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1 <onme %pedcml"rl,eory

We start with a general result from the theory of finite dimensional Hilbert spaces, the Spectral
Theorem.

Theorem 1.1. (Spectral Theorem) Let V' be a finite-dimensional real or complex Hilbert
space of dimension n € N and let T : V — V be a self-adjoint linear operator. Then, there
exists an orthonormal basis (v;)_y of V' and real scalars (\;)7—; € R such that Tv; = \jv;
foralll <i<n.

I Proof. Omitted, but can be found in any standard reference on the subject. O

In this exposition, V' will be C*(R™), n € N throughout these notes, where as usual we identify
a self-adjoint linear operator T : C* — C"(R"™ — R™) with a Hermitian (resp. symmetric) matrix.

We make an important definition that is guaranteed to us by the spectral theorem [1.1] namely
that of an eigenvalue functional.

Definition 1.2. (Eigenvalue Functionals) Let A € C™*™ be a Hermitian matriz and
Al = - = )\, be its respective eigenvalues. Then for 1 < i < n we define the ith
eigenvalue functional to be that map A — X\;(A) for A Hermitian.

We have a simple characterisation of the eigenvalue functionals as a min-max of convex func-
tions.

Theorem 1.3. (Courant-Fischer) Let A be an n x n real symmetric or Hermitian matriz.
Then we have the following characterisation of the eigenvalue functionals

Ni(A) = sup inf  v*Av

dim(V)=i vEV:|lv]|=1
= inf sup v*Av (1)
dzm(V)—n i+1 eV |v||=1

where V' denotes any subspace of R™ or C™ respectively[’]

%The (-)* denotes either complex conjugation and transpose in the complex case, and just taking the
transpose in of a vector in the real case.

Proof. By the spectral theorem [1.1] . there exists an orthonormal basis (e;)?_; of eigenvectors of
A. Fix 1 <i < n. Then, we easily obtain the inequality

Ai(A) < sup inf  v*Av (2)

dim(V)=i veV:[lvl|=1
by setting V' = span{ej,---,e;}. To obtain the reverse inequality, observe that for any i-
dimensional subspace V of R™ or C", there exists a vector v € V, ||v|| = 1 such that v*Av <

Ai(A). Indeed, let W = span{e;, - - ,e,} which has codimension ¢ — 1 and so dim(V n W) > 1
and so we obtain

v* Av < Z Ailvil? < Ai(A), (3)

with v as above. For the second equality, use the equality just proved with —A in place of A
and note \;(A) = —A,—;+1(—A) to conclude. O

This characterisation of the spectrum allows us to make a statement about the regularity of the
eigenvalue functionals for real symmetric or Hermitian matrices, namely, that they are Lipschitz
continuous with respect to the operator norm (equivalently the Frobenius norm). This clarifies any
measurability issues when considering random entries and showcases the stability of the spectrum
of such matrices.



Corollary 1.4. (Stability of spectrum) Let n € N, A, B € M, «,(C orR) be Hermitian or
real symmetric matrices respectively, then have for all 1 <i<n

|Ai(A+ B) = Xi(A) < [|Bll,, < [|Bll (4)

where |||, and |||z denote the operator and Frobenius norms respectively.

Proof. For v e C*(orR"), ||v|| = 1, have the following
[v*Bo| < || Bl|,, = max{|A1(A), [An(A)[}- (5)
and
v*Av — || B|,, < v*(A+ B)v <v*Av + B, (6)
and conclude by invoking the theorem O

Furthermore, we make the observation that in a sense, the 'typical’ behaviour of real symmetric
or Hermitian matrices is that they have simple spectra, that is that their eigenvalues are distinct.
To be more precise it is easy to see using the eigenvalue decomposition (theorem that the
collection of matrices with simple spectra is an open, dense subset of the space of real symmetric
or Hermitian matrices. This will have important ramifications for computing densities against the
Lebesgue measure, of the laws of the GUE and GOE ensembles, which will be defined later on.

In fact one can obtain more regularity for the eigenvalue functionals when the spectrum is
simple and in fact show the following.

Proposition 1.5. Fix n € N and let A be a real symmetric or Hermitian matriz in
My sn (R orC) with simple spectrum. Then the eigenvalue functionals \;(A) for 1 <i<n
depend smoothly with respect to A.

Proof. To observe this, define the smooth function

F:MynxR—->R (7)
(A, 0) — F(A ) :==det(A — \I)

and observe that in a neighbourhood of a point (A, )\;(A4)),1 < i < n where A has simple
spectrum, F(A, A\;(A)) = 0 and DyF # 0 (roots of the characteristic polynomial are simple).
Thus, one applies the Implicit Function Theorem to conclude. O

One can prove a similar result and show that one can make a locally smooth choice of eigenvec-
tors, since they are determined up to a sign or complex phase once normalised, in a neighbourhood
of a real symmetric or Hermitian matrix with simple spectrum.

Proposition 1.6. (Smooth dependence of eigenvectors) Fix n € N and let A be a real
symmetric or Hermitian matriz in M, x,(R orC) with simple spectrum. Then one can
make a smooth selection of eigenvectors B — w;(B) for 1 <i < n satisfying

Bu;(B) = \i(B)ui(B)
{ u¥(B)u;(B) =1 ®

7

for B in a neighbourhood of A, where the A\;(A) are the eigenvalue functionals.

Proof. Let A € M, «, be such that its spectrum A (A4) > -+ > A, (A) is simple. Then, observe
that the matrix A — A\;(A)I has a one-dimensional kernel. Thus, by an elementary fact from
linear algebra, there is an n — 1 x n — 1 dimensional invertible minor of A — A\;(A)I. Since
the determinant B — det(B — \;(B)I) is a smooth function of B in a neighbourhood of A,
we get that in a neighbourhood of A, the same minor is invertible. This is illustrated in the
figure below, the linear system [§]is represented and the invertible minor is the matrix excluding



the highlighted rows and columns in yellow (the choice of rows and columns is uniform in a
neighbourhood).

X X (75}

X X X Uo
. |=o (9)
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One can then decompose this linear system into the matrix minor and the highlighted row which
by the dimensionality constraint must be expressible as a linear combination of the remaining
rows. Thus, this system is invertible, assuming one fixes the coordinate corresponding to the
highlighted row (to one for instance) and so one can recover smoothly chosen eigenvectors in a
neighbourhood of A and to conclude one normalises them, which is again a smooth proceduce.

O

The above enable us to obtain time-evolution equations for the eigenvalue functionals on a
smooth one-parameter family of real symmetric or Hermitian matrices A;. Assume that Ag has a
simple spectrum, then given local smooth choices of eigenvectors (u;),(t) and eigenvalues in a
neighbourhood of Ay, hence in a neighbourhood of 0 in ¢, we can differentiate in time the evolution
equations

Agug = Ni(Ag)u;
10
{ ufu; =1 (10)
and obtain Hadamard’s second variation formula
d2>\i % |u;"Atul|2 .

Jj#i

where the overhead dots indicate taking entry-wise derivatives twice (in the ¢t-dependent entries
of A). This and higher order formulas appear in [TV15], where the authors prove a result that
establishes universality results for non-Hermitian matrices assuming independence of the entries
satisfying exponential decay, and a moment matching condition (to fourth order). This equation
can be interpreted as saying, in analogy with physics, being a second order time evolution equation,
that there is a ’repulsive’ force between eigenvalues, which becomes arbitrarily large whenever the
eigenvalues are sufficiently close. This equation is also in direct analogy with the stochastic differ-
ential equation obtained by the spectra of real symmetric and Hermitian matrix-valued Brownian
motions, namely Dyson Brownian motion which will be discussed in the final section.

We illustrate however, with an elementary example that the local smoothness of eigenvalues in
general cannot be made global, especially when the spectrum ceases to be simple.

Examples 1.7. Non-global smoothness of eigenvalue functionals Consider the one param-
eter family of real symmetric matrices

Mt:[é _Ot] te (—ee) (12)

for any € > 0. Then clearly A1 (M) = |t| and Ao(My) = —|t| for all t and so the eigenvalue
functionals are not smooth at zero, where the spectrum becomes simple.



2 Wiier mastrices and the semi-circle Law

We now start with the central objects of study in random matrix theory, namely Wigner
matrices which we define now. We will state everything in terms of Hermitian matrices but keep
in mind that the results clearly also apply to real symmetric ones.

Definition 2.1. (Wigner matriz) Let (Z; j)i1<i<j, (Yi)i<i be mutually independent infi-
nite families of centred, iid random variables (only between families, not necessarily across
them). Define the family of Hermitian matrices

_ Zigy ifl
Xnjij = Xnyji = N Zf
19 1J }/i Zfl

1<j<n
13
B (13)

t=7

NN

<
<

and call them the Wigner ensemble corresponding to the Z,Y (or in an abuse of notation
a Wigner matriz).

Remark. In a sense this family while very general may seem a bit contrived. For instance the
distribution of eigenvalues is not in general invariant under a change of basis. This invariance does
hold true in the important special case when E[Y{?] = 2 and E[Z] ,] = 1, and the Z,Y are gaussian,
namely for the GOE and GUE ensembles, which we will explore later on. We consider the initial
enlarged class of Wigner matrices because they still exhibit remarkable universal properties.

Before embarking on these universality results we make a small digression and pick up on an
observation from the previous section, namely that the ’typical’ behaviour of Hermitian matrices is
to have a simple spectrum (being an open and dense in the set of Hermitian matrices endowed with
the usual norm topology). For random matrices, this question is not so clear a priori due to possible
degeneracies in the laws of the entries which could lead to a simple spectrum with high probability.
However, assuming no ’asymptotic degeneration’, a recent result in [TV14], the authors show that
for a general class of random matrices the spectrum becomes asymptotically simple, remarkably
relaxing independence between the diagonal entries, summarised in the following result.

Theorem 2.2. (|[TV1j, Theorem 5]) Fix A,pu > 0 and let n € N be sufficiently large (=
no(A, p)). Then, suppose that for all n, have an independent family of £, 1 <i<j<n
(real or complex valued) such that the ’asymptotic non-degeneration’ condition is satisfied

supsup P(&niij =) <1—p, 1<i<j<n (14)
n x

and furthermore let &,.i; be real random variables independent of the &ni5 1 <i<j<n

set Ensing = Eniji for 1 <i,j <n then the families (&n:i5)1<i,j<n have simple spectrum with
probability at least 1 — 1/n*.

Remark. This result applies to a class of random matrices that contains the Wigner matrices,
particularly the adjacency matrices of a large family of random graphs, namely the Erdés-Renyi
random graphs G(n,p) with n vertices and success probability p € (0, 1), solving a long standing
conjecture due to Babai, namely that the G(n, 1/2) has an asymptotically simple spectrum.

2.1 clobsl properties o} the speckium oy Waler wastrices

Having defined Wigner matrix ensembles, we now proceed with making a couple of preliminary
definitions that will allow us to state the classical result due to Wigner, namely the semi-circle law.



Definition 2.3. (Spectral measure) Fiz n € N and lest (X)), be a Wigner ensemble as in
define its corresponding family of spectral measures to be the atomic measures

1 n
= — Oy, N 15
BX,, n; Ai(Xn)s TE (15)

where the \; are the eigenvalue functionals.

Definition 2.4. (Semi-circle law) Call the Borel measure

o(A) L L‘ 129 (x)V4—22dx, AeB(R), (16)

" or
where B(R) denotes the Borel sets, the semi-circle law.

Remark. Observe that the density is the semi-circle with radius two normalised by area.

Theorem 2.5. (Wigner) Let (X,,)n be a Wigner ensemble with entries having finite second
moments, satisfying the normalisation condition E[|Z12]?] = 1 (with Z1 5 as in definition
. Then we have for all functions f € Cb(RE and € > 0

JL%P(’LM“’&% —-[Rfda’ >e) —0. (17)

%That is, continuous and bounded.

Remark. Note that this convergence in probability for a fixed test function can be promoted to
almost sure convergence provided the entries are almost surely uniformly bounded.
We will also henceforth make the abbreviation

Gopy = JRfdM, f € Cy(R), jie M(R) (18)

where M(R) denotes the space of Borel measures on R with finite total variation (particular
probability measures, which is all that is going to concern us in these notes).

To prove Theorem [2.5] we will first state two supporting lemmas that once combined will make
the proof a fairly straightforward consequence thereof.

Lemma 2.6. Let (X,,), be a Wigner ensemble with uniformly bounded entries, satisfying
the normalisation condition E[|Z12]?] = 1 (with Z1 2 as in definition . Then we have
for any ke N

E [(a*, pxy )| = (2, 0. (19)

Note the convergence is deterministic.

Lemma 2.7. Let (X,), be a Wigner ensemble as in lemma , Then, we have for all
e>0andk>1

Jm P (" nz) B[] ) =0 20)

Assuming for a moment that lemmas are true, we are led to the following proof of
Wigner’s Theorem.

Proof. (Wigner, sketch) Let (X,,),, be a Wigner ensemble with uniformly bounded entries, satis-
fying the normalisation condition E[|Z; 2|?] = 1 (with Z; 5 as in definition . An elementary



calculation gives that the moments of the semi-circle law o are

Cr, keven
Foy=13 "7’ 21
@0 {07 kodd 1)

where C), = (2:), n > 1 are the Catalan numbers and one can estimate them by C, < 47,

n € N. We now claim that for alle >0 and &k > 1

timsup P(CJa]* 1,05, > €) = 0. (22)

n—ao0

Indeed, notice that by Markov’s inequality and lemma [2.6

lim sup P({|z|* - Ljz|>5, hx0 ) > €)
n—oo v

B[l Laposoizg) > ] gpppen ‘ (23)
[ ) > ety 4

< limsu
h n—»wp 6'5k = 6'5k \6'5k7

Since lim sup P({|z|* - 1455, f4x, ) > €) is increasing in k and the upper bound decreasing
n

n—o0

geometrically to zero, it can only be that equation holds. This essentially is a localisation
result showing that any contribution from a test function outside the compact interval [—5, 5]
is negligible in the limit, in probability. One can without loss of generality consider test
functions with support in [—5,5] and essentially reduce the proof to showing convergence
in probability against polynomials supported on [—5,5], using Weierstrass’ Approximation
Theorem from Analysis. But this is nothing more that combining the results from lemmas [2.6]
and 2.7 and invoking linearity.

To relax the boundedness assumption and prove the result in the generality of the statement
of the theorem, one needs to perform a truncation argument, wherein one considers the entries

X 1
Xniinj = W(Xn;m Aix, <0 — B[ Xnij - x,.<c]); n =1 (24)
where
Var(Xoiilix. . j<c), 1< i#j<
0?,(0) = {1ar( 6 ossl<c) RS (25)
, <i=j<n

and C > 0 is a sufficiently large cut-off constant such that O’Z ;(C) > 0, which can be chosen
uniformly in n,4,j € N. It is not hard to show that

Xn;i,j C:(;O Xn;i,ja ne N7 in L2(]P)) (26)

uniformly in n,i,j € N. Now observe that we have shown Wigner’s theorem applies to the
matrix ensemble (X,),, and can conclude be showing weak convergence with respect to bounded
Lipschitz functions which are dense in C(R) with the local uniform topology. O

Proof. (Lemma [2.6) First notice that we have the identity for k > 1

@ pny = | aPpn(de) = —— TrXE (27)
R pstl "
and taking expectations yields
E<17k7 /Ln> = n%+1 Z EXi17i2 T Xikflaik ’ X’ik,i1' (28)
i1y in=1

Observe that every term in the above expectation corresponds to a path of length & on the
set of vertices {iy,--- i} with k edges ;i jmodr+1, 1 < j < k. Since the X;, j are centred and
independent, we only get contributions from paths where every edge is traversed at least twice
(possibly in reverse). Hence, there can be at most k/2 unique edges and at most k/2 + 1 unique
vertices in {i1,- - ,ix}.



Figure 1: Illustration of type sequences induced from their corresponding paths when k = 4.

Define the weight ¢ of a sequence i = 41,73, -+, to be the number of distinct indices. For
1<t< % + 1, define the set

7rt:{1<i1,-~-,ik<n:|i1,-~-,ik|:t}. (29)

Forl1<t< g +1, define the equivalence relation ~ on 7, where we declare i ~ i’ for 4,7’ € m; if
and only if there exists a bijection m on {1,--- ,n} such that i; — i;, 1 < j < k. The number
of distinct equivalence classes in m; only depends on k (and not n) since one can always pick
a representative in {1,--- ,k} for every i € m;. Then using that there exists some deterministic
C > 0 such that for all 4,5 |X; ;| < C almost surely, we can conclude that for ¢ < g +1

t:17€7|;: (30)
1% 4 ok 0asn — oo
<C o Z H[i]~ i€ m) gM
=1

Where we used that #{[i{]. : i € m} = (7) < n’. Thus, we see that if k is odd, then
E{x*, pp,y — 0 = (x¥,0) as m — . When k is even, asymptotically the only contribution
comes from ¢ = g + 1L

Thus, let k£ be even and consider Tk that is the collection of sequences ¢ corresponding to

paths visiting exactly g edge where each edge is traversed exactly twice. Define the type value
of an an edge appearing in the path i to be +1 if it has not been traversed before and —1
otherwise. Now, using the equivalence relation ~, we see that i ~ ¢’ if and only if they have
the same type sequence.

Now, taking the cumulative sum of the type values of a path i, (and linearly interpolating
between integer values), we obtain a path from 0 to k starting and ending at zero. For instance,
when k = 4, we have two possible such paths corresponding to type sequences, see figure
below.

Thus, we have

#{equivalence classes in 71'%“} = #{type sequences of length k} = C’%, (31)

where that last equality is a known fact and can be shown by establishing a recurrence relation
for #{type sequences of length k} and showing that it is the same as that for the Catalan
numbers C'x. Piecing together the above with [28 and [30, we conclude the proof. O

Proof. (Lemma |[Feil2] Lemma 3.2.2] sketch) One can argue similarly as in the proof of
lemma [2.6] using an albeit more involved combinatorial argument and show that

Var (iTr(X,’j)) =0 (;) —0,n— ® (32)

which in fact is sufficient to promote the convergence in probability to almost sure convergence,
by an application of Borel-Cantelli, assuming the boundedness condition throughout. O

Remark. (Theorem [2.5)) A shortfall of this method (i.e. the moment method) is that it is not
constructive in the sense that the proof does not construct the semi-circle law explicitly as we only



show convergence to the moments which do not have to a priori uniquely determine a probability
distribution. That they do can be shown using a separate argument and follows from the geometric
growth of the moments.

2.2 TFree Probablltty

We make another small digression into the notion of free probability and its connection to
random matrices. In particular, one can interpret Wigner’s theorem, theorem as an analogue
of the Central Limit Theorem for a different kind of probability, namely free probability where the
notion of an underlying sample space is abstracted away and one proceeds with a formalism where
the primitive objects are the random variables themselves, which can exist as elements of a more
abstract space with certain closure properties and convergence in distribution is replaced a notion
extending that of convergence of moments. To begin establishing this connection, we make the
following definition, namely that of a non-commutative probability space.

Definition 2.8. (Non-commutative probability space) A complex unital algebra A with an
involution A — A,z — z* s.t.

o (\z+ py)* = \z* + my*

%%

o (zy)* =y*z

° $**

=g
e 1 =1% where 1 denotes the unit of A

for all z,y € A, A\, u € C and a C-linear operator 7 : A — C such that 7(z*) = 7(z), z € A
and 7(1) = 1 is called a non-commutative probability space.

Remark. The operator 7 can be thought of as generalising the expectation operator and the
condition 7(1) = 1 is supposed to reflect the fact that in Kolmogorov’s formalism, the probability
of the sample space (corresponding the the expectation of the constant random variable equal to
unity) is one.

Examples 2.9 (Examples of  Free probability  spaces). The  pairs
(L7,E), (Myuxn, = Tr), (LT ® Myxn,ELTr) where the = operation is the complex
conjugation and hermitian transpose respectively, are all examples of mon-commutative
probability spaces.

The point is to define a notion of convergence that allows for comparison against different do-
mains of random variables that depends on a generalisation of convergence of moments. We thus
are led to make the definition of convergence in moments.

Definition 2.10. (Free convergence) Let (A, Tn)nen, (Aw, Te) be non-commuting proba-
bility spaces. For each n € N, let X,, be a sequence of elements (random variables) in A,
and likewise Xo in Ay. We say X, converges to Xo, in the sense of moments is for all
k=1,

Tn(Xn) =5 7o (X o) (33)

Definition 2.11. (Semi-circular element) Let (A, T) be a non-commutative probability space
and let X € A be such that X* = X and have moments 7(X") = 0, n odd and 7(X") =
Chy2, n even where C. denote the Catalan numbers. Then, X is called a semi-circular
element of unit variance.

We can thus re-interpret lemma [2.6| as saying the following.



Theorem 2.12. (Free Central Limit Theorem) Let (X, )nen be a family of Wigner matrices
where the entries have al moments finite (could assume entries with sub-gaussian tails, say)
and E[|Z12|*] = 1. Then the rescaled matrices M,, = X,/\/n € L~ ® My, converge
in the sense of moments to any semi-circular element belonging to some non-commutative
probability space.

Remark. Examples of semi-circular elements are the identity function z +— z in L*(do) en-
dowed with trace operator 7(f) = §; fdo, the function § — 2cos(f) in the Lebesgue space
L*([0, 7], 2 sin?(#) df) and less trivial examples like U + U*, where U : e, — e,,11 is the right shift
operator on ¢?(N) on the underlying non-commutative space of all bounded operators B(¢?(N))
with trace 7(X) = {eo, Xeoyp2y) where eg, e, -+ is the standard basis of £(N) and = denotes
the Hilbert adjoint. [Taol0] has a nice introductory exposition of free probability and goes on to

discuss more important aspects of the theory that involve tools from spectral theory.

3 Lwmiks o) um'uvwl'lty

We saw in the previous section that the Wigner’s theorem, theorem shows that the global
convergence of the spectrum of Wigner matrices is largely stable against heavy-tailed laws, only
requiring the first two moments of entries being finite. However, universality has limits when con-
sidering the fluctuations of local statistics of the spectrum of Wigner matrices. In this direction,
we start by providing a result regarding the fluctuations of the largest eigenvalues A\; of Wigner
matrix ensembles which exhibits a remarkable asymmetry, in a sense which be clarified below.

A natural question one may ask having established Wigner’s theorem is whether the largest
eigenvalue converges in probability to the right boundary of the support of the semi-circle measure
0. One direction is a very quick corollary from Wigner’s theorem which we now prove.

Corollary 3.1. Let (X,,), be a Wigner ensemble whose entries have finite second moments,
satisfying the normalisation condition E[|Z1 2|*] = 1 (with Z1 5 as in definition . Then,

for all 6 > 0, we have
. X, -

Proof. Fix 6 > 0 and let f be a non-negative smooth, compactly supported function supported
on [2 — ¢, 2] satisfying the condition {f,o) = 1. On the event where \;(X,,//n) <2—-96neN,
the spectral measure py,  / is supported on (—o0,2 — §) and so {f,uy, ,/m) = 0. Hence, by
inclusion we have the upper bound

P (3 (2) <2-6) <2 (Gunxm - o)) =¥ 0 (35)

by Wigner’s theorem. O

One might hope to attain a complimentary estimate for the probability of A\;(X,//n) > 2+,
4 > 0, but this is not true in general as A;(X,,/4/n) may even fail to converge in general when the
entries of the Wigner matrices have sufficiently heavy tails. For instance, in [BYS8§| the authors
show that A\ (X,,/4/n) — 2 almost surely if and only if the fourth moments are finite. However,
imposing all moments being finite and satisfying certain growth conditions, we obtain the following.

10



Theorem 3.2. ([Keml3, Theorem 6.2]) Let (X,,)n be a Wigner ensemble whose entries
have all moments finite, satisfying the normalisation condition E[|Z12|?] = 1 (with Z1 2

as in deﬁnition and a moment growth condition (see [Keml35, proof of Theorem 6.2]).
Then, for all €,6 > 0

lim P (nl/GE (Al (fj%) — 2) > 5) = 0. (36)

Remark. This finally gives convergence in probability of the largest eigenvalue A1 (X,,/4/n) to two
and can be interpreted as saying that there is no non-trivial structure at scales with exponent
arbitrarily close to 1/6, though in general this is not tight and can be improved to O(n~2/3) for
matrices with symmetric distributions, see [SS98] where the authors show that largest eigenvalues
at this scale have a non-trivial distributional limit in the family of the Tracy- Wigom distributions.

One can also obtain various limiting results for heavy-tailed entries which do not correspond
to the Gaussian case, particularly the following.

Theorem 3.3. ([AG11l, Thm 21.2.7] Heavy-tailed distributions) Let (Z; ;)1<i<j, (Yi)1<i be
mutually independent infinite families of centred, iid random variables distributed with law
P on R such that there is a ’slowly varying function’ L(-) such that

L(uw)

Pl >w) < =2,

>0 (37)
for some a € (0,2). Then, with o, = inf{fu > 0: |P(|z| = u)| < 1/n}, n € N (which is of
order ~ na » n? for a < 2), the empirical measures

1 n
n — Oy, ap N 38
jz ”Z; Ai(Xn)fans TE (38)

converge for all test functions f € Cy(R) almost surely

(ftny =5 L F s phaer Vs (39)
where g, is symmetric, with unbounded support and smooth density satisfying the asymp-

totics po(z) ~ 1/|z|**1, |2| — oo.

Finally, we mention an example where local fluctuations around the semi-circle law, when
interpreted as the maximal separation between the cumulative distribution functions of the laws
of the empirical and limiting measures, are not in general universal and with decay that depends
on the number of moments available.

Theorem 3.4. ([Bai93, Theorem 4.1] Local fluctuation cdf) With

13
My = E Z(S)\i(xn)/\/ﬁ, neN (40)

i=1

the spectral measures of Wigner matriz ensemble (X,,)n, then if E[|Y1|*] + E[|Z12]*] < o0
sup [Bpin (=, 2]) — o([-2,2 v =2])]| = O(n™%) (41)
e

and if instead E[|Y1|%] + E[|Z12|%] < oo, then

sup [E[pn ((—00,2]) — o([-2,2 v =2])]| = O(n"2). (42)

zeR

11



4  coe aud aue

One of the initial motivating reasons that led Wigner to study random matrices is that they
are randomly chosen linear operators. Viewed in this way, the chosen (orthonormal) basis of RY
that one chooses to represent this linear operator as a matrix should not really matter in the
model. In other words, one would like to have a model of random matrices with the property that
for any N x N orthogonal matrix O, the law of the random N x N matrix X is invariant under

X —0X0™ L

For general Wigner matrices, when one changes the orthonormal basis, then it looks as if some
correlations between the different obtained matrix elements do appear, and this is indeed the case
in the generic case — which then shows that such matrices with independent inputs are in general
not invariant in distribution under change of basis.

As we shall see now, there however exists a natural and very interesting particular choice of
random symmetric matrices that have both properties: (a) the matrix elements are independent,
and (b) the law of the matrix is invariant under (orthonormal) change of coordinates. This is the
Gaussian orthogonal ensemble that will be discussed now.

Definition 4.1 (Unnormalized Gaussian Orthogonal Ensemble (GOE)). In this model,
Xn € Sn(R) is a matriz with independent entries, such that:

[ ] Xiﬂ' ~N(0,2),
o fori<j, X;; ~N(0,1).

To see that this is what we looked for, notice how we can describe the law of the GOE. We
write = (z; ;) and denote the eigenvalues of « by A1, ..., Ay. Then

Lemma 4.2. The probability distribution of (X, ;) at (z; ;) with respect to the Lebesgue
measure dx is proportional to :

exp <—iﬁ(x2)> = exp (—

B~ =

N
)
i—1

Proof.

A~

(@?)ii = —

-

1S, 1., 1 Al lo , 19,
1 Z Al = —ZTr(m ) = v Z 2 Tijtii = 75 2 Tij — g Z Tii
i=1 i=1 i=1j=1 i<j i=1

O

So the probability distribution at « only depends of the eigenvalues of z, which are of course
invariant under conjugation by an orthogonal matrix. This allows us to get :

Lemma 4.3. The GOE distribution is invariant under conjugation X — OXOT by an
orthogonal matriz O € Oy (R).

Proof. Density proportional to exp(f%Tr(X %)) which is invariant under conjugation, and the
determinant of the jacobian is 1 (these are basically rotations in N dimensional space) (conju-
gation is a group action and compactness of Oy (R))

OR : It is a centered Gaussian vector, we can compute the covariances... O

Little detour by Haar measure : Now that we know the GOE is invariant by conjugation by an
orthogonal matrix, we would like to find a probability law on O, (R) that is in a sense "uniform
over O,(R)", i.e. invariant under translation, just as the most natural probability measure (i.e.,

12



uniform measure) on the circle is defined by rotation invariance. Phrased slightly differently, the
distribution of a uniform random element of O,,(R) should be a translation invariant probability
measure p on O,(R): for any measurable subset A € O, (R) and any fixed M € O, (R),

p(MA) = p(AM) = pu(A)
We actually know how to do this in a very general case :
Theorem 4.4 (Haar). If G is a locally compact topological group, then there exists an
unique (up to multiplicative constant) Borel measure p such that :
e 1 is invariant by left-translation
® L is finite on compact sets

O, (R) is a compact group, which means the Haar measure is finite on it, so we can see it as a
probability measure.
Now that we have this measure, we are finally able to describe the GOE as "X = OAOT", where
A is diagonal and gives the law of the eigenvalues of the GOE, and O is independant and follows

Haar(O,(R)).

Lemma 4.5. There exists a probability v on RN and X\ with law v independent of O ~
Haar(0,,(R)) such that Odiag(A\)O” follows the law of the GOE.

Proof. Let X be a GOE. Almost surely, the eigenvalues are distinct. Let A be the diagonal
matrix of the ordered spectrum, and (O;) an orthonormal family of associated eigenvectors.
Then X = OAOT.

If P ~ Haar(O,,(R)) independently of X, and Q = PO. Then @ ~ Haar(O, (R)) independently
of A and QAQT ~ PXPT ~ X. So it is a GOE.

O

Theorem 4.6. Let A(N) = [[,_;(A\; — ;) be the Vandermonde determinant of A € RY.

Consider the random variable A with density A(N)e= 2 /2d\. Let O ~ Haar(On(R)) be
a random orthogonal matriz independent of X\. Then O diag(\)OT follows the law of the
GOE.

Proof. We only have to check that the law of the spectrum of O diag(A\)O7 is the same
as that of the GOE. Two ways to do it : either directly, using that since the spectrum is
simple, the map ¥ : (O, \) — Odiag(A\)O” is Nl-to-1, it suffices to compute the determinant
of the Jacobian of this map. Or we can do it directly on a diffeomorphism by looking in a
neighborhood of identity at the exponential map over antisymmetric matrices.

Since OT = O~! we have
Do a¥(dO,dA) = OdAOT + dOAOT — OAO~1dOO™*
Since everything is invariant under conjugation, it suffices to look at O = Iy.

Dy A%(dO,dA) = dA + dOA — AdO

So we have
DiaY(0,E;;) = Ei;
Dra¥(E;;,0) = E;j;
So the determinant is A(A). O

13



Remark. The A(X) factor is due to the shape of Sy (R).

Remark. This gives us the law of the eigenvalues of the unnormalized GOE. A priori it is not
easy to guess the order of magnitude of these eigenvalues because there are two competing effects:
the e~ XAI/2 gaussian term prevent them from being too large, while A()) tend to repel the N
eigenvalues from one another, which means they could become large when we make N — oco.
Wigner’s theorem in fact gives us that they will localize at order of magnitude v/N.

Definition 4.1 (Gaussian Unitary Ensemble (GUE)). In this model, X~ € Hy(C) is a
matrix with independent entries, such that:

L4 X?,z ~ N(071)7
e for i < j, Re(X;;) and Im(X; ;) are independent and follow N (0, 3).
The normalization is chosen such that E [|X}V;|*] = 1, regardless of the choice of i and j.

Remark. The law of the GUE has density exp (—3TrH?) at H € Hy(C).

Theorem 4.7. For a Gaussian Unitary Ensemble (GUE), the empirical spectral measure
iy of the eigenvalues of X converges almost surely in distrz'bu;fion to the semicircular law
as N — oo. The law of the eigenvalues has density A(X)2e™ Z2i/2d).

Proof. Similar to GOE. See [TV15] for further details.
((Stieltjes transform + concentration inequality (Talagrand Lipschitz))) O

Now that we know the law of the spectra of the GOE and GUE, it is natural to have a look at
the process defined by replacing the Gaussian random variables by independent Brownian motions.
We get a random matrix X (¢), with X; ;(t) = B; ;(t) for i < j and X; ;(t) = B;;(t). Then X (t)/+/t
has the law of a GOE.

For any fixed ¢, we know the law of the eigenvalues of X (¢), but we want to study the coupling,
i.e. the evolution of X;(t) with ¢.

Theorem 4.8 (Dyson Brownian motion). The eigenvalues \;(t) follow the law of the Dyson

Brownian motion, i.e.
2 1
dX\;(t) = A [=dB; ;(t) + —dt
=580+ 3 5,

with =1 for the GOE and p = 2 for the GUE.

Proof. (Sketch)(We prove it for the GOE; the proof for the GUE case is analogous) Let
O(t),A(t) be such that X(t) = O()A(t)O(t)T with A(t) diagonal and independent of O(t)
orthogonal (see [AGZ10, Theorem 4.3.2] for details). Then for all ¢, X (¢t)O(t) = O(¢t)A(¢). If
we admit they are semi-martingales, dO = dM© + V9dt and dA = dM” + V2dt. Differenti-
ating and taking the martingale and finite variation parts, we get (double differentials indicate
covariation processes)

dXO + XdM® = dMCA + OdM™
1
XVOdt + 5dXdo = VOAdt + OV7dLt.

Once again, by invariance under orthogonal transformations, we can change basis and so it
suffices to look at O(t) = In, so X(t) = A (fixing ¢ arbitrary), treating the stochastic and
Lebesgue differentials as ’infinitesimals’. Now,

dX = [dMCPA — AdM©] + dM™ (43)
1
VAdt = [AVO —VOA]dt + dXdM© (44)

Let us now compute dXdM©. O and A are independent so dM*dM© = 0 and by (43) we get
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for ¢ # j (since it is clearly 0 on the diagonal):
[AMOA = AdMO], = (N = Xj)AM; = dX;j; — dM; = dX
So
oy _ _ —
5 (dXdM )i = 2 = M)dMOAME; = = 3 v Xm pdXpi == v )\k
k#1 k#1 k#1

Since dMOA — AdM© and AVC — VOA have zero diagonal,

() = (AMP); 5 + (VA)sdt = dX; s + = (dXdMO \de” )+ dt.

(t) = (@dMY);; + (V) 5 ( )i =3 § v Ak

One can also consult [TV15] and [AGZ10, Theorem 4.3.2] for more details. O

4.1 byson Browmisin wokion s vow-ikerseckive, Browiain
wokious and the Proman transhorm

Finally, we mention that in the papers [O’C02|], the author establishes a procedure for re-
constructing the law of n € N Dyson Brownian motions from n independent standard Brownian
motions by performing deterministic operations on said Brownian motions, which amounts to per-
forming a ’bubble sort’, where the sorting operator on pairs of continuous functions known as the
Pitman transform, which we briefly describe below.

With f = (f1, f2) where f; : [0,00) — R for i = 1,2. For f € Ciy*([O,oo)), we define W f =
(Wf1,Wf,) € CF,([0,0)) (the space of pairs of continuous functions on the positive reals), the
Pitman transform of f as follows. For z < y € [0, ), define the maximal gap size

G(f1, f2)(w,y) := max{ max (fa(s) — fi(s)), 0}

s€[z,y]

Then define
Wfi(t) = fi(t) + G(f1, f2)(0,1), (45)
Wha(t) = f2(t) — G(f1, f2)(0,1),

for all ¢ € [0, ).

Suppose we replace f1, fo with two independent Brownian motions Bj, By starting from the
origin. We now analyse the law of

WBl() = Bl() + (Omax (BQ( ) Bl(s))) v 0. (46)

<s<-

as a random continuous function in Cy «([0,y]). We have the following characterisation of two
dimensional Dyson Brownian motion (AFVE, A§UE) (using the GUE version).

Theorem 4.9. ([0°C02, Theorem 2]) The processes (A\TUE AGUE)() 4 (WBy,WBs)(-),
where the distributional equality is understood as that for elements of Cy ([0, 00)).

Furthermore, observe that by an orthogonal transformation, we have the distributional equality
(as Cy ([0, y])-valued random variables)

wai() £ PO 4 s (Bl

since Brownian motion attains positive values arbitrarily close to the origin almost surely. By
[Pit74], we have that
—By(-) + 2+ max -By(s) £ BES’(3)(") (47)

0<s<:
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where BES3(O) denotes the Bessel-3 process started from zero, that is to say to say the distribution
of the radial part of a three-dimensional Brownian motion started from the origin. Now, observing
that W By (+) corresponds to the top line rate of a two Dyson Brownian motion (arising from two
non-colliding Brownian motions), we have the decomposition

AGUE & %BM(O) + %BES?’(O), (48)

where BM(0) and BES?(0) denote a Brownian motion starting from the origin and an independent
Bessel-3 process starting from the origin, respectively.
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