = 8yt Vi, g, t >0,
Then X is a standard Brownian motion.

Proof. We need to show: for all 0 < s <t < 0o, X; — Xy is independent of F; and has the law
of N(0, (t — 5)Id), where Id is the d x d identity matrix. quivalently, for all § € RY,

B [exp(i(6. X — X.) | 7 =exp (5 0P (¢~ 5))

where (-,-) is the Euclidean inner product and [0]? = (0, 60). To see this, let A € Fs, P(A) # 0
and define the probability measure

Pa(-) :=P(A)"'P(-N A).
Then, by the tower property,
Ep, lexp(i(f, X¢ — Xy))] = E [exp(i(f, Xy — Xi))]

which implies that the law of X; — X under P4 is the same under P. hence, for all bounded
and measurable f : R? — R,

E [1A : f(Xt - Xs)] = P(A) B [f(Xt - Xs)]

which implies X; — X 1L Fs. A
For 6 € R?, set Y; = (0, X;) = 2?21 0;X]. Then Y € M, joc since Mo is a vector space.
Moreover,

[Y]t = [Y7 Y]t =

d d d
ZHij,ZOkX’“] = > 0;06[X7, X", = |0]*t.
t

j=1 k=1 Gk=1
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Let
Zy = exp (zYt ) = exp <z 0, X)) + |9\2t> .

By It6’s formula applied to W; = iY; + £[Y];, with f(w) = e¥ € C?, we have:
, 1 1 .
dZt = Zt (Z dY% + Qd[Y]t) — §Zt d[Y]t = ZZt dY;

which implies Z € M, o since Y € M, joc. Since Z is bounded on [s,t] for t < oo, Z € M.
Thus, E[Z; | Fs]| = Zs and so

E [exp(i{0, X; — X)) | Fu] = exp (—;]0\2(15—3)).

Theorem 6.2 (Dubins-Schwarz). Let M € M. o with My =0, [M]s = co. Set
= mf{t > 0: [M]t > S}7 BS = MTsa gs = Fr..

Then (7s) is an (Ft)-stopping time and [M],, = s for all s > 0. Moreover, B is a (Gs)-
Brownian motion with My = Bjyy), -
This means that every continuous local martingale starting from 0 is a time-change of a

standard Brownian motion.

Proof. Since [M] is continuous and adapted, 75 is a stopping time for each s > 0. Since [M] =
00, Ts is a finite stopping time Vs > 0. Moreover, (Gs) is a filtration since if S, T are stopping
times with s <t, then 7, <7 = F, C F, = Gs C G;.

Step 1: B is adapted to (Gs). NTS: M, is F,,-measurable Vs > 0.

Recall that, ( [fé] ) if X is cadlag, adapted, and 7" a stopping time, then X7lipoooy is Fr-
measurable.
Now, apply for X = M and T = 75, and use that P(75 < o0) = 1.

Step 2: B is continuous.
Since s — T4 is non-decreasing and cadlag, it follows that B is cadlag (since Bs = M, ). To
prove that B is continuous, it suffices to show

B =B, Vs>0 <= M_=M, Vs>0.

where 7, := inf{t > 0: [M]; = s}. If 7 = 7, there is nothing to prove. If 75 > 7,7, then [M];
is constant on [, Ts).
NTS: If [M]; is constant on any interval, then M; is constant as well. For each rational ¢ € Q,
define

Sq i=inf{t > q: [M]; > [M],}.
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Lecture 17

Figure 1: Illustration of times 5.

We continue working on step 2, which is the continuity of B. Need to prove that if [M] is
constant on a given interval, then M is constant on the same interval. By localisation, WLOG,
M € M?2. Suppose that ¢ € Q,q > 0. It suffices to show that M is a.s. constant on each [g, Sq)-
We know that M? — [M] is a local martingale since M € M,.. By OST, we have that:

E [ng — [M]s, |fsq] = M2 - [M], ®
Since M € M2, we also have that
(MG orthog.) E[(Ms, - M,)? | Fs,] = E[M3, — M? | F,

(+) =E[M3 —[M]s, | Fs,| =0 since [M]s, = [M],.

q

Therefore Mg, — M, = 0 a.s. which implies M is a.s. constant on [g, S| since for all ¢ > ¢,
Mins, = E[Mg, | Fi] = E[My | Fq] = My, a.s.

Step 3: B is a (Gs)-BM.
Fix s > 0. Then we know that [M™]s = [M],, = s. Therefore M™ € M2, since E[[M]s] < co.
Therefore (M? — [M])™ is a UL MG. By OST, for 0 < t < s < oo, we have that:

(i) E[Bs | Gt] = E[M, | Fr,] = M7, = B
(i) E[B? — s | Gi] = E[(M? — [M])r, | Fr,] = M2 — [M], = B} —t
Thus, (i) implies B € M., and (ii) implies [B]s = s and so
B is a (Gs)-BM by the Lévy characterisation.

O]

Dubins—Schwarz requires [M] = co. One can also provide an extension thereof for the case

that [M]s < oo:
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Theorem 6.3. M € M., My = 0. Let B be a BM which is independent of M. Set:

M, if s < [M]oo
B, =
Moo+ (Bs = By, i 5> Moo

Then B is a standard BM and My = By, for allt > 0.

Examples. [/éﬂ

(i) Let B be a standard BM, h deterministic, measurable in L?([0, 00)). Let

t
Mt = h(S) st
0

Then My =0, M € My, and

Moreover,

M, 4 Bfooo h(s)2ds (Dubins—Schwarz) ~ J\/(O, HhH%Z)

(ii) Let M € Mjoc. Then,
{M]eo < 0} = {lim M, exists} ,
t—o0

{{M]oo =00} = {liminfMt = —o0, limsup M; = oo} .
t—o0

t—o00

6.1 Exponential MGs

Let M € Mo, My = 0. Set
Zi = exp (Mt - %[M]t) :

By It6’s formula,
42, = 7, (AM; — Yd[M),) + Ld[M), = Z, dM,
giving Z € Mioe, Zp=1.

Definition 6.4 (Exponential MG). In the setting above, the process E(M)y = Z; =
exp (Mt — %[M]t) is the stochastic exponential or exponential martingale associated with M

Note that E(M) € Mioe, dE(M )¢ = E(M )¢ dM;.

Proposition 6.5. Let M € M., My = 0. If [M]s is bounded, then E(M) is a UI martin-
gale.
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Lecture 18

Proposition 6.6. Let M € M,., My > 0. For all ,6 > 0, we have that

2
P <suth > e, [M]oo < 5) <e 3.
>0

Proof. Fix ¢ >0 and let T =inf{t > 0: M; > ¢}. Fix § > 0 and set Z; = £(OM7T),, i.e.
92
Zy = exp <9MtT — 2[MT]t> € Mige-

Note that |Z;| < e for all t > 0. So Z is a bounded MG, hence E[Z,.] = Zy = 1. For § > 0, we
have that

P <suth >, [M]oo < 5) =P <sup6MtT > 0e, [MT]o < 5)
t>0 t>0

2
<P <sup Zy > 6’695626> (Doob’s inequality)
>0

92
< Cexp <—9€ + 26) )

Optimising over 6 gives the claimed bound. O

Proof of (previous) proposition. We will show that £(M) is bounded by an integrable random
variable. Note that

supE(M); < exp (sup Mt) (since [M]; > 0).
t>0 >0

NTS: RHS is integrable. Let C' > 0 so that [M]. < C. Then:

2
P (suth > 5) =P (suth > ¢, [M]o < C) < exp <_2€C>

>0 >0

which implies

E [exp (sup Mt>] = / P <exp (sup Mt> > A) d)\ = / P (sup M; > log )\> dA
>0 0 >0 0 >0

00 1 2
§1+/ exp(—(Og/\)>d)\<oo
1

2C

finally giving that £(M) is UL O]

Suppose that @, P are probability measures on (€2, F). Say that @ is absolutely continuous
w.r.t. P, denoted by Q < P, if for any A € F with

P(A) = 0= Q(A) = 0.

Recall from measure theory that this implies the existence of a random variable Z > 0 such that

Q(A) =E[Z-14] forall Aec F.
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Z is called the Radon-Nikodym derivative of () w.r.t. P and is denoted by Z = Z—g.
Example. Suppose that X ~ AN(0,1), u € R. Let

2
Zzexp(uX—é).

Then A — E[147] defines a probability measure @, and under Q, X ~ N (p,1).

The Girsanov Theorem generalizes this idea to the setting of semi-martingales, except instead
of changing the mean, we will change the semi-martingale decomposition.

Theorem 6.7 (Girsanov). Let M € M. o, Mo = 0, and assume that Z = E(M) is uni-
formly integrable. Then we can construct a new probability measure P < P on (Fy) by setting

P(A) :=E[Z,14] VAEF.

If X € Meioc(P), then X — [X, M] € M 10c(P).
‘A change of measure induces a change of drift’

Girsanov. Since Z is UL hence that Zo exists and Z > 0 with E[Z~] =1 and so P defines a
probability measure with P < IP. Suppose that X € M_c(P) and set

T, :=inf{t >0:|X; — [X,M]s] > n}.
Since X — [X, M] is continuous (starts from zero), we have that
P(T;, /S o0)=1=P(T, /o) =1 (since P < P).

To prove that YV := X — [X, M] € M. 10¢(P), it suffices to show that Y7n := X — [ X, M]™ €
M_(P). In what follows, write X,Y in place of X'n, Y Tn,
Using It6’s product rule (IBP):

A Z:Ys) = Y dZ; + Z; AY; + dY; dZ;.

Now,
dZ; = Z; dMy,
dY; = dX; — d[X, M],,
dY;dZ, = Z, d[M, Y], = Z; d[ X, M];.
Thus,

d(Z:Yy) = Vi Zy dMy + Zy(d Xy — d[ X, M]y) + Z, d[X, M|y = Z; d Xy + Y Zy A M,

giving that ZY € M, oc(P).
Moreover, ZY : T <t is a stopping time, and is Ul for each ¢t > 0, [/é] . Since Y is bounded,
we also have that

ZY - 1{r<y is a stopping time and Ul = ZY € M, (P).

For s < t, we have that

1
EY, - Ys | Fs] = 7153 [ZY, — ZsYs | Fs] =0 (tower property).

S

Since ZY € M,(PP) we finally obtain Y € M_,(P). O
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Remark. The quadratic variation does not change when performing a change of measures, [f@\] .

Corollary 6.1. Let B be a standard Brownian motion under P, M € M. joc, Mo = 0. Suppose
that

Z=&EM)is U, and Q(A) =E[laZ] for all A€ F.
Then B := B — [B, M] is a Q-Brownian motion.
Proof. Since B € M_10¢(Q) by the Girsanov theorem, and [B]; = [B — [B, M]}; = t, it follows

from the Lévy characterisation that B is a Q-Brownian motion. O O

Examples 6.8. Suppose that B is a P-Brownian motion, p € R, T > 0, and let My = By,
so that

Zy =E(M); = exp (,uBt - M2t/2) .
Then
Q(A) =E[Zr - 14] =E [exp (uBr — 4?T/2) 14] VA€ F.

You render under P that By = By + ut fort € [0,T], and B is a Q-Brownian motion.

7 Stochastic Differential Equations

Let M?™(R) denote the space of d x m matrices with real entries. Suppose that
o:R* - M>*™R), b:R?— R?

are measurable functions which are bounded on compact sets. Write o(z) = (045(x)). Consider
the SDE:

Equivalently,

dX; =" 04;(Xy) dB] + b;(Xy) dt.
j=1

A solution to ® consists of:

o A filtered probability space (2, F, (F¢)i>0,P), where (F;)¢>0 satisfies the usual conditions.
e An (F});>0-Brownian motion B = (B!,..., B™) € R™.

e An (F;)i>0-adapted continuous process X = (X}, ..., X{) € R? such that
¢ t
X = X +/ o(Xs)dBs +/ b(Xs) ds.
0 0

When in addition Xy = = € R%, we say that X is started from .

« We say that an SDE has a weak solution if for all 2 € R?, there is a solution starting from z.

e There is uniqueness in law if all solutions starting from each = have the same distribution.
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Lecture 19

o There is pathwise uniqueness if, when we fix (Q, F, (%;)t>0,P) and B, then any two
solutions X, X’ with Xy = X, are indistinguishable:

P(X; = X; for all t > 0) = 1.

o We say that a solution started from x is a strong solution if X is adapted to the filtration
generated by B.

Example. It is possible to have the existence of a weak solution and uniqueness in law without
having pathwise uniqueness. Suppose that g is a standard Brownian motion in R with gy = x. Set

t
B, =/0 sgn(fs) ds,  sgn(x) = 1{(0,00)} () = L{(—cc,01} (€)-

Note that sgn(fs) is measurable and bounded, hence the integral is well-defined. Then,

t t t
mﬁé%ﬁ&ﬂ&=x+é(%M&Dw&zx+éd&zﬁt

Therefore, 5 solves the SDE
dX; = sgn(Xy) dBy,
Xo = .
This SDE has a weak solution. By the Lévy characterisation, any solution to this SDE is a

Brownian motion (it is in M o with quadratic varitaion [-]; = t) which gives uniqueness in law.
However, we do not have pathwise uniqueness. To see this, take X =z = 0.

Claim: (;, —; are solutions.

Indeed, (3 is a solution. For —f3;, we also obtain

t t
—@z—ésmwawzﬁswemmem>
t t
1/0 Sgn(—,@s)st—i-Q/O 1{55:0} dB;.

The last term on the RHS is in M. ¢, starts from 0, and has quadratic variation

t
4/ 1{53:0} ds=0 a.s.
0

because P(5; = 0) = 0 Vs > 0, and then one can apply Fubini’s theorem to obtain that its
expectation vanishes. Therefore 8¢, —; are both solutions on the same probability space with the
same Brownian motion. So we do not have pathwise uniqueness.

7.1 Lipschitz Coefficients

Recall that for U € R open, f : U — R%, we say that f is Lipschitz if there exists K < oo such
that

lf(z) — fly)| < K|z —y| Vz,yeU.
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For d,m > 1, we equip Mgxm(R) with the Frobenius norm. If A € Mg (R), A = (a;;), then
i m 1/2
A= (> ai| -
i=1j=1
Let f:U — Mgxm(R). Say that f is Lipschitz if there exists K < oo such that

If(x) — f(y)| < Klx —y| Vo,yeU.

Theorem 7.1 (Existence and Uniqueness). Suppose that
o:RY = Mgym(R), b:R?— RY
are Lipschitz. Then there is pathwise uniqueness for the SDE
dX; = o(X;)dB; + b(Xy) dt.

Moreover, for each filtered probability space (0, F, (Ft)t>0,P) satisfying the usual conditions
and each (F;)-Brownian motion B, x € RY, there is a strong solution starting from x.

The proof is analogous to the existence/uniqueness theorem for ODEs. Recall some results from
analysis/ODEs.

Theorem 7.2 (Banach Fixed Point Theorem). Let (X, d) be a complete metric space.
(a) Suppose that F': X — X is a contraction, i.e., Ir € (0,1) such that
d(F(z), F(y) <rd(z,y) Vz,y € X.
Then F has a unique fixed point.

(b) Suppose that F : X — X, and there exists n € N so that F™ is a contraction. Then
F has a unique fized point.

Lemma 7.3 (Gronwall). Let T > 0 and f : [0,7] — [0,00) be a bounded and measurable
function. If there exist a,b > 0 such that

FO) <a+ b/tf(s) ds vt e[0,T],
0
then f(t) < ae® for all t € [0, T].

I Proof. [f@ﬂ . O

Proof of Existence and Uniqueness We will assume that dim = 1 and will let K be such
that

|o(2) —o(y)| < K|z —yl, [b(z) =b(y)| < K|z —y| Yo,y cR.
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Proof of Uniqueness. Suppose that X, X’ are two solutions on the same probability space
(Q, F, (Ft)t>0,P) and Brownian motion B. WTS: P(X; = X/ Vt > 0) = 1.
Fix M > 0 and let

r=inf{t>0:|X,|V|X{| > M}.

Then,
tAT IAT
—Xt/\T = XO —+ / O'(XS) dBS + / b(XS) dS,
0 0

tAT tAT
X! = Xo+ / o(X!)dB, + / b(X") ds.
0 0

Fix T'> 0. If t € [0, 7], we have that

E [(XW - Xém)ﬂ <92.E l(/ow(a(xs) - a(X;))dBS>2

+2.E l(/OtAT(b(XS) —b(X) ds) 2]

tAT tAT
<2-E [/ (0(X,) — o(X1))? ds} +2T-E Bﬂ/ (b(Xs) — b(X1))? ds] (It6 isometry + Cauchy—Schwarz)
0 0

tAT
<2K*(1+T)-E [/ | X — X;Pds]
0

t
=2K?(1 + T)/ E [yXW — X;Aﬂ ds.
0

Let f(t) := E[|Xirr — X.,.|?]. Then:

t
0 < f(t) € 4M? and f(t) < 2K2(1 + T)/ f(s)yds Vie0,T].

0

By Gronwall’s inequality, f(¢) = 0 for all ¢ € [0, T, so
P(Xipnr = X[, VL€ [0,T]) = 1.
Since M, T were arbitrary, we conclude:
P(X; = X[Vt >0) = 1.

That is, we have established Pathwise uniqueness. O

Lecture 20

Proof of existence. Suppose that (2, F, (F¢)t>0,P) is a filtered probability space, B is an (F)-
Brownian motion, and (F);>q is the filtration generated by B (so that 7P C F;). We will use
the contraction mapping theorem. Need to specify

1) the space,

2) the map.

For each T > 0, let Cp = {continuous, adapted processes X : [0,7] — R}, with

1/2
| X |7 = (E [ sup \Xﬂﬂ) .
0<t<T
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We proved before that Cr is complete. Fix z € R. Using that o, b are Lipschitz, we have

lo()| = lo(y) = o(0) + o (0)] < [o(y) = o(0)| + |o(0)] < Kyl + |o(0)], (1))
[b(y)| < [b(0)[ + Kly| forall y € R. ((2))

Fix T > 0, and X € Cr. Let

Then,
t
(M]; = / o2(X,) ds.
0

Thus, by (1),
E[[M]r] < 2T (|o(0)]* + K2 X|[}) < oo,

which implies that M € M2, so by Doob’s inequality,

/0 ' o(X.) dB,

2
E [ sup 1 <87 (lo(0)]* + K| X1}
0<t<T

lsup /b
0<t<T
T
<T-E / b(X,)%ds
0

<27 -E [|o(0) + K?||X|[F] < oo
The map F on Cr defined by
=2x —I—/ s) dBg +/ b(X
takes values in Cr.

Suppose that X, Y € Cp. For 0 <t < T, using similar arguments,

(Cauchy-Schwarz)

t t
IF(X) = FOIE <AK*T-(@+T) [ X =Y [2ds = Cr [ X = V|2 ds
0 0
Iterate n times:

2 t tn—1
| x) — POy <0T/ / / I1X = Y2 dt, -

- ngTn

IX = Y7 (3)

Take n sufficiently large so tha the contraction mapping theorem, there
exists a unique fixed point X(7) € CT of F'. Pathwise uniqueness = Xt(T) = XfT) for all

t <T AT as. Define X; by setting X; = Xt(N) where t < N, N € N. Then X is the pathwise
unique solution to the SDE starting from x.
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Lecture 21

NTS: X is a strong solution, i.e. X is adapted to (F?). We will prove first that for each fixed
T, X is the limit of (F)-processes. Define y° = 2 and y* = F(y" ') for each n € N. Then
(y™) is adapted to (FP) for each n. As F(")(X) = X, for all n > d, we have from (3) that:

CrT™
n!

IX = y"lI7 = [F™(X) - F™(@)||7 < IX — |7 =0 asn— oo

Thus Y" — X in Cr as n — o0o. So there exists a subsequence (Y™*) such that Y™ — X
uniformly in [0,7] a.s. Therefore, (X;) is the a.s. limit of (F7)-adapted processes and so is
(FP)-adapted. Since T' > 0 was arbitrary, we have that X is (F7)-adapted. O

Remark. From the abvoe proof, we also obtain that the pathwise unique strong solution lies in
Cr for all T > 0.

Proposition 7.4. Under the hypotheses of the theorem, there is uniqueness in law for the
SDE
ClXt = O'(Xt)dBt i b(Xt)dt

I Proof. [/,@)\] . O
Example.(Ornstein—Uhlenbeck process) Fix A € R and consider the SDE
dVy = dB; — A\Vidt, Vh = vy,

dX; = Vidt.

For A > 0, this models the movement of a grain of pollen in liquid; X = position of the grain,
V = velocity. The term —AV damps the system due to viscosity. When |V| is large, the system
moves to reduce |V|.

The previous theorem implies that there exists a unique strong solution. We can explicitly solve

d(eMV;) = eMdV; + X MVidt = eMdB;.

Hence,

t

MV, = g —l—/ e*dB,

0

so that .
Vi = e_’\tvg —I—/ e_)‘(t_s)dBS.
0

Therefore,

1— 672)\t
-\t
Vi~ N <e v0,72)\ ) .

If A > 0, then V; converges in distribution to A/ (0, (2X)7!) as t — oo. Hence, N(0, (2A)71) is
the stationary distribution of V| i.e. if Vi ~ N(0, (2)\)71), then

Vi ~ N(0,(20)71)  for all £ > 0.
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7.2 Local solutions

Consider the SDE
dXt = O'(Xt) dBt + b(Xt) dt.

A locally defined process is a pair (X, 7) consisting of a stopping time 7 together with a map

X {(w,t) € 2 x[0,00) : t < T(w)} = R.

It is said to be cadlag if the map t — X;(w) from [0, 7(w)) to R is cadlag for all w € Q. Let

QG ={weD:t<7(w)}. Then (X,7) is adapted if X; : Q — R is Fi-measurable. We say that
(X, 7) is a locally defined martingale if there exist stopping times 7, ,/* 7 such that X™ is a
martingale for all n. We say that (H,n) is a locally defined, locally bounded, predictable process
if there exist stopping times S, /' 1 such that H1y<i<g,} is bounded and predictable for all

n € N. We define (H - X, 7 A7)

(H - X)InNSn = (H1(o,5,a7,] - X)¢ for each n.
Proposition 7.5 (Local It6’s formula). Let X!, ... , X% be continuous semimartingales, let
U CR? be open, and let f: U — R be C%. Let X = (X1,..., X% and set
T=inf{t >0: X, ¢ U}.

Then for all t < 7, we have that

f i i
f(Xe) = f(Xo) +Z/ s)dXg+ = Z/ amlaxj X,) d[ X, X7],.

Proof. Apply 1to’s formula to X™, where

J

and note that 7, /7 as n — oc. O

SRS

T, = inf {t >0 : dist(Xy, U°) <

Examples 7.6. Let X = B, where B is a standard Brownian motion with Xo = By = 1,
U =(0,00), and f(x) =+/x. Then

1t 1 gt
VBi=1+ 5/ B;7Y24dB, — g/ B32ds  forallt<T,
0 0

where
7 =inf{t > 0: B, = 0}.

Let U € R? be open, o : U — M¥*™(R), b: U — R? be measurable functions which are
bounded on compact subsets of U.

A local solution to the SDE
dXt = O'(Xt) dBt + b(Xt) dt

consists of:
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o A filtered probability space (2, F, (F)t>0,P) satisfying the usual conditions.
o An (F;)-Brownian motion B in R™.

« A continuous (F;)-adapted locally defined process (X, 7), with X € R? such that

X, = X0+/ J)dB, +/b ds, forallt < 7.

We say that (X, 7) is a mazimal local solution if for any other local solution (X, 7) on the same

space such that

Xt:X't forallt <7 A,

we have that n < 7.

Locally Lipschitz coefficients: Suppose that U C R? is open. Then a function f: U — R% is

locally Lipschitz if for each compact set C' C U, we have that f|c is Lipschitz.

Theorem 7.7. Suppose U C R? is open and o : U — MP*™(R), b: U — R are locally
Lipschitz. Then for all x € U, the SDE

dX; = O‘(Xt) dB; + b(Xt) dt

has a pathwise unique maximal local solution (X,T) starting from x. Moreover, for all
compact sets C C U, on the event that T < oo, we have that

sup{t<7: X, €C} <.

Lemma 7.8. Let U C R be open, C C U be compact. Then:
1. There exists a C function ¢ : R* = R such that ¢|c = 1 and |y = 0.

2. Given a locally Lipschitz function f : U — R, then there exists a globally Lipschitz
function g : R* — R such that f|c = glc.

Proof: (i) [@] )

(ii) Let ¢ be as in part (i) and set g = f - ¢. O
O

Proof (Theorem). Assume that d = m = 1. Fix C' C U compact. By the lemma, we can find
Lipschitz functions &,b on R such that &|c = o|c, blc = b|c. Then there exists a pathwise
unique strong solution X to:

dXt = 5’(Xt)dBt + B(Xt)dt
XO =Z

Let 7 =inf{t > 0: X; ¢ C} and let X = X|[077). Then (X, 7) is a local solution in C, [/ésﬂ It
T < 00, then X, - = lim,_,,— X; exists and is in U®. Suppose that (X,7), (Y, n) are both local
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Lecture 22

solutions in C'. Let

fit)y=E sup | X — Yq|?

0<s<tATAN
As b, o are Lipschitz on C, we can use Gronwall’s lemma as before to see that f = 0, which
implies that X; = Y; for all t < n A 7 almost surely.
Let (C},) be a sequence of compact sets in U with C,, C Cy,4; for all n, and U = |J,,C,,. Let
(X", T,) be the local solution constructed above with C' = C,,. If T;, < oo, then X} € U\ Cy.
Observe that on

inf{t >0: X" ¢ COYAT, =8,

=T

we have
X = X7 almost surely for all t < S,

(by a Gronwall-type argument). Suppose for a contradiction that T}, < T,,. Then the above
implies
XT@H = X7 almost surely, andt<T7T,

giving
XiH =X} ¢CLCCy

Hence
T, <T, <T,4+1 which implies that (7)) is increasing.

Since the T, are non-decreasing, we have T, /7, i.e., 7 = sup,, Tp,.

Define the local solution by setting X; = X}* for all ¢t < T},. This is consistent by the above. We
now aim to show that (X, 7) is maximal.

It thus remains to show

1. maximality,
2. sup{t < 7: Xy € C} < 7 on the event {7 < c0}.
Suppose that (Y, n) is another solution on the same probability space. For each n, set
Sy =inf{t € [0,00) : Y: ¢ Cp,} A 1.

By the uniqueness of the solution in each C,,, we have that X; = Y; for all t < S,, AT,,. Therefore,
arguing as before, S, <T,. Asn — o0, S, /' n, T, /T, s0

n<rt, Xi=Yforallt<n.

Therefore, (X, 7) is maximal. O

Suppose that C}, Cy are compact sets in U with C; CC5 CCy CU. Let ¢ : U — R bea C*

function with ¢|c, =1, ¢|cg)e = 0. Let

Ry =inf{t >0: X, ¢ Co},

Sp=inf{t > R,—1 : X4 ¢ C1} AT,
R, =inf{t > S, : X; € Co} A T.
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Let N be the number of crossings that X makes from C to C1. On the event {7 <t, N > n},
we have that:

i (Xr,) — p(Xs,)) = —n

n

Z I(Sk,Rk](S) <‘P(XS) dXs + %SDN(XS) d[X]s)

/t
0 k=1

t
:/ H" dB, + K™ ds —: 27,
0

where H", K™ are predictable and bounded uniformly in n. Then:

~E[(27)]

n- 1oy Nonp < (ZZ‘)2:>]P’(T§t, N>n)< -

Since H", K™ are uniformly bounded and Z}' is defined by integrating H", K™ over a
time-interval which does not depend on n, we have that

E [(Zf)Q] < C where C does not depend on n = P (7 <t, N >n) < %

Letting n — oo gives
P(r<t,N=o0)=0=P(r <oo, N=00)=0

Therefore, the number of crossings that X makes from Cy to C} is finite on the event {7 < oo}
almost surely.
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Example. (Bessel processes) Fix v € R and consider the SDE in U = (0, c0) given by:
X, = dB+ 2Lt Xo=zgeU
t — t 2Xt ) 0—4<0 .

Then there exists a unique maximal local solution (X, 7) in U and M; :==P[3t >0: X; =0] =0.
(X, 7) is a Bessel process of dimension n.
Suppose that n € N, § is a Brownian motion in R" with |5y| = z¢ > 0. Set X; := |3¢| and

=inf{t >0:6, =0}.

By the local It6 formula, we have that

= (B¢, dBt) +

t<T,

1
2IB |
where (-, ) is the Euclidean inner product. Then the process

t
Wy = / M is a local martingale.
0

|3s]
Moreover,
AWl = 15 Z Bip] (B, B), = dt.
A =
Lévy’s characterization implies that W is a standard Brownian motion. Hence,
n—1
dXy =dWy+ ——dt, t<r.
t t + 2Xt ) T

A Bessel process of dimension v describes the true evolution of the norm of an v-dimensional
Brownian motion up to when it first hits 0.

7.3 Diffusion Processes

Suppose that a : R? — M?*4(R), b : R? — R? are bounded, measurable, a is symmetric (i.e., a(x)
is symmetric for each x). For f € CZ(R?) (i.e., C? with bounded derivatives), set

1 d 2 d

Liw) =5 2 ai@)g 81:] Z axz'

3,j=1 =1

Let X be a continuous, adapted process in R%. We say that X is an L-diffusion if for all
f € C2(R?) we have that:

Mtf = f(Xy) — f(Xo) — /t Lf(Xs)ds is a martingale.
0

(The coefficient a is called the diffusion, and b is the drift.)
Example. o, b constant and a = oo . B is standard BM on R?. Then

X =0B;+ bt is an (o, b)-diffusion.
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If o =14, b=0, X; = By is an L-diffusion where L = JA.

Proposition 7.9. Suppose that X solves
dX; = O'(Xt) dB; + b(Xt) dt,

let f € C;’z([O,T] x RY) (bounded derivatives, C' in the first variable, C? in the second
variable).
Then,

t
Mtf = f(t, X¢) — £(0, Xo) 7/ (0s+ L) f(s,Xs)ds is a martingale,
0

a=oc0" and L as above.
If a, b are bounded, then X is an L-diffusion.

I Proof. [/éﬂ . O]

Lecture 23 Question: Which a can be written as oo | for such o? (See proposition from last time.)

Suppose that a, b are Lipschitz, bounded, and there exists € > 0 so that:
(a(2)¢,6) > el¢f? for all z,& € RY.

Then @ is uniformly positive definite (UPD). Then there exists o : R? — M?*4(R) with oo = a.
For d = 1, take o = \/a.
For d > 2, we can write a(z) = U(z)A(z)U(z)" where A(x) is the diagonal matrix of
eigenvalues and U(z) the orthogonal matrix whose columns are eigenvectors of a(x). Take

o(z) = U(z)\/A(z)U(x)".

That o is Lipschitz follows from the differentiability of the square root map on the set of UPD
matrices.

For such o, b, the SDE
dX; = O'(Xt)dBt + b(Xt)dt

has a unique strong solution which is an (a, b)-diffusion.
Proposition 7.10. Let X be an L-diffusion and T a finite stopping time. Set
Xt = X7-+t, and ft = f7+t.

Then X is an L-diffusion with respect to (Ft)¢>o-
Proof. Fix f € C2(R%). Consider the process
- ~ - t -
3t = (%)~ £(%0) = [ Lf(R)ds.

M/ is adapted to (F;) and is integrable. For A € F, and n > 0 we have that

E [ = ) - Lanreny| = B [(Mf = ML) - Langrzn |
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=E [(Mtf—&-T - Msf—&-T) ’ 1Aﬂ{7§n}€}—r+s}
=0 (by optional stopping theorem).

Sending n — oo implies
E [(]\;ftf - M) 1A} =0 (by dominated convergence theorem).
So M7 is a martingale with respect to (F;). O
Lemma 7.11. Let X be an L-diffusion. Then for all f € 05’2(R+ x R%) the process
t
M{ = 16,X0) = 10, Xo) = [ (8 +L) F(s, X)ds
is a martingale.

Proof. Fix T' > 0 and consider

Zn=sw_|f(s,X) = f(s, Xo)|+ sup |Lf(s,X:) = LF(t X0)].
0<s<t<T 0<s<t<T

t—s<1l/n t—s<1l/n

Then Z, is bounded and Z,, — 0 as n — oo by continuity. By the bounded convergence theorem,
it follows that
E[Z,) =0 asn— .

Now,

s

t
Ml =l = (5.0 - 1. %0) - [ o X0 ar)
n t

Choose s = s9 < §1 < -+ < 8, = t such that sxy1 — sy < 1/n for each k. The first line is equal
to 0 by the fundamental theorem of calculus. The second line has expectation equal to 0 given
Fs (since X is an L-diffusion). For the last two lines, we have that

E HE (M — M | fm < (t—s) E[Zy].

So,
’ E[E[M/ - M| F]] <(t-5)-E[Z] >0 asn— o0,

Therefore,
E|M] | F| =M.
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Lecture 24

7.4 Dirichlet and Cauchy problem

Assume that a,b are Lipschitz and a(z)¢ - € > ¢[¢]? for some € > 0, for all z,£ € R? (i.e., a is
uniformly positive definite).

Let D C R? be a bounded, open domain with smooth boundary. We shall assume the following
theorem from PDE.

Theorem 7.12 (Dirichlet Problem). For all f € C(9D), there exists a unique function
u € C(D) N C*(D) such that:
Lu+¢p=0 1inD,
{u =f on OD.

Moreover, there exist continuous functions
m:D x 0D — [0,0), g:{(z,y) €D xD:x#y}— (0,00)
such that for all f,p as above, we have

u(x) =/Dg(rr,y)so(y) dy+/an(y)m(w,y)A(dy),

where g is the Green kernel, and m(x,y) A(dy) is the harmonic measure on 0D as seen from
z.

Theorem 7.13. Suppose that u € C(D) N C?(D) satisfies

Lu+¢p=0 onD,
u=f on 0D,

with f € C(0D),p € C(D). Then for any L-diffusion X starting from x € D, we have
u(o) =B, | [" () ds+ 1))
0

where 7 = inf{t > 0: X; ¢ D}. Moreover, for all Borel sets A C D, B C 9D, we have

E. [/OT 1(X; € A) ds} = /Ag(:v,y) dy, P,[X:€ B]= /Bm(x,y) A(dy).

Proof. Fix n > 1 and let T,, = inf{t > 0: X; ¢ D, }, where D,, = {x € D : dist(x, D) > 1/n}.

Consider

tATy,
M, = w(Xonr,) — u(Xo) + /0 o(X,) ds.

There exists @ € CZ(RY) with @ = u on D,,. Then M = M where:

M, = @(Xy) — (Xo) — /Ot La(X,) ds.

Since X is an L-diffusion, M is a martingale. By the optional stopping theorem, M is a
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martingale. Hence,
'Tn
u(x) = E, [u(XTn) +/O o(Xs) ds] : (%)

We want to send n — oco. First we will show E,[T] < co. Take p = 1, f =0, and let u'° be the
solution of the associated Dirichlet problem. Then (%) holds for !9, so:

E, [Ty M) = u(2) — B, [u*(Xr,)] .

Since u'Y is bounded (in C(D)), T, T+ T as n — oo, monotone convergence theorem implies
E;[T] < 0o (as n — 00, t — 00).

Now return to the general case in (% ). Have that T,, A\t /T as n,t — co. Since u is continuous
on D,

w(Xiar,) = f(X7) as n,t — oo.

Since u is bounded on D (D compact, u continuous), bounded convergence theorem implies
Ey [u(Xinr,)] = Ba [f(X7)]  as t,n — oo

Moreover,

< llollos - Ex[T] < 0.

| [ et

By the dominated convergence theorem,

TNENTy,
E, / o(X,)ds| — E,
0

/OT o(Xs) dS] :

T
u(z) = Ey [f(XT)+/O @(Xs)ds].

Thus,

Final assertions follow by taking limits as ¢, — 14, f =0 and f, — 15, ¢ =0. O

Theorem 7.14. For each f € C%, there exists a unique solution u € C{ (R4 x R?) such that:

ou/0t = Lu on R, x R?
u(0,2) = f onR?

Moreover, there exists a continuous function p : (0,00) x R? x RY — (0,00) such that

utt,a) = [ pt.a.y)fw)dy  for all (t3) € Ry x RY,

where p is the “heat kernel”.
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Theorem 7.15. Assume that f € CZ(R?). Let u satisfy

Ou/ot = Lu on R, x R?
uw(0,2) = f onR?

Then for any L-diffusion X starting from z, for allt € Ry, 0 < s < t, we have that

E, [f(X¢)|Fs) = u(t — s,Xs) almost surely.

In particular,
E. [F(X0)] = u(t.a) = [ p(t..)f () dy.
Finally, under P, the finite-dimensional distributions of X are given by:
PJ} [th S dxla L 7th S dxn] = p(tl?x07$1) o p(tn - tn—laxn—laxn) dxl T dmn,

for0 <t <ty <---<t, <00, T1,...,Tn € RY, xg = 1.

Proof. Fix t € (0,00). Consider g(s,z) = u(t — s,z) for s < t, x € R%. Note that

0 ou
(83 —I—L) g(s,x) = —a(t —s,x) + Lu(t — s,z) = 0.

Therefore,

0

M2 = g(s.X.) = 90.X0) = [T (504 L) glr.X)dr = g5, X.) - 9(0.X0)

is a martingale for s € [0,t). By extending g to g € C,} ’2(R+ x RY) appropriately. Hence, for all
0<s<t <t wehave

E, [M|Fs] = M? almost surely, = E,[M]] =E,[M{].

Therefore,
E:r[u(t - t,a Xt’)] = u(ta .’E)

Now, as ¢ — ¢, by continuity u(t — ', X/) — f(X:) (bounded convergence, u € C7), so
Eo[f(Xy)] = u(t, 2).
For the second part of the theorem set
Pif(@)= [ plta.y)fw)dy = ult.a).
Uniqueness of solutions to the Cauchy problem:

Py(Pif) = Psyif

Claim (by induction):

)rL

E, [H fl(th)] = /(Rd ’ p(tlax07$1)f1($1) e 'p(tn —tn—1,Tn-1, xn)fn($n) dxy---dxy
=1
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For induction, we use that:

n n—1
Eg, [H fi(Xti)] = [ fi(Xe) E [fu(Xe,) | Fi,s]
=1 =1
n—1

= H fl(th) Ptn—tn_lf(th_l)

=1

Now apply the case n — 1.
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