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1 Hahn-Banach Extension Theorems

We start with setting up some notation.

1. Let X be a normed space. The dual space of X is denoted by X* and is the space of all
bounded linear functionals on X. Observe that X* is always a Banach space in the operator
norm

IfIl = sup{|f(z)| : v € Bx}, [feX*™

Recall that Bx = {z € X : ||z|| < 1} (the unit ball in X), and Sx = {x € X : ||z|| = 1} (the
unit sphere in X).

2. Let X,Y be normed spaces. We write X ~ Y if X, Y are isomorphic, i.e. there exists a
linear bijection T': X — Y s.t. T,T~! are continuous in the norm topologies.

3. Let X,Y be normed spaces. We write X = Y if X, Y are isometrically isomorphic, i.e. there
exists a surjective linear map T : X — Y s.t. |Tz|| = ||z| for all z € X.

4. For z € X, we write {z, f) = f(x). Note that (x, f) = |f(z)| < ||f] - ||=]]-

Examples 1.1. 1. For 1 < p,q < oo with % + % = 1, then £ = ¢, (isometrically
isomorphic)

2. If H is a Hilbert space, then H* =~ H (conjugate linear in the complex case).
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Definition 1.2. Let X be a real vector space. A functional p: X — R is:
(i) positive homogeneous if p(tx) = tp(x) for all z € X and t > 0
(i) sub-additive if p(x +y) < p(z) + p(y) for all z,y € X.

Theorem 1.3. Let X be a real vector space and p : X — R be positive homogeneous and
sub-additive. Let Y < X and g : Y — R be a linear functional s.t. g(y) < p(y) for all
y €Y. Then, there exists linear f : X —> R s.t. fly =g and f(x) < p(x) for all x € X.

Recall now Zorn’s lemma, which is needed to prove Theorem [[3] in complete generality. Let
(P, <) be a poset.

o If Ac P, x € P, then x is an upper bound for A if forallz € A, a < x
e 1z is a maximal element if for all y € P, y > x implies y = x

e A collection of subsets C of P is called a chain if for any two subsets C, D € C, either C <€ D
or vice versa.

Lemma 1.4 (Zorn). If P # & and every non-empty chain has an upper bound, then P
has a maximal element.

Proof of Theorem[I.3. Let P be the set of pairs (Z, h) where Z is a subspace of X with Y € Z,
h: Z — R linear, hly = g and for all z € Z, h(z) < p(z). Observe that P is partially ordered
by

(Zl,hl) < (Zg,hg) — /1 C Zz, h2|Z1 = h;.

Also, we have P # ¢ since (Y,g) is in P. If {(Z;, hi)}ier is a chain in P with I # ¢, then
, we have that (Z,h) is

iel
in P and it is an upper bound for the chain. So by Zorn, P has a maximal element (Z, k).

It suffices to show that Z = X. Suppose not, and fix x € X/Z. Let W = span(Z v {z}) and
f:W >R, f(z+ Xx) = h(z) + Ao, for z € Z, XA € R for some « € R. We seek « € R s.t. for all
weW, f(w) < p(w). Then, (W, f) € P and (W, f) is strictly bigger than (Z, h), which would
establish a contradiction.

Need: h(z) + Aa < p(z+ Aa) for all z, A € R. Since p is positive homogeneous, this is equivalent

to:
h(z) +a <p(z+x) .
{ h(z) —a < p(z — z) for all z in Z.
That is, h(y) — p(y — a < p(z+x)— h(z) for all y,z € Z. This holds since, for y,z € Z:

h(y) + h(z) =h(y+2) <ply+2)=ply—z+2+2z) <ply — ) +p(z + z).

Definition 1.5. Let X be a real or complex vector space. A semi-norm on X is a functional
p: X —> R s.t.:

e forallze X, p(z) =0
o forallz € X and all A e R, p(Az) = || - p(x)

o forallz,ye X, p(z+y) <px)+ply).

Note: Norm == seminorm = (sub — additive & positive homogeneous)
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Theorem 1.6 (Hahn Banach). Let X be a real of complex vector space and p be a semi-
norm on X. Let Y be a subspace of X and g : Y — C linear s.t. for allyeY |g(y)| < p(y).
Then there exists linear functional f on X s.t. fly =g and for allz € X |f(x)| < p(z).

Proof. Real case: for all y € Y g(y) < |g9(y)| < p(y). By Theorem [[J there exists linear
functional f : X - R sit. fly = g and for all z € X f(z) = p(z). For z € X, we have also

—f(2) = f(=2) < p(==) = p(z), so [f()| < p(x).

Complex case: Re(g) : ¥ — R, (Re)(y) = Re(g(y)), is real linear. For all y € YV
|Re(9)(y)| < |g(v)] < p(y). By the real case, there exists a real linear map h : X — R s.t.
hly = Re(g) and for all x € X |h(x)| < p(x).

Claim: there exists unique complex linear map f: X — C s.t. h = Re(f).

Proof of claim: Uniqueness If we have such an f, then for any z € X, f(zx) = h(z) + Im(f) =
h(z) + Im(—if(ix)) = h(x) — ih(iz). Existence define f(x) = h(x) — ih(iz), for z € X. Then
f is real linear and f(z) = if(z) for all € X. Hence, f is complex linear and Re(f) = h, by
definition.

We have f : X — C linear s.t. Re(f) = h. Then Re(f)ly = hly = Re(g), so by uniqueness
fly = g. Given z € X, write |f(x)| = Af(z) for some A € C, |\| = 1; now, |f(z)| = Af(z) =
F(\z) = Re(f)(A2) [ = h(2w) < p(x) = [N p(x) = p(x). O

‘If(@)| e R.

Remark. For a complex vector space Y, let Yg be Y viewed as a real vector space. The proof
above shows that for a normed space, X, the map f — Re(f) : (X*) — (Xg) is an isometric
isomorphism.

Corollary 1.7. Let X be a real or complex vector space, p a semi-norm on X and xg € X.
Then there exists linear functional f on X s.t. f(xg) = p(zo) and for all v € X |f(x)| <

p(x).

Proof. Let Y = span{zg}, define g : ¥ — (R,C) g(Axg) = Ap(zp). Then g is linear and
9(wo) = p(x0),1g(Azo)| = |Al - [p(20)| = p(Azo). So for all y € Y [g(y)| < p(y). By Theorem
[LE there exists linear function f on X s.t. fly = g and for all z € X |f(z)| < p(z). Note that

f(zo) = g(z0) = p(z0). O

Theorem 1.8 (Hahn-Banach). Let X be a real or complex normed space.

o ItY is a subspace of X and g € Y* then there exists f € X* s.t. fly = g and
171 = llgl

o Given xg € X/{0}, there exists f € Sy s.t. f(xo) = ||@ol|-

%unit sphere.

Proof. (i) let p(x) = ||g|| - ||z||, for £ € X. Then p is a semi-norm on X and for all y € Y,
lg()| < llgll - llyll- By Theorem there exists linear functional f : X — (R,C) s.t.
fly = gand for all z € X |f(z)| < p(z) = ||g|l - ||z||, which implies ||f]| < |lg|; since
fly = g, we also have || f|| = ||g||, so we have the desired equality ||f| = ||g]|-

(ii) Apply Corollary [ with p(z) = ||z||, to get a linear functional f on X s.t. for all x € X
|f(z)] < |lz|| and f(zo) = ||xo||. It follows that ||f]] = 1.
O

Remark. 1. part (7) is a sort of linear version of Tietze’s extension theorem: given K compact,

Hausdorff, L € K closed, g : K — (R, C) continuous, there exists continuous f : K — (R, C)
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st. flp =g and ||fll, = [lgll-

2. part (i) shows that for all x # y € X there exists f € X* s.t. f(z) # f(y) (use ¢ = x — y).
X* separates points of X. (This is a sort of linear version of Uryshon’s lemma: C(K)
separates points of K, K compact, Hausdorff).

3. The f in part (i7) is called a norming functional for xy. It shows that ||z¢| = max{|(xo, ¢)| :
g € Bxs}. Another name for f: support functional at z¢. Assume X is real, ||z|| = 1. Then,
Bx c{zxeX: f(x) <1}

Lo

Bx {reX: f(z) =1}

Figure 1: Illustration of support a functional, see the remark above. The pre-image of 1 under f
is tangent to Bx at xg.

Bidual Let X be a normed space. Then X** = (X*)* is called the bidual or second dual of X.
For x € X, we define T : X* — scalar, by Z(f) = f(z), for all f € X* (evaluation at z). Then Z is

linear, and |(/f\)| = |f(@)] < |Ifll - =], so T € X** and ||Z|| < [|z||. The map z — Z : X — X** is
called the canonical embedding of X into X **.

Theorem 1.9. The canonical embedding of X into X** is an isometric isomorphism into
DG

Proof. Linearity: (Az + ) (f) = fFOAx+ py) = M () + uf(y) = \2(f) + pf(f) for all 2,y € X,
A, i scalars and f e X*

Isometry: if z € X\{0}, then there exists norming functional f of = and so ||Z|| = |Z(f)] =

[f(@)] = |l=]].
Remark. 1. In bracket notation: {f,z) = (x, f) (for z € X and f e X*).

2. Let X = {Z : 2 € X}-the image of X € X*. Then, Theorem says that X ~ X < X**.
We often identify X with X and think of X isometrically as a subspace of X**. Note that
X is complete <= X is closed in X**.

3. More generally, X is a Banach space (closed in X**) containing an isometric copy of X as a
dense subspace. We thus proved that normed spaces have completions.

Definition 1.10 (Reflexivity). A normed space X is called reflexive if the canonical em-
bedding X — X** is surjective.
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Examples 1.11. Ezamples: (Reflexivity)

1. 0,,1<p<®
Hilbert spaces
finite-dimensional normed spaces
Ly(n),1 <p< o (later!)

2. ¢, 01,050, L1[0,1] are not reflexive.

Remark. If X is reflexive, then X =~ X**. Note however that there exist Banach spaces X s.t.
X =~ X** but X is not reflexive.

1.1 Dual Operators
Let X, Y be normed spaces. Recall
B(X,Y)={T:X — Y :T is linear and bounded}.
This is a normed space in the operator norm:

||T||X—>Y: sup HTQ:“Y
llz]l x <1

If Y is complete, then so is (B(X,Y),|:||x_y). For T e B(X,Y), the dual operator of T, is the
map T% : X* > Y* T*g=goT for ge V. In the bracket notation;

{x, T*q) ={Tx, gy, forzeX, geY™
T* is linear:

@, T*(\g+ ph)y = (T, Ag + uh)
= XTz,g9) + Tz, hy
= Xa, T*g) + ux, T*h)
— (\Tg + uT*h)(x)
= {x,\T*g + pT*h).

T* is bounded:

[T* = sup [T*g]|
llgllys <1
= sup sup [goT(z)]
llglly <1zl y <1
= sup sup [goT(x)]
llz]l x <1 llglly% <1
= sup [Tzl = [T
2l x <1
Remark. If X, Y are Hilbert spaces, and identify X,Y with X* and Y™* respectively, then T* :
Y — X is the adjoint of 7.

Examples 1.12. Ezample: 1 < p,q < oo,]% —l—% =1, R : {, — {4, the right shift

R(z1,22,...) = (0,21, x2,...) then R* : £, — {,, is the left shift.
Properties:
1. (Idy)* = 1d%.
2. (NS 4+ uT)* = AS* + uT* for S,T € B(X,Y), and A, u scalars.
- (

3. (ST)* =T*S* for Te B(X,Y) and S e B(Y, Z)

(ST)*(he Z*) =hoSoT =T*ho S =T*5*(h)

Lwell-defined.
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4. T T*: B(X,Y) — B(Y*, X*) is an into isometric isomorphism.

5. Let © € X then (g, T*Z) = (I'*¢,Z) = (&, T*g) = Tx,9) = <g,f§c> for all g € Y* =
T**z = Tx. In other words, the following diagram

X —T vy
b b
X OEF T**; Yk

commutes (vertical arrows are canonical embeddings).

Remark. From the (above) properties, if X ~Y then X* ~ Y*.

1.2 Quotient Spaces

Let X be a normed space and Y be a closed subspace. Then the quotient space X /Y becomes
a normed space in the quotient norm:

Y =d(z,Y) = inf .
2+ Yy = d(@,¥) = inf o +y]

The quotient map : ¢ : X — X/Y,q(z) =  + Y is linear and bounded with [lg(z)|x < [lzllx
for all z € X, so [l¢/| < 1. It maps the open unit ball Bx = {z € X : |z| < 1} onto BY .

Indeed, for € B%, then [|g(z)| < [z|| < 1. Conversely, if z € Bx)y and z = ¢(z), then
|2 <1 = in)f/||x+Y|| <1 = thereexists ye Y sit. |z+y| <1 = z+ye B and
Yye

q(x +y) = q(x) = z. Tt follows that ¢ is an open map and ||¢|| = 1 (provided Y # X).

_ If Z is another normed space, T' € B(X, Z) and Y < ker(T), then there exists a unique map
T:X/Y — Z such that

X —~L-z

l/

commutes. Hence, T' = T o ¢; moreover, T is linear and T(BX/Y) T(q¢(B%)) = T(B%) and so it
follows that HTH = ||

Theorem 1.13. Let X be a normed space. If X* is separable, then so is X.

Remark. The converse is false in general. For instance, X = {1, X™* = {.

Proof. Since X* is separable, then so is Sx#. Let {f, : n € N} be a dense subset of Sxx. For
all n there exists x,, € Bx s.t. fn(zn) > 1/2. Let Y = span{x,, : n € N}.

Claim: suffices to show ¥ = X.
Suppose not: Then, by Theorem [[.8 we can pick g € (X/Y)* with ||g|| = 1, that is a norming

functional. Let f = gogq (¢ : X — X/Y is the quotient map). Then [|f]| = |lg|| =1 =
f € Sxx. By density, we have that there exists n € Ns.t. ||f — fu| < 75 (something small). So

(7 = )l < 17 = full - zall < 55,

but
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(= fa)ea)| = falwn)| > 5, 0= o0,

a contradiction. O]

Theorem 1.14. Let X be a separable normed space. Then X embeds isometrically into
£<XJ'

Proof. Let {x,, : n € N} be dense in X and for all n € N let f, € Sx with f,,(z,) = ||zn||
(wlog X # {0}). Define T : X — lo, Tx = (fn(xy)). It is clear that T is linear.

Well-defined: |f, ()] < || fall - |lz]| < ||z, for all n € N which implies ||Tz||, < ||z| < o0, hence

Tre ly.
T isometric: already ||Tz|,, < || for all z. Also, ||Tx,||,, = ||| for all n. By density and
continuity, ||Tz||,, = ||z|| for all z € X. O

Lecture 4 Remark.

1. The result says ¢_infty is isometrically universal for the class of separable Banach spaces,
SB.

2. Dual result: every separable Banach space is a quotient of ¢; (see the Example sheets).

Theorem 1.15 (Vector-valued Liouville). Let X be a complex Banach space and f : C — X
be holomorphic and bounded, then f is constant.

Proof. We have that there exists M > 0, s.t. for all z € C, |[f(2)| < M. Also, for

w € C, lim M exists in X and we denote this by f/(z). Fix ¢ € X* and consider

—w
¢o f:C — C. This is holomorphic and bounded.
Bounded: [6(f(2))] < 16l - [|f()]| < l6]| - 2] for all = € C.

Holomorphic:

o) —olfw) _p, (f<>—f<w> ) S O(f(2), asw .

Z—w z w

Now, by scalar Liouville, ¢ o f is constant. Hence, ¢ o f(z) = ¢(f(0)) for all z € C. Fixz € C,
o(f(2)) = &(f(0)), for all ¢ € X*. Since X* separates points of X, f(z) = f(0) forallze C. O

%linearity.
b¢ is continuous.

1.3 Locally Convex Spaces

Definition 1.16 (Locally convex space (LCS)). A locally convex space is a pair (X,P),
where X is a real/complex vector space and P is a family of semi-norms on X that separate
points of X in the sense that for all x € X # {0} there exists semi-norm Px € P s.t.
Px # 0. The family P defines a topology on X :

U< X isopen < VYreldIneNdpy,...,p, €P
Je>0st {ye X :pp(y—x) <e, 1 <k<n}cU.
Remark. 1. Vector addition and scalar multiplication are continuous.
2. This topology is Hausdorff.

3. 2y, >x€X <« foralpeP, plx —x,) > 0.
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4. Let Y be a subspace of X. Let Py = {ply : p € P}. Then the pair (Y, Py) is a LCS and its
topology is the subspace topology induced by (X, P).

5. Let P, Q be families of semi-norms on X both separating points of X. We say P, Q are
equivalent, write P ~ Q if they define the same topology on X. Then (X, P) is metrisable
iff there exists countable family Q ~ P.

Definition 1.17 (Fréchect space). AFréchet space is a complete metrisable locally convex
space.

Examples 1.18. 1. A normed space (X, |||) is a LCS (here P = {||-||})-

2. Let U = C be non-empty open. Let OU) = {f : U — C: f holomorphic}.
For K € U define Px(f) = sup |f(2)]. Let P = {Px : K € U,K compact}. Then
zeK

(OU),P) is a LCS. Note further that there exists K,,, n € N, a sequence of compact
subsets of U s.t. U = U K, and for alln e N K,, € (K4+1)° (a compact exhaustion

neN

of U). Montel’s Theorem from complex analysis gives that (O(U),P) is not normable:
there is no norm on O(U) that gives the same topology, that is the topology of local
uniform convergence. To see this, suppose for a contradiction that there exists norm
s.t. ||-|| ~ P, then for all f € Bowy, for allpe P, p(f) < Cp - || fl| = Cp < © (since
Tp = Tow)) which implies that that unit ball is compact (by the above and Montel’s
Theorem), hence sequentially compact due to the metrisability of the norm topology
on OU). So we conclude that OU) is finite-dimensional, a contradition.

3. Fizx d € N and a non-empty open set Q@ < R%. Let C* = {f : Q — R? :
f is infinitely differentiable}. Given a multi-index, namely, a d—tuple o € N%, it
defines a differential operator:

o\ o\
DY = — == .
(811) <a$n>
For a compact set K < Q, a € N, define pyo(f) = sup{|Df(2)| : z € K}. Let

P = {pra: K € Q,K compact, a € N¢}. Then (C*(Q),P) is a LCS. It’s a Fréchet
space and non-normable.

Lemma 1.19. Let (X,P),(Y,Q) be LCS and T : X — Y be a linear map. Then the
following are equivalent (TFAE):

(i) T is continuous.
(i) T is continuous at 0.

(iii) For all g € Q there exists n €N, p1,...,pp € P, ¢ >0 s.t.

q(Tz) < C- max pg(z) for all x € X.

1<k<n

Proof. (i) <= (#): translation is continuous since vector addition is continuous.

(i1) < (ii): given g€ Q,let V ={y €Y : q(y) < 1}. Then V is a neighbourhood of zero in
Y, so there exists a nbhd of zero in X s.t. T(X) € V. Then there exists n € N, p1,...,p, € P,
e>0st wlogl ={xeX : :pp(z) <el<k<n} Letp(z) = ax pr(x), for z € X. If

p(x) = 1 then p(ex) = ¢ = exisinU. So ¢(Txz) <1 = ¢(Tz) < Lp(x) by homogeneity
for any x s.t. p(z) > 0. Iif p(z) =0 = p(Az) = 0 for all X scalars giving ¢(T'(A\z)) < 1 for all
A scalars. Hence, q(Tx) < %p(w), concluding the proof of this equivalence.

(iii) < (ii): Let V be a nbhd of zero in Y. Then, there exists n € N, ¢;,...,¢, € Q and € > 0
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st. wlogV ={yeY :¢q(y) <eforl <j<n} Foreach 1l < j < n, there exists m; € N,

Pj1y--->Pjm,; € P, Cj > 0s.t. qj(Tz) < Cj - | ax ‘pji(x) for all x € X. Finally, let

U={ze X pj(z) <&, 1<i<my,1<j<n}sothenTU)S V. O

Definition 1.20. Let (X,P) be a LCS. The dual space of X is the space X* of all linear
functionals which are continuous wrt the topology (X, P).

Lemma 1.21. Let f be a linear functional on a LCS (X, P). Then f is in X* <= kerf
is closed.

Proof. «=: ker f = f71({0}) is closed if f is continuous.

= Ifker f = X, then f =0 is continuous.

Assume kerf # X and fix g € X\kerf. Since X\ker f is open, there exists
n € Npy,...,pph € Pand e > 0st. {r € X : pp(x —20) < 6,1 < k < n} € X\Kkerf.
Let U = {&# € X : pp(z) < ¢1 < k < n}. Then U is a nbhd of zero in X, and
(xo+U) nker f = .

Note that U is convex and, in the real case, symmetric (x € U implies —z € U). In the complex
case, balanced (x € U, || < 1 implies Az € U), and hence so is f(U) as f is linear. If f(U) is
not bounded, then f(U) is the whole scalar field, and hence so is f(zg + U) = f(zo) + f(U),
a contradiction as zero is not in f(zg + U). So there exists M > 0 s.t. |f(z)] < M for all
x €U. So given § > 0, %Z/l is a nbhd of zero in X and f (%Z/l) < {\ scalar, A < d0}. Thus, f is
continuous at zero, hence everywhere. Thus f is in X*. O

Theorem 1.22. Let (X,P) be a LCS.

) wen a subspace Y o and g € , there exists | € st. fly =9.
i) Gi b Y of X and Y* th ists f e X* fl

(ii) Given a closed subspace Y of X and xo € X\Y, there exists f € X* s.t. fly =0
and f(xzo) # 0.

Remark. So X* separates the points of X.

Proof. (i) by lemma [[T9] there exists n € N, p1,...,p, € Pand C > 0s.t. forallye Y
lg(y)| < C- max pr(y). Let p(x) = Clmkax pr(z), for x € X. Then, p is a semi-norm on
<k<n <ksn

X and for all y € Y |g(y)| < p(y). By Theorem [[L6] there exists a linear functional f on
X s.t. fly =gandforall x € X, |f(x)| < p(xz). Now, finally observe that by lemma [[.T9]
fisin X*.

(ii) Let Z = span(Y u {zo}) and define a linear functional g on Z by g(y + Azg) = A, for
y € Y and X scalar. Then gly = 0,g(zo) =1 # 0 and kerg = Y is closed, so g € Z* by
lemma [[L2T] By part (%), there exists f € X* s.t. flz = g and this works.

O

2 Dual Spaces of L,(1) and C(K)

Let (Q, F, 1) be a measure space. For << p < o0,

L,(p) = {f : Q — scalar : f is measurable and f |f|Pdu < ao}
Q

1
This is a normed space in the Lp norm || f||, = (S | f1Pdp) ™.

p = o0: A measurable function f: Q — scalar is essentially bounded if there is N € F, u(N) = 0,

and f|Q\N is bounded.
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Lo(p) = {f : Q — scalar : f measurable and essentially bounded}. This is again a normed
space in the L*— norm:

Il fll,, = essup |f| = inf{sup |f]: Ne F,u(N) = 0}.
QN
The inf is attained: there exists N € F, u(N) =0, || f|,, = sup | f|.
N

In all the cases, we identify functions f, g if f = g a.e.

Theorem 2.1. L,(u) is complete for 1 < p < co.

Proof. Can be found in any standard reference in measure theory, see the literature provided.
O

2.1 Complex Measures

Let Q be a set, F a o—field on 2. A complex measure on F is a countably additive function
v:F — C. For A e F, the total variation measure |v| of v is defined as follows:

|v(A)| = sup { Z A= U Ay is a measurable partition of A}E

k=1 k=1
Then, |v| : F — [0, 0] is a positive measure. Later we see that |v| is a finite measure. The total

variation of v is ||v||; = [v[(Q2).

Continuity: if v is a complex measure on F and (4,,) € F, then:

n—0o0

(i) if A, € Ay,y1, then Z/(U Ap) = lim v(4,)
(i) if Apy1 € Ay, then v(ny,) = lirr(}c v(Ay).

Signed measure: €) a set, F a o—algebra on €.
A signed measure on F is a countably additive set function v : F — R.

Theorem 2.2 (Hahn decomposition). Let 2 be a set, F a o—algebra on Q, v a signed
measure on F. Then there exists a measurable partition P U N of Q s.t. for all A € F,
A € P implies v(A) = 0 and for all Ae F, A< N implies v(A) < 0.

Remark. 1. The decomposition Q@ = P U N is called the Hahn decomposition of v (or of §2).

2. Lets us define v (A) = v(An P), v (A) = —v(An N), for A€ F. Then v, v~ are finite
positive measures such that v = v —v~ and |v| = v +v~. These determine v*, v~ uniquely
and v = vT — v~ is the Jordan decomposition of v.

3. If v is a complex measure on F then Re(v),Im(v) are signed measures with Jordan decom-
positions vy — va + i(v3 — vy4)-the Jordan decomposition of v. Then v < |v|,1 < k < 4 and
|v] < v1+va + 3+ vy So |v| is a finite measure.

4. If v is a signed measure on F with Jordan decomposition v — v~ then v (4) = sup{v(B) :
BeF,Bc A}, for Ae F.

Proof of Theorem[2Z2. The strategy is to define v+ (A) = sup{v(B): Be F,B < A} for A€ F.
Then v* > 0 and v is finitely additive.

Key step: vT(Q) = 0.

By contradiction, assume not; construct sequences (A,),(By,) with 4y = Q, vT(A,) = o,

2Ak€.7:,AjﬁAk:@Vj7ék‘

10
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B, < A,, and v(B,,) > n. Now by the finite additivity of v*, pick A,,11 = B, or A,\By,, to
ensure the initial condition (v*(A,11) = o0) is satisfied.

Claim: this will contradict o—additivity.

To see this, note that (A,) is by construction a decreasing sequence wrt inclusion. By
o—additivity of v, v(np,4,) = lim v(A,). Thus, it cannot be the case that A,;; = B,
n—0o0

infinitely often, since v(n,A4,) < © (being a signed measure). Thus, there exists N € N s.t.
foralln > N, A,+1 = A,\B,. Now, v(Ag) = v(Ak\Bk) + v(Bi) > v(Ak+1) + k > v(Ag41) for
k> N and so v(Ay) <v(Ag—1) — k <v(An) — k,k —> —o0, a contradiction.

Claim: there exists P € F s.t. v7(Q2) = v(P).

By approximation, take (A,) s.t. v(4,) > vt(Q) —27™. We will see that the choice
P = U ﬂ A, works. Let N = Q\P. By o—additivity of v, have that v(P) =

n m>=n

lim v ( ﬂ Am>. Now, for j = n, consider ﬂ A,,, we first see that
n—o0

m=n n<m<j

v < N Am> = —v(Ap U Apy1) + v(A,) + v(Ang)

n<m<n+l1

>—vT(Q)+ 207 (Q) -2 —27" "L > pH(Q) — 27 L

By inducting, we see that:

v ( ﬂ Am> >vH(Q) — Z 2—n—m,

n<m<n+p

and so

27T = Q) — 277
0

u(ﬂ Am>=pli_>ngcu< ﬂ Am>>u+(ﬂ)—

nsm n<msn-+p

D8

which allows us to conclude that v(P) = v (Q) upon taking limits.

Now, with N = Q\P, define the set functions 7y : F — R by v (E) = v(E n P) and
U_(E)=v(EnN)for E € F.

Observe first that 7_ < 0. Indeed, suppose there exists E € F such that ¥(E n N) > 0. Then,
we see that v7(Q) = v (P) <v(En N)+v(P)=v((EnN)u P) <v(Q), a contradiction.
Thus, 7_ is a negative measure.

Claim: v(N) = inf{v(F) : E € F}.

Suppose otherwise, then there exists F € F st. v(E) < wv(N), which implies
vIO\E) = v(Q) —v(E) > —v(N) + v() = v(P) and so v(Q\E) > v(P), a contradic-
tion.

Now, we can prove 7, > 0. Indeed, suppose there exists F € F such that v(E n P) < 0. Then,
we see that v(N) < v((EnP)u N) =v(N) +v(E n P) <v(N), a contradiction. Thus, 7 is
a positive measure.

Claim: 7_(E) = inf{v(A): Ac E,Ae F}.
Suppose otherwise, then there exists £ € F st. v(A) < v(E n N), which implies

V(ANN) <v(AnP)+v(AnN)=v(A) <v(EnN)and so v(An N) <v(E n N) and so
V((E\A) " N) =v(E n N\A n N) > 0 a contradiction.

11
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Lecture 6

Finally, we observe that
Claim: 7, (E) =sup{v(A): Ac E,Ae F}.

Suppose otherwise, then there exists E € F s.t. v(A) > v(E n P), which implies v(E n P) <
v(A) =v(AnP)+v(AnN)<v(AnP)and sov(EnP) <v(AnP)and so v((E\A) n P) =
v(E n P\An)) < 0 a contradiction, and we finally obtain the desired decomposition. O

Definition 2.3 (Absolute Continuity). Let (2, F, 1) be a measure space, and letv : F — C
be a complex measure. v is absolutely continuous wrt p, written v << u if for all A e F,
w(A) =0 = v(A4) =0.

Remark. 1. v<<p = |v| << p. Soif v has Jordan decomposition v = vy — vg + i(v3 — 1y)

and v << p, then v, << p,1 <k < 4.

2. If v << p, then for all € > 0, there exists § > 0 s.t. for all Ae F pu(A) <6 = |v(A)] <e.

Examples 2.4. Ezample: For f in Li(u) define v(A) = J fdu, Ae F. By the Theorem

A
of Dominated Convergence (DCT), v is a complex measure and p(A) =0 = v(A) =0,
re. V<< U.

Definition 2.5. A set in F is said to be a o—finite set (wrt p) if there is a sequence
(Ap)nen € F s.t. A= U A, and for alln e N, u(A,) < . We say p is o—finite if Q is

neN
a o—finite set.

Theorem 2.6 (Radon-Nikodym). Let (2, F, 1) be a o— finite emasure space and v : F —
be a complex measure s.t. v << p. Then there exists a unique f € Ly(u) s.t. v(A J fdu

for all A € F. Moreover, f takes values in C/R/R™ according to whether v is a complexz,
stgned or positive measure respectively.

Proof. Uniqueness: standard.

Existence: wlog v is a finite positive measure (Jordan decomposition) and wlog p is a finite
measure (o—finiteness).

Let H = {h : @ — R* : h integrable and §, hdy < v(A) VA e F}. H # & (0 € H) and
hi,he € H implies hy v ho = max{hy, ho} is in H. Also, if (h,) are in H s.t. h, 1 h, then h is

in H. Let « =sup | fdu,0 < a<v(Q).
heH JQ

Claim: there exists f € H s.t. o = {, fdp.

We construct such an f € H. Take f, € H s.t. §, gndu < v(A), for all Ae F and {, frdp — o

The same holds if we replace f, by f1 v --- v f,, and so Wlog we can assume the sequence

is non-decreasing. Now by induction, there exibts sets E1,...,E, € F pairwise disjoint s.t.

U Er=Qand g, = 2 filg, and J gndp = Z J frndp < (Ej N A) =v(A). Since
j=1

gn is non-decreasing, take the pointwise supremum to obtaln fo = sup,, gn, which is in H by
the above, and is seen to work by inspection.

Now consider the signed measures vy, va, (Ap)nen : F — R, sit. v1 = v — 15, 15(A4) = SA fodp

and A, (A) = v1(A) — Lp(A) for all A€ F. Then there exist (Hahn decomposition) (P,), (N,)
in Fst. Q=P,UN,, P, =0Q\N,, st. \y(E) >0 forall EeF st Ec P,. Now, for such

12
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E, we have \,(E) = v1(E) — 1 u(E) = 0 and so v(E) = v1(E) + v2(E) = §, fodu + 1§ dp.
Let f, = fo + 11(P,). Observe that for all E € F, {, fndp = §g fodp + %SEQPW du < v(E)

by the above and the fact that p is a positive measure. We have by the above that fn isin H
for all n € N and o < SQ frdp < « and so u(P,) = 0 for all n € N. Thus, by o—additivity,

W (U Pn> =0.
Let N = Q\| P, then for all E€ Fs.t. ES N, \y(E) = ni(E) — 2u(E) <0 foralln e N

and so v1(F) <0, i.e. ¥(E) < 1»(E). The reverse inequality is obtained by observing that fj
is in H and so we see that v(E) = v5(F) for such E. Finally, since v << pu, for all E € F,
V(E) =v(EnN)=1(EnN)=uv(E)={, fodu, which concludes the proof. O

Remark. 1. Without assuming v << pu, the proof shows that there exists a decomposition
(Lebesgue decomposition) v = vy + v, where v5(A) = §, fdu, and vo L p (orthogonal), i.e.
there exists a measurable partition & = P U N, s.t. u(P) =0 (u(A) = 0, for all A < P),
|v2(P)| =0 (r2(A) =0, for all A< N).

2. The unique f in Theorem 26l is the Radon-Nikodym derivative of v wrt u, denoted g—z. The
result says that v(A) = §,1adv = §, fdu = {,14%dv. Hence a measurable function g is

dp
v—integrable iff g(‘}% is p—integrable and then {, gdv = { g%du.

2.2 The dual space of L,

Let (2, F, 1) be a measure space. Let 1 < p < o0 and 1 < ¢ < o0 s.t. %—I— % = 1. For
g€ Ly = Lg(p), define ¢4 : L, — scalars by ¢4(f) = SQ fgdp, for f e L,. By Holder, the product
fgis in Li(p) and |og(f)] < [|f[l, - llgll,- So ¢4 is well-defined and clearly linear, also bounded
with [|¢g]| < [lg]l, and so ¢, is an element of Lj;. So we have the map

¢:Ly— Ly
g’_’gbg-

This map is linear and bounded with |¢| < 1.

Theorem 2.7. Let (2, F, u),p,q, ¢ be as above.
(i) If 1 <p <o, then ¢ is an isometric isomorphism. So L} = L.

(i) If p=1 and p is a o—finite, then LT = L.

Proof. Proof of (i): ¢ is isometric. Fix g € Ly. We know |[|¢g|| < [lg||,- Let A be a measurable
function s.t. [A = 1 and Ag = |g|. Let f = Alg[?~". Then, |||} = {, |f[Pdp = §q 9P Ddp

=S lgl%du = llgllg- Hence, |lgllz llogll = 16g(f)| = § lgl%dn = llgllg, so liggll = llgllg™ > = llgll,-
¢ is onto: Fix 1 € L¥. We seek g € Lg s.t. ¢ = ¢4 (Idea: ¥(14) = § , gdp).
Case 1: p is finite.

Then for A€ F and 14 € L, so can define v(a) = ¢(14). It is an easy check using the DCT
that v : F — C is indeed a complex measure and v << p. If Ae F, u(A) =0, then 14 =0
almost everywhere (a.e.) in L,(u), so ¥(A) = ¢(14) = 0. Then v << p. By Theorem 2.6
there exists g € Li(p) s.t. v(A) = §, gdu for all A e F. So ¢(14) = §,1agdu, for A e F.
Hence, ¢(f) = SQ fgdu for all simple functions f. Now given f € Lo (u), there exists simple
fn = f € Loo(p) (hence in L,(p) since p is finite). So ¥(f,) — ¥(f) and f,g — fg € L1(p),
using Holder for p = 1,00. So ¢(f) = {, fgdu for all f € Ly(u). For n €N, let A, = {|g| < n}
and f, = XA-14,]g|7"!, where |A| = 1, \g = |g].

Now, S Fugdys = §, ol = ¥(fa) (a5 fu is in L), 6(fa) < 6]~ [ full, = 100 (5, l017) "

13
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1
By monotone convergence, we deduce that (SA |g|q> * < ||¥| and hence that g is in L,. Given

f € Ly, there exists f, — f simple in L,. So ¥(f,) — ¥(f) and f,g — fg € L1 (Hélder for the
pair (p,q)). Hence, ¥(f) = SQ fgdu, concluding the case where p is finite.

Before we treat the more general case, observe that for A € F, let F4 = {Be F: B € A}
and pa = plr,, (A, Fa,pa) is a measure space. Then L,(pa) € Ly(p) (where we identify
feLy(pa) with f-14 € L,(); this is an isometric embedding). Let v, = 17[}|LP(MA)'

Claim: If A, B are in F s.t. A B is empty, then |[¢, | gl = ([¢all® + [[¢a]l? )é
Lecture Observe thatﬁ

(Iall” + lpall®)* = supfalval +0ll¢5l : a,b,> 0,aP + bP < 1}
= SUP{GWA(f” + b|¢B(g)| : a7b7 = 07(117 + 0P < 1af € BL,,(HA)ag € BLP(MB)}
= SUP{\C“ﬁA(f) + bz/}B(g” ta,b,=0,aP + 0P < 17f € BLp([LA)7g € BLP([LB)}'

Now, ata(f)+bp(g) =¥, , glaf+bg) (embed f,g e L,(u) be extending f, g to zero outside
A, B respectively). Now, continuing the above we obtain

= SUP{W)A U B(h)| the BLp(uA U B)} = HwA U BH
as required, concluding the proof of the finite case.
Case 2: y is o—finite.

There exists a measurable partition {2 = U Ay, of Q, st. u(A,) < oo for all n. By Case 1, for

neN

all n € N, there exists g, € Lq(pa) s.t. a, =1, Le. Y(f) = SAn fgndp, for all f e L,(ua,).

By Claim 2, Z lgxlld = Z [oa, 1” = ||y, a. )" < I0[|%. If we define g on © by setting

g = gn on An7 then g is in L Thus, ¥(f) = 4(f) for all f € L,(u,), for all n. Hence,
Y(f) = ¢q(f) on span{U Lp(pn)} = Lp(p).

neN

Case 3: general p.

First assume that for f € L,(n), {f # 0} is o— finite. Indeed, {f # 0} = U{|f| > f} and
neN

p({Ifl > £} < nP || f|Il < oo by Markov’s inequality.
Chose (f,) € Br, st. ¥(fn) — |¥|. Then A = U{f” # 0} is o—finite and

neN

.

lwall = ||¥||. By the claim previously established, |[¢| = (||1/JA||q+H1/JQ\AH “. By
case 2, there exists a g € Lg(pa) S Lg(p) st. ¢a = ¢4. So for all f e Ly(u),

O(f) = valfla) + Yaa(flaa) = §, flagdu = §, fgdu (extend g in the usual sense.).
Proof of (ii) (u is o— finite).

¢ is isometric: Let g € Ly,. We know already that ||¢g]| < [|g]|,, (Holder). Fix s < ||g||,,. Then
w({lg| > s}) > 0. Since u is o—finite, there exists A < {|g| > s} s.t. 0 < pu(A4) < 0. Choose
a measurable function A s.t. [A| = 1 and Ag = |g|. Then Ag is in L1 (), [|[Ag|; = n(A). Now,
W(A) 6]l > 165N = 4 lgl > spu(A). We deduce ly]) > 5 and 5o gl > 5 and hence

169l = llglloo-
¢ is onto: Fix ¢ € LY. Seek g€ Ly s.t. ¢ = ¢y.

Case 1: p is finite. Define v(A) = (1 4) for all A € F and proceed in the same way as for p > 1.

14
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Case 2: y is o—finite. This time we prove

Claim: If A, B are in F s.t. An B is empty, then HwA U BH = max{||vall, ¥z}
Observe like before that [4

max{|[yall, [¥5ll} =sup{a|al +blvsl:a,b,>0,a? + b7 <1}

Sup{a|¢A(f)| + b|wB(g)| ra,b,20,a+b<1,f€ BL1(#A)7g € BL1(,uB)}
= SUP{‘G¢A(f) + wa(g” ra,b,20,a+b<1,fe€ BL1(#A)’9 € BLI(H«B)}
= Sup{W}A U B(h)‘ the BLl(/JAuB)}

lausll

I

as required.

To conclude, proceed in an entirely analogous way using a measurable partition of Q2 = U An,
neN
s.t. pa, is a finite measure for all n € N. By Case 1, for all n € N, there exists g, € Lo (pia,,)

s.t. a, =g, , le. Y(f) = SAn fagndp, for all f € Ly(pa, ). Now, by the previous claim,

n
Z grla,
k=1

If we define g on Q by setting g = g, on A,, then g is in Ly with ||g]|,, < [|#]. Thus,
W(f) = y(f) for all f e Li(pa,), for all n. Hence, ¥(f) = ¢4(f) on span{ U Li(pn)} = Li(p).

neN
O

= lloup., anll = max llga,l < Il
o0

%using the fact that (£2)* = ¢2.
busing the fact that (E%)* = Ego.

Corollary 2.8. For 1 < p < o, for a measure space (0, F, ) L,(p) is reflexive.

Proof. Let ¢ be in L}*. then g — 1(¢,) : L, — scalars is in L (% + % = 1). By Theorem
B7(i), there exists f € Ly s.t. (g, ) = §o, fadu = (f,d4) = (b, [) for all g € Ly. Then
W = f, since L¥ = {¢,: g€ Ly}. O
2.3 C(K) spaces
Throughout, K is a compact, Hausdorff topological space. Define
C(K)={f:K — C: f continuous},
a complex Banach space in the sup-norm: || f||, = sup|f|.
K
C*(K)={f: K — R: f continuous, }
is a real Banach space with norm || f||_, = supg | f|.
CH(K) = {f € C(K) s f > 0}.

Moreover,

M(K) = C(K)*,
is a complex Banach space in the operator norm.
MA(K) = {9 € M(K) : 6(f) e R,V f € CH(K)},
is a closed, real-linear subspace of M(K).
M (K)={¢:C(K) — C: ¢ is linearg(f) = 0,Vf € C*(K)}.

Elements of M* (K) are called positive linear functionals.
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Aim: identify M(K), M*(K).

Lemma 2.9. (i) For all p € M(K), there exist unique ¢1, g2 € ME(K), ¢ = ¢1 +ipa
(ii) ¢ — ¢|CR(K) : MB(K) — (CR(K))* is an isometric isomorphism.
(iit) M*(K) « M(K) and M*(K) = {¢ € M(K) : ] = ¢(1x)}.

(iv) For all ¢ € MR(K), there exist unique ¢, ¢~ € MH(K) s.t. ¢ = ¢* — ¢~ and
el = lle™ Il + o1l

Proof. (i) Let ¢ be in M(K). Define ¢ : C(K) — C, by ¢(f) = ¢(f). Then, ¢ is in M(K)
and ¢ is in MR(K) < ¢ = dd

Uniqueness: assume q§ = ¢ + ipy where ¢1,¢2 € MR(K). Then ¢ = ¢ — igs so
b = ¢+¢ Ly = 222

Existence: check that the above works.

(i) Let ¢ be in M®(K). The fact that ||¢|czx)|| < [#llc(x) is clear. Let f be in Be(k).
Choose A € C, |A| = 1and Ap(f) = [¢(f)|- So|o(f)] = ¢(Af) = ¢(Re(Af))+ip(Im(Af)) =
p(Re(Af)) < ||d]ezy|] - IReA)lop < |[¢]eriro) |-

Hence, ||¢|czx)|| = ll¢ll. Finally, given ¢ € (C¥(K))*, define ¢(f) = ¢(Re(f)) +
iy(Im(f)), for f € C(k). Then ¢ is in M(K) and ¢|cz(x) = 1.

(iil) MT(K) € M(K): let ¢ be in MT(K).
For f e C*(K), ||fHOO\1wehave 1+ f>0,80 ¢(1g £ f) = 0. So (b(f) is in R and
|¢(( )|) ||¢||( )( SO) ¢l o) B8 in (CH(K))* and | ¢|ox(x)|| = ¢(1k). By (i), ¢ is in

MH(K) = {pe M(K) : ||9]| = o(1x)} ("27): let ¢ be in M(K) with [[¢]] = ¢(1k).
Wlog, [[¢]] = ¢(1k) = 1. Fix f € Ber(g, let ¢(f) = a +if, with a, f € R.

Need: 8 =0. Forte R, |¢(f +itlg)]> = 2+ (B+1)2 = o+ B2+ 268t < ||f +itlg|?, <
1+ so 8 =0. Given f € CT(K), with 0 < f <1 on K it follows that [2f — 1x| <1,
so ||2f —1kl|, < 1. So |p(2f —1k)| < 1,ie. —1 <2¢(f) <1, which implies ¢(f) = 0.

(iv) Let ¢ be in M®(K). Assume ¢ = 1 — 1), where 11,1 € M*(K). For f,ge CT(K)
with 0 < g < f, ¥1(f) = ¥1(9) = ¢(9) + ¥2(9) = ¢(9). So ¢1(f) =sup{e(g) : 0 < g < f}.

Define for fin C(K)
¢7(K) =sup{e(g) : 0 < g < f}

Note that () > 0, ¢*(f) < 6l - IFl,, 6*(f) > o(f). Furthermore, it is
easy to check that ¢*(t1f1 + t2f2) = 11¢*(f1) + t2dp™(fo) for all fi,fo € CT(K),
t1,ty € RT. Next, for f € CR(K), write f = f; — fa, both in CT(K) and define
T (f) = ¢T(f1) — ¢T(f2). This is well-defined and R—linear (check). Finally, for
f in C(K), let ¢*(f) = ¢T(Ref) + i¢T(Im f). Then ¢* is C—linear and since
¢ (f) = 0 for all f € CY(K), we have ¢+ is in MT(K). Define ¢= = ¢T — ¢.
For f € CT(K), ¢T(f) = ¢(f) implies that ¢~ is in MT(K) and ¢ = ¢t — ¢~
6l < 167 + 61 = 6+ (Lx) + 6= (L) = 26* (Lie) — d(1Lic). Given f € C*(K) with
0< f<1 -1<2f—1<1,5s02(f) — (1) = ¢(2f — 1g) < ||¢||. Taking the
supremum over f, we deduce that 2¢7 (1x)—¢(1x) = ¢(2f—1k). So||é] = o™ || +lo~ |-

Uniqueness: Assume ¢ = 1 — 1o, where 91,19 are in MT(K) and [|¢]| = |1 + [|=2]]-
From initial observation, ¢ > ¢ on CT(K) and so 12 = ¢ — ¢ = ¢T — ¢ = ¢~ on
C*(K). Hence, ¥y — ¢+ = 1pg — ¢~ is in MY (K). By (i), |1 — ||+ |2 — v~ || =
P1(1k) = ¢" (1) + ¢2(1k) — ¢~ (k) = [[Pall + 2]l = loT 1 = ¢~ [ = lI8ll = ll¢]l = 0.
Thus, ¢ = ¢+, 9y = ¢~.
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O

%check!

beg. f1=fVvO0,fo= (=f) voO.

2.4 Topological Preliminaries

We begin with some definitions and key topological results that will be useful in obtaining the
characterisation of the dual spaces (C(K))*.

1. K being compact, Hausdorff is normal: given disjoint closed sets E, F' there exists disjoint
open sets U,V € K st. Ec U, F < V. Equivalently, given F c U < K, E closed, U open,
there exists V open s.t. E <V € U (use normality in E, K\U).

2. Urysohn Lemma: given disjoint closed sets E, F € K, there exists a continuous function
f: K —[0,1] st. fle =0and flp = 1.

3. Notation: f <U means U < K open f : K — [0,1] is continuous and the support of f
supp(f) ={z e K : f(z) # 0} CU. E <U means F is a closed subset of K, f : K — [0,1]
continuous and f|g = 1.

Urysohn says: F € U < K, E closed, U open, then there exists a continuous function f s.t.

E<f<U(ECVYcCVcCU,V open and apply Urysohn to E, F = K\V).

Lemma 2.10. Let E,U; ...U, be subsets of K (n € N), E closed, U; open for1 < j <n
s.t. EC ug‘zll/lj. Then

(i) there exist open sets Vj,1 <j <n, s.t. V; SU; for all j and E < UiZ1 V-

(i1) there exist f; <U;,1 <j<mn, st 0< 2 fi <1 on K and Z;‘Zl fi=1onkE.
j=1

Proof. (i) We proceed by induction on n.
n = 1: is just a restatement of normality of K.
n>1: E\U < U U;, so by induction there exist open sets V;,j < n, s.t. V; € U; and
j<n

E\Up S Uj<pVj. So E\ Uj<n Vi S Uy, and so by normality, there exists open V), s.t.
E\ Uj<n Vj <V, <V, <cU,.

(ii) Let V; be as in part (i). By Urysohn, there exists hj s.t. V; < h; <U; for 1 < j < n,
and there exists hg s.t. K\ U V; < ho < K\E.

j=1
Leth=ho+2hj. Then h > 1 on K. Letfj=%forallj. Then 0 < fi<lonK
j=1 j=1
and Z f; =1 on E where f; < U; for all j.
j=1
O

2.5 Borel Measures

Let X be a Hausdorff space. Let G be the family of open sets in X. The Borel o—algebra of X
is B = 0(G), the o—algebra generated by G. members of B are called Borel sets. A Borel measure
on X is a (positive) measure p on B. we say u is regular if

(i) w(E) <wforall E< X, E compact.
(ii) p(A) =inf{uld): AU e G} for all AeB.
(iil) p(ld) =sup{u(E): E €U, E compact}.

17
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A complex Borel measure v is regular if |v| is regular. If X is compact, Hausdorff, then a Borel
measure p on X is regular

— p(X) <o and p(A) =inf{uld) : AU e G} for all AeB.
— p(X) <o and p(A) =sup{u(F): E < A, E closed} for all A e B.

2.6 Integration with respect to complex measures

Let © be a set, F a o—algebra on 2 and v a complex measure on F. Then v has Jordan
decomposition v = v; — vs + i(v3 — 14). Say a measurable function f : Q — C is v—integrable if f
is [v|—integrable (i.e. {, |f|d|v| < c0) iff f is vp—integrable for all k. So we define

JQ fdv = JQ fdv — JQ fdvo + ijﬂ fdvs — iJ;) fdvy.

Lecture 9 Properties:

1. §,14dv = v(A), for all Ae F.

2. Linearity: if f,g : @ — C are v—integrable, a,b € C, then af + bg is v—integrable and
So(af +bg)dv = af, fdv + b, gdv.

3. Dominated Convergence (DC): let (fn)nen, f,9g, be emasurable functions s.t. f, — f a.e.
(wrt |v]) and g is in Ly (|v]) and for alln | f,| < g then f is v—integrable and {, f,dv — {, fdv
(True for vy, for all k, so true for v).

4. |§;, fdv| < S, | fld|v| for all f € Li(v) (True for simple functions by 1&2 and for general f,
use DCT).

Let v be a complex Borel measure on K (compact, hausdorff). Then for f continuous, then
| 1t < 5141000
K

So, f is v—integrable. Define ¢ : C(K) — C by ¢(f) = SK fdv. Then ¢ is in M(K) and
ol < [v|(K) = |lv|l; (TV norm). If v is a signed measure, then ¢ is a member of M®(K). If v is
a positive measure, then ¢ is in M (K).

Theorem 2.11 (Riesz Representation Theorem). For every ¢ € MT(K), there exists
a unique reqular Borel measure p on K that represents ¢, i.e. o(f) = SK fdp for all
continuous f. Moreover,

ol = u(K) = ||pll; TV norm of p.

Proof. Uniqueness: Assume p1, 1o both represent ¢. Let E € U < K, where E is closed
and U is open, then by Urysohn, there exists f continuous st. FE < f < U. Now,
p1(E) < §p fdpy = o(f) = §4 fdpa < pe(U). Take infemum over U open and use regularity
to deduce that py (F) < pa(E), and by symmetry pq(E) = pa(E) agree on closed sets, and we
conclude that pu; = po for all A € F by regularity from below.

Existence: Define for U € G (i.e. U open), p*(U) = sup{d(f) : f < U}. Note that
p*U) = 0, and for V 2 U, U,V € G, then p*(V) = p*(U) and hence p*(U) < p*(K)
but p*(K) = ¢(1k) (f < K implies f < 1 and ¢ is in MT(K)). It follows that for
Ue G, p*(U) = inf{p*(U) : A < U € G}. Extend the definition of p*: for A < K let
p*(A) = inf{p*(U) : AU e G}

Claim:u* is an outer measure.

We easily have that pu*() = 0 and for all A € B < K pu*(A) < p*(B). It remains to show
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that if for all n in N

(A,) € K, then p* (U An> <Z,u*(A

neN n

To see this, first fix U, € G for n € N and let U = U U,. Fix f < U and let E = supp f.

neN
Then FE < U U, by compactness, £ < U Uy, for some n € N. By lemma 210 there exist
neN k=1
hy < Uy, 1 < Z < lon K and is equal to 1 on E. So f = Z fh; and hence
=a —~
n n 0 !
= > o(fhy) < X uU;) < . p*(Uy) as fhy < p*(U;) for all j.
j=1 j=1 j=1

©
Taking the supremum of f, we deduce p*U) < Z p*(U;). Tt follows easily that

* (U An> < D, mu*(Ay) for arbitrary sets (just approximate using an 55 argument).

neN

We now let M be the set of u*—measurable subsets of K, then M is a o—algebra and p*|
is a measure on M.

Next we show that B < U. Enough to show that G € M. Let U be in G. We need to show:
p*(A) = p*(AnlU) + p*(A\U) for all A < K. Firstlet A=V eG. Fix f<VnlU, fix
g < Wsupp f. Then f+ g < V, and thus p*(V) = o(f + g) = ¢(f) + ¢(g). Taking the
supremum over g, we get u*(V) = ¢(f) +p*(V\supp f) = o(f) +u*(VnU). Now let A < K be
arbitrary. Fix Ve Gs.t. A<V, then p*(V) = p*(V nld) + p* (Vle) = p*(Anl) + p*(A\U).
Taking the infinum over all such V, we have that pu*(A) > p*(A nU) + p*(A\U).

Now, u = p*|g is a Borel measure on K. We have that u(K) = ¢(1x) = ||¢]] < oo and by
definition, p is regular. It remains to show that

f

for all continuous f. It is enough to check that for all f € C®(K) and then to show that
o(f) < Sy fdp (by applying the it to —f).

Fix a < b e R s.t. f( ) < [a,b]. Wlog, a > 0, since ¢(1x) = §, 1xdu. Let € > 0; choose
0<yo<acx< y1< c<yp=bst y; <yjp1 +eforalll <j<n Let 4; = f ((yj-1,y;])

Then, K = U A; and this is a measurable partition. Choose closed sets E; and open sets U;
j=1

st. BE; € Aj € U; and p(U;\E;) < € (by regularity) and f(U;) < (y;—1,y; + €). By lemma

=
10 there exist h; < U, 1 < j Z <1lon K. Now[d

$(fhy) < Y (y; + )d(hy)

n
=1 j=1

J

Hence, ¢(f) < §, fdp, since € > 0 was arbitrary.
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Lecture 1(

“using that f < y; < eand hj <U; and ¢ € MT(K).

Corollary 2.12. For every ¢ € M(K), there exists a unique reqular complex Borel measure
v on K that represents ¢, namely, ¢(f) = §,. fdv for all continuous f. Moreover, ||¢|| =
|v|l, and if ¢ is in MR(K), then v is a signed measure.

Proof. Existence: Apply lemma and theorem [2I1] to obtain a regular complex Borel
measure v that represents ¢.

Need: [[v]l; = [[¢]]-

This will give uniqueness, if vq,v5 represent ¢, then v; — vy represents ¢ — ¢ = 0, then
lv1 —vall; = 0, hence vy = va. ||@]| < ||v||;, was already done before Theorem XTIl Take a
n

measurable partition K = U Aj. Fix € > 0 and closed sets E;, open sets U; s.t. E; € A; < Uj,
j=1

[V|(U\E;) < £ (Jv] is regular). Can also assume that U; < K\U E;, forall 1 < j <n. Fix
i#j

Aj e Cst. |N] =1, \Mju(E)) = [v(Ej)], 1 < j <n. By lemma [ZT0 there exist h; < U,

Slo

1<j5<n, Zhj < 1on K. then for all j E; < h;. Hence,

U (Z Ailg, jilAth) dv

\

> [ e~ 2wl
IU\E;) < €

Now,

—ﬂwuuzjlth +2e < [lgl] + 2
using the fact the the expression in the second to last line is a convex combination of function

with sup norm equal to one. Hence, it follows that ||v||, < ||¢]. O

Corollary 2.13. The space of regular complex Borel measures is a complex Banach space
in the |||, (total variation norm) and is isometrically isomorphic M(K).

The space of regular real Borel measures is a real Banach space in the ||v||; (total variation
norm) and is isometrically isomorphic M®(K).

Weak Topologies

Let X be a set and F be a family of function s.t. each f € F is a function f : X — Y}, where

Y} is a topological space.

The weak topology o(X,F) on X generated by F is the smallest topology on X s.t. each f € F

is continuous (is easily see to exist).
Remark. 1. 8= {f"'(U): fe F,U < Ysopen} is a sub-base of o(X,F). SoV < X is open,
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ie. it is in o(X,F) iff for all € V, there exist n € N, fi,..., f, € F and open sets U; < Y,

(open nbhds of f;(x)) for 1 < j <ns.t. zisin ﬂ 1) cv.

j=1
2. If Sy is a sub-base in Yy, then {f 1) : f € F U € Sy}, is a sub-base for o(X, F).

3. If Y} is Hausdorff for all f € F and F separates points in X (i.e., for all  # y, there exists
feFst. f(x)# f(y)). Then o(X,F) is Hausdorfl (easy to check).

4. Y X, let Fy ={fly : f € F}. Then o(Y, Fy) = o(X, F)ly (check!).

5. Universal property: let Z be a topological space and ¢ : Z — X be a function. Then g is
continuous iff fog:Z — Y} is continuous for all f e F.

Examples 3.1. 1. Let X be a topological space, let Y < X and ¢ : Y — X be the
inclusion map. Then, o(Y,{t}) is the subspace topology of Y.

2. let ' be a set, X, a topological space for all v € T' and X = 1—[XﬂY = {X :
~el

X is a function onT' s.t. Yy € T z(y) € X,}. For x € X, v € T' we often write
zy for xz(y). We think of x as the "T'—tuple”, (xy)yer. For each v we have
X — X, — x, ((x5)ser) the evaluation at v, or projection onto X,. The
weak topology o (X, {my : v € I'}) is called the product topology on X. V is open iff for
all x = (z+)yer € V, there exist n € N, v1,...,v, € I' and open neighbourhoods U; of
Ty, inXy, 8.t

{y=Wy)rer€e X 1y, €U, 1 <j<n} SV

Proposition 3.2. Let X be a set. For each n € N, let (Y,,dw) be a metric space and
fn: X = Y, be a function s.t. F = {f, : n € N} separates points of X. Then o(X,F) is
metrisable.

Proof. Define

18

d(z,y) = min(| fn(z) — fn(y)],1) - 27", for z,y in X.

n=1

This is a metric on X (easy to check) (F separating points implies that for z # y, d(z,y) > 0).

Fiven € € (0,1) and d(z,y) < 5%, then |f,(x) — fu(y)| < €. So each f, is continuous wrt the

topology 7 induced by d. So o = o(X,F) € 7. Fix x € X, then y — min(|f,(z)— fn(y)|,1)-27"
0

is o—continuous. By the Weierstrass M-test, Z min(|fn(z) — fu(y)],1) - 27" is univormly
n=1
convergent, hence o—continuous. So, {y € X : d(y,z) < €} is o—open. Hence, 7 € ¢ and

T=o0. O]

Theorem 3.3 (Tychonov). The product of compact topological spaces is compact in the
product topology.

Proof. We have X = n X, as in examples Bl Assume each X, is compact. Let F be a
~el’

family of closed subsets of X with the finite intersection property (FIP). We need to show that

ﬂ F # ¢ (equivalent to compactness).

FeF
By Zorn, there exists a maximal family A of subsets of X s.t. F < A and A has the FIP

M={Ac PX): A2 F & Ahas the FIP}, and every chain has a maximal element.
Check!).
We will show that ﬂ A+ @

AeA
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Note:

1. Ay,..., A, € Aimplies that A = ﬂ A; is in A.
i=1
Indeed, for all By,...,Bpn € A, st. AnByn---n By, # & so Au {A} has the FIP.
Hence, A is in A.

2. B CX,BnA#g for all A € A implies B is in A. Indeed, for Aq,...,A, € A s.t.
U A; # & and B n U A; # &, then A U {B} has the FIP and using maximality, we
=1

conclude that B is in .A

Let v+ € T. Then {m,(A) : A € A} has the FIP. Since X, is compact, ﬂ m(A) # &.

AeA
Fix z, € ﬂ my(A) #. Let = (24)yer and U be an open neighbourhood of 2. We show
AeA
that Un A # J for all A € A. Then z € A, for all A € A. Wlog, U U 71'_1 ) for

n€N,v,...,7 € F, U; is an open neighbourhood of z.,, € X,,. So U; n U ., A;) # & for

all Ae A, som, ( ;) € A by note 2 above. By 1 above, Z/IEAandhence MmA;é@for all
Ae A We have thus demonstrated that for all A € A, x € A, which concludes the proof. [

3.1 Weak topologies on vector spaces

Let E be a real or complex vector space. Let F' be a subspace of the space of all linear functionals
on E that separates points, i.e. for all x € E,x # 0, then there exists f € F, f(z) # 0. Consider the
weak topology o(E, F). So U < F is open iff for all x € U, there exists n €N, f1,..., fn € F,e >0
st. {ye E: |fily—z) <el <j<n}<U Forfe Fae Epsx)=|f(r). Let

= {py : f € F}. Then (E,P) is a locally convex space (LCS) whose topology is o(E, F).
So o(E, F) is Hausdorff and vector addition and scalar multiplication are continuous.

Lemma 3.4. Let E be as above, ler f, g1, ..,gn be linear functionals on E s.t. U ker g; <
i=1
ker f. Then f € span{gi,...,gn}

Proof. Let K be the scalar field. Define T': E — K" by Tz = (g;(x))7_,. Then ker(T) =
U ker g; < ker f and hence we have a factorisation
j=1
f
EF——K
T
"
K™
with h linear, f = hoT. Then there exists (a;(z))j_; € K" s.t. h(y Z a;y; for all y e K".
j=1
So for all z € E, f(z) Z a;g;j(z). So f = Z a;g; as required. O
j=1
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Proposition 3.5. Let E, F be as above, let f be a linear function on E. Then f iso(E, F)—
continuous iff f € F. So, (E,0(E,F))* =F.

Proof. <= : holds by definition.

= : there exists an open neighbourhood U of 0 in F s.t. for all z € U, |f(z)| < 1. Wlog,
(shrink U if necessary) U = {x € E : |g;(z)| < €,1 < j < n}forsomeneN,gi,...,g, € F,e > 0.

Ifze U ker gj, then ambx € U for all scalars A and hence |f(x)| = |A| - |f(z)] < 1 for all A.
j=1

So f(x) = 0. By lemma B4l f € span{gi,...,gn}- O

Examples 3.6. 1. Let X be a normed space. The weak topology on X s the topology
o(X,X*) on X. (X* annihilates points of X by Hahn-Banach). We sometimes write,
(X,w) for (X,0(X,X*)). Open sets in o(X,X*) are called weak open, or w—open.
Uc X isw—open < for all x € U, there exists n € N, f1,..., fn € X* e >0 s.t.

yeX:|fj—o)l <el<j<n}

2. Let X be a normed space. The weak star topology or w*—topology on X* is the
topology o(X*,X) on X*. Here, we are identifying X with its image in X** under
the canonical embedding. Open sets in o(X*, X) are called w*—open and U = X* is
weak-* open iff for all f € U, there exist n € Njzq,...,2, € X,e >0 s.t. {ye X*:
lg(z;) — flz)l <e1<j<n}cU.

Properties:

1. (W,w) and (X*,w*) (this is (X*,0(X*, X))) are LCS and hence Hausdorff with continuous
vector space operations.

2. o(X,X*) < |||| —topology with equality iff dim X < co.

3. o(X, X*) < o(X*, X) < ||, where equality in the first inclusion is achieved iff X is reflexive,
and for the latter iff dim X* = dim X < oo.

4. Let Y be a subspace of X. Then, (X, X*)ly = o(Y,{f € X*}) = (Y, Y*) by Hahn-Banach.
Similarly, o(X**, X*)|x = o(X, X*). So in other words, the canonical embedding X — X**
is also a weak-to-weak-* homeomorphism between X and X.

Proposition 3.7. Let X be a normed space.

(i) A linear functional f on X is continuous in the weak topology iff f € X*. So
(X,w)* = X*.

(i) A linear functional f on X* is w*— continuous iff f € X, i.e. f =T for some
zeX. So (X* w*)* =X. It follows that o(X*, X) = o(X*, X**) iff X is reflexive.

Definition 3.8 (Weak Boundedness). Let X be a normed space, then a subset A € X is
weakly bounded if {f(x) : x € A} is bounded for all f € X* (iff for all w-neighbourhood of 0
in X, there exists A >0 s.t. A< \XU).

A subset B € X* is weak-* bounded if {f(z) : x € B} is bounded for all x € X (iff iff for
all w*-neighbourhood of 0 in X*, there exists A > 0 s.t. B < \U).

3.2 Principle of Uniform Boundedness (PUB)
Let X be a Banach space, Y be a normed space and T < B(,)). If T is pointwise bounded

<sup |Tz| for all x € X>, then T is uniformly bounded <sup 1T < oo>
TeT TeT
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Proposition 3.9. (i) A< X is weakly bounded implies that A is ||-|| —bounded.

(ii) B < X* is weak-* bounded and X is complete implies that B is ||-|| —bounded.

Proof. (i) B < X* = B(X,scalars), B weak-* bounded says B is pointwise bounded. So done
by PUB. R

(i) A={Z:2e A} € X* = B(X* scalars). A weakly bounded iff A is pointwise bounded
and so can conclude again by PUB. O

Notation: We write x,, — x if (2, )nen converges to 2 in the weak topology (in some normed

space). Note that z,, — x in X iff (z,,, f) — (z, f) for all f € X*. We write f, wt, fin X*if
(fn)nen converges to f in the weak-* topology (in some dual space) iff (x, f,,)> — (x, f) for all x € X.

Consequences of PUB: Let X be a Banach space, Y a normed space, (7,,) a sequence in B(X,Y).
If T:X — Y is a function s.t. T,, — T pointwise on X (i.e. T,z — Tz for all z € X), then
T e B(X,X),sup ||T,| < oo and ||T]| < liminf ||T5,]|.

N n

ne

Proposition 3.10. Let X be a normed space.

(i) If xn, = x in X, then sup ||z,|| < o0 and ||z| < liminf ||z,
n n

*
(i) If fn =— f in X* and X is complete, then sup || fn|| < 0 and ||f|| < liminf || f,]|.

Proof. (ii) We have that f,, — f pointwise in X* = B(X, scalars). Result follows by PUB.
(i) Since z, < x, T, — Z pointwise in X** = B(X* scalars) and we conclude by PUB
again. O

For the above, the converse is not true. We can find a sequence that converges weakly but not
in the norm topology. For instance,
\r nt"-entry

Examples 3.11. Ezample: In ¢,,1 <p < o, e, = (0,...,0,1,0,...,0), e, =0, but
Il

clearly e, - 0.

3.3 Hahn-Banach Separation Theorems

Let (X,P) be a LCS. Let C be a convex subspace of X, s.t. 0 € int C. Then define uc : X —
R, pe = inf{t > 0: z € ¢C.

Well-defined: %x — 0 as n — 0, so there exists n € N s.t. %az € C. uc is the Minkowski functional
(gauge functional) of C.

Examples 3.12. Example: If X is a normed space and C = Bx, then uc = |||

Lemma 3.13. pc is positive homogeneous and sub-additive. Moreover, {x : uec <1} < C <
{x : uc < 1}. The first inclusion is an equality if C open.

Proof. Positive homogeneous: for x € X,s,t,> 0 we have sx € stC <= x € tC. Hence,
pe(sz) = spc(x). Asso holds for s = 0, since pc(0) = 0.

Subadditivity: First an observation: pc < t implies x € tC. Indeed, there exists ¢’ < t s.t.

xet'C. Then, T = (1— %/) -0+ %/ - € C by the convexity of C.
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Now, let z,y € X. Fix s > pc(x), t > pc(y). Then z € sC, y € tC. So,
x+y = (S—H-f+s—+t-;>(s+t) € (s + t)C by convexity. So pc(r +y) < s +t, and
hence pic(z +y) < pe(x) + pely).

N

Next, if uc(x) < 1, then z € C by above. If C is open and z € C, then there exists n € N s.t.
(1+ 1z e, since (14 L)z 22%, 2 and C open. Hence, pi¢(z) < H% < 1.

Finally, « € C implies that uc(z) < 1. Then, by homogeneity, puc((1 — %)x) < 1 for all n, so
(1 — 1)z e for all n, since (1 — )2 — z, the in case C is closed z € C.

Positive homogeneous: for x € R™ s,t,> 0 we have sz € stD <= x € tD. Hence,
up(sx) = sup(x). A;so holds for s = 0, since up(0) = 0.

Subadditivity: First an observation: pup < t implies z € tD. Indeed, there exists t' < t s.t.
ret'D. Then, 7 = (1— %) -0+ %’ -7 € D by the convexity of D.

Now, let z,y € R". Fix s > pup(z), t > pup(y). Then = € sD, y € tD. So,
rTH+y = (%H %) (s+1t) € (s+t)D by convexity. So pp(xr +y) < s+ t, and

z , _t
s s+t
hence pip(z +y) < pp(2) + po(y).

Next, if up(z) < 1, then x € D by above. If D is open and x € D, then there exists n € N s.t.

(1+ 1)z e D, since (1 + 1)z “=> 2 and D open. Hence, up(z) < H% <1

Finally, # € D implies that pup(z) < 1. Then, by homogeneity, pip((1 — 2)z) < 1 for all n, so
(1 — 1)z € D for all n, since (1 — L)z — z, the in case D is closed x € D. O

Remark. If C is symmetric (in real case) or balanced (in complex case)m then pc is a semi-norm.
If, in addition C is bounded, then y¢ is a norm.

Theorem 3.14. Hahn-Banach Separation Theorem Let (R™,P) be a LCS and C be an open
convezx subset of X with 0 € intC. let xg € X\C. Then there exists f € X* s.t. f(xo) > f(z)
for all x € C.(In complex case: Re(f(zg))) > Re(f(x)) for all z € C).

Remark. From now on we work with real scalars and the complex case will follow, since

f—Ref: X* > X§
is a real linear injection.

Proof. Consider uc. By lemmaBI3 C = {s: pc(z) < 1} and so pc(zo) = 1. Let Y = span{xo}
and g: Y — R, g(Azo) =1 < pc(xo). Hence, g < pc on Y.

By Theorem [[L3] there exists linear f: X — R s.t. fly =g and f < puc on X. For all x € C,
f(x) < pe(x) <1 = f(xg). We also gave f(z) <1 on C and so |f(x)] <1 on C n (—C). Since
C n (=C) is an open neighbourhood of 0, we have that f € X*. O

Theorem 3.15. Let (X, P) be a LCS. Let A, B # &, disjoint convex subsets of X.

(i) If A is open, there exists f € X* and a € R s.t. f(z) <a < f(y) forallz e A,y e
B.

(i) If A is compact, and B is closed, then there exists f € X* s.t. sup f < iréff.
A

Proof. (i) Fixae A,be B. Let C = A— B+b—a and g = b—«. Then C is open, convex,
0eCand zo ¢ C (An B = ). By Theorem BI4] there exists f € X* s.t. f(z) < f(z0)
forall ze C. Soforallz € A,ye B f(x —y+x0) < f(x0), i.e f(z) < f(y). In particular,
f # 0. Let @« = inf f. Then a < f(y) for all y € B. Since f # 0, there exists u € X
s.t. f(u) > 0.Now, given z € A, x + %u — z and since A is open, there exists n € N s.t.
z+ tue A Then f(z) < f(z+ tu) < o
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(ii) Claim: there exists open, convex neighbourhood of 0 in X, s.t. (A+U) N B =

Indeed, for x € A, there exists open neighbourhood U, of 0 s.t. (x +U,) " B = & (B is

closed). Since 0+ 0 = 0 and ”+” is continuous, there exists open neighbourhood V, of

0st. Vy+V, S U, Wlog, V, is convex and symmetric. By compactness, there exist
n

n
T1,...,2, € Ast. AC U(:cl +V,,). Let U = ﬂ V,,. Given x € A, there exists i s.t.
i=1 i=1
TEXTi+ V. So, x+UC T + Vs, U S x € + V5, +V,p, S 2 + Uy, is disjoint
from B. So, A + U is disjoint from B.

Now, apply part (i) with A + U, B to show that there exists f € X* s.t. f(z+u) < f(y)
for all x € A,y € B,u € U. In particular, f # 0 so there exists z € X s.t. f(z) > 0. Also,
1 22%, 0, so there exists n € N s.t. %Lz €EU. So f(x)Jr%f(z) < f(y)forallz e A,y € B.
It follows that stj‘p f< iréf f.

O

Sw

Theorem 3.16 (Mazur). Let C be a convex subset of a normed space X. Then il @,
In particular, C is ||-|| —closed iff C is weakly closed.

Proof. Wlog, C # .

1 2 €7 is true since the weak topology is weaker than the ||-|] —topology.

el 58" 1t g ¢ @H'”, then apply Theorem B.14] (ii) to A = {z}, B = " o obtain feXx*

st f(z) < i%ff = «a. Then, {y: f(y) < a} is a weakly open neighbourhood of X, disjoint
from B (and hence from C). So x ¢ C. O

Corollary 3.17 (Mazur). If 2,, => 0 in a normed space X, then for all ¢ > 0, there exists
x € conv{z, : n € N} s.t. ||z|| <e.

I Proof. 0 € conv{z, :n¢€ N}u} = conv{z, : n € N} " by Mazur. O
Remark. It follows from this that there exist p; < ¢1 < pa < ¢2... and convex combinations
n
Zn = Z tix; 8.t z, — 0in |-
1=pn
Lecture 13 Theorem 3.18 (Banach-Alaoglu). For any normed space X, (Bx#,w™) is compact.

Proof. For z € X, let K, = {\: A scalar , |\ < ||z||}. Let K = H K, in he product topology.
reX
Let m, : K — K, be the projection (Ay)yex — Aq.

Note K = {\: X — scalars : |A(z)] < ||z||}, so Bxx € K.
The subspace topology on By« is o(K,{m, : = € X})’Bx* = J(BX*,{W_T’B)(* cx e X}
= U(BX*,{JA3|BX* cx e X)) = U(X*,X)|BX*7 the weak-* topology. By Theorem B3] K is

compact. So all we need to show is that Bxx is closed in K. Now,

Bxx

{Ae K : Mapyby = aXg + DA\ Vo, y € X, Va,b e scalars}
(] M€K : Taary(N) = ama(N) + by (M)}

z,y,a,b

(] e K : mapiay(N) — ama(X) = by (A) 7 ({0}1)}

z,y,a,b

26



Functional Analysis Pantelis Tassopoulos

I closed in K as each 7, is continuous. O]

Proposition 3.19. Let X be a normed space and K be a compact, Hausdorff space.
(i) X is separable (in the ||-|| —top) iff (Bx=,w™) is metrisable.

(i1) C(K) is separable iff K is metrisable.

Proof. (i)” = ": Fix a dense sequence (x,) in X. Let F = {5:;|BX* :n € N}. Then F
separates the points of X, so o(Bxx,F) is Hausdorff and is contained in the weak-* topology.
So

Id : (Bxx, w*) = (Bxx,0(Bxx, F))
is a continuous bijection from a compact space to a Hausdorff space, and hence a homeo-

morphism. So o(Bxx,F) is the weak-* topology on Byxx. This is metrisable by proposition 3.2l

(1)) =": By above, (B¢(x)*,w*) is metrisable. For k € K, define 03, : C(K) — scalars by
0x(f) = f(k) for all feC(K). Then 6, € Be(kyx. Hence

0 :— (BC(K)*,’LU*)
ks 0y

§ is continuous: let f € C(K). Is f o & continuous? For k € K, (f o 6)(k) = 6iu(f) = f(k).
Then, fod§ = f. This is continuous on K. By the universal property of the weak topology, ¢
is continuous.

0 is injective: C(K) separates points of K by Urysohn.

Now, ¢ : K — (§(K),w*) is a continuous bijection from compact to Hausdorff, and hence a
homeomorphism. Hence K is metrisable.

(ii)? «<=": K compact metrisable, so K is separable. Fix a dense sequence (z,) in K. Let
(fn) = d(x,z,) (d is a metric inducing the topology of K). Let A be the sub-algebra of C(K)
generated by f,,n € N and 1x. The A is separable, A separates points of K, 1 € A and in

complex case, closed under complex conjugate. By Stone Weierstrass, A = C(K), so C(K) is
separable.

(i) «<=": let K = (Bx=,w*). This is compact, by Theorem B8 Since K is metrisable,
C(K) is separable. We prove that X — C(K) isometrically. Then done. Let T : X — C(K) be
Tr = ‘%‘Bx*' then T is linear and ||Tz||, = ||Z| = [|=]| O

Remark. 1. If X is separable, then (Bxx,w*) is compact, metrisable and hence weak-* se-
quentially compact(+separable).

2. X is separable implies that X* is weak-* separable (X* = U nBx).
neN
By mazur, X is separable iff X is weakly separable (weak closure of span of some (x,,) weakly

dense in X is ||-|| —closure by Mazur, since it is convex).
So X weakly separable implies X* is weak-* separable. The converse is not true in general

(e.g. lo).
3. The proof shows (Bg(x)*,w*) contains a homeomorphic copy of K.
4. Proof also shows that for every normed space X there exists compact, hausdorff K s.t.

X — C(K) isometically (K = (Bxs,w*)).

Proposition 3.20. Let X be a normed space. Then X* is separable iff (Bx,w) is metris-
able.

27



Lecture 14

Functional Analysis Pantelis Tassopoulos

)

Proof. 7 =7: By proposition BI9 (7), (Bxs*,w*) is metrisable. Hence, (Bx,w) =
(B, w*)| gy is metrisable.

” «<=": let d metrise (Bx,w). Then for all n € N, there exists finite F,, € X* and ¢, > 0 s.t.
U, = {z € Bx :|f(z)] < &, Vf € F,} = {z: d(2,0) < L}. Let Z = span U F,.
neN

Claim: Z = X*, then done.

Indeed, let g € X* and fix e > 0. Then {z € Bx : |g(z)| < €} is a weak neighbourhood of 0 in
Bx and hence contains U,, for some n € N. Let ¥ = ﬂ ker f, then for x € By,x € U,, so,

fe€F,
g(x) < e So|glyx] <e. NowY = ﬂ ker f < ker(g—h), so by lemmaBAlg—h € span F,, € Z
feFy
implies d(g, z) < € which gives g € Z. O

o I
Theorem 3.21 (Goldstine). For any normed space X, Bx = Bx#x (Bx s the
closure in (X** w*) of Bx ).

—w*
Proof. Bxsx is weak-* closed (follows from TheoremBI8) and Bx & Bx#x so Bx & Bxu#x.

7’11)* 711)*
Now let ¢ € X**\Bx . Apply Theorem BIH (i) to (X**, w*), A = {¢},B = Bx  (show

weak-* closure of convex set is closed). Now, there exists f € X* s.t. ¢(f) > sup f (real case),
B

A~

[Re(¢(f))] > SlépRe(f), ol - 1LF1 > sup f. 5o ol > 1. H

7w*
Examples 3.22. Ezample: Note that X = X**. So X separable implies X* is weak-*
separable. For instance, (% = (5% is weak-* separable, but ly, is NOT separable.

Indeed, we have that the map
Yl — OF

T — (fz : 04 — scalars:y — 2 xnyn>

neN

is an isometric isomorphism (in the norm topologies). It suffices to show that
¢
(£50: 0 (€, Leo)) = (617, 0 (617, £7))

is a homeomorphism. Observe that ¢ = (p=1)* ¢=1 = (¥)*, both dual maps. 1 being
an isometric isomorphism in the norm topology implies that the same holds for ¢. By the
previous observation, it suffices to show that for all y € 0¥, Go ¢ : (€%, o(l%,ly)) — scalars

is continuous. Indeed, observe that for f € £% | 5o d(f) = o(f)(y) = ("H*(f)ly) =
fW=1(w) = ¥v=2(y)(f), and so Jop = ~1(y), which is weak-* continuous by the universal
property of the weak topology, hence we are done.

Theorem 3.23. Let X be a Banach space. Then TFAE:
(i) X is reflexive.
(i1) (Bx,w) is compact.

(i11) X* is reflexive.
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Proof. (i) = (it):  using the canonical embedding (a w — w* homeomorphism),
(Bx,w) = (Bx#%,w*) Bx is compact by Banach-Alaoglu (Theorem [BI8]).

(ii) = (1): (Bx,w) = (Bx#x,w*), so Bx is compact in the weak-* topology of X**. So Bx
) =\ o
is weak-* closed in X**. By Goldstine, Bxxx 2 Bx = Bx.

(i) = (u1): (Bx#,w) = (Bx#,w*) by reflexivity and is compact by Theorem BI8 By
(it) = (1), X* is reflexive.

(iii) = (1): By what we have just proved, X** is reflexive. By the implication (i) = (i1),
(Bx#x,w) is compact. Since, X is complete, X is closed in X**, and hence weakly closed in
X** (by Mazur). Hence, Bx = X n Bxxx is a weakly. closed subset of Bxxs and thus weakly
compactl’d. By (i1) = (i), X is reflexive. O

“Bxxx is weak-* compact by Banach-Alaoglu and the map ¢ : (Bx,w) — (éx, w*) is a homeomorphism.

Remark. If X is separable and reflexive, then (Bx,w) is compact, metrisable. Hence, Bx is
weakly sequentially compact.

Lemma 3.24. Let (K,d) be a non-empty compact metric space. Then there exists a con-
tinuous surjection ¢ : {0,1}N — K, where {0,1}Y is given the product topology.

Proof. Since compact and metric imply totally bounded, that is if A € K is non-empty, closed

and e > 0, then there exist non-empty closed sets By, ..., B, s.t. A= U B; and diam(B;) < €
j=1
for all j.

(e @]
Applying this@, there exists a non-empty closed subset K. of K for all e € 3 = U {0,1}" s.t.

n=1

Ky=K, K.=K.ou K. and ?1a)}< diam K. — 0 as n — c0. Imagine some picture like the
e{0,1}n
one below:
K
Ko K,
Koo K()l KIO Kll

0
Define ¢ : {0, 1} — K, ¢((¢;)%2,) = the unique point in ﬂ K., .., (is well-defined by

n=1
compactness and nestedness of K.’s).
¢ is onto: given x € K, inductively construct €;,...,€, s.t. foralln x e K, ...
¢ is continuous: for € = (&;)%,; € {0, 1}V let n € N, then for all § = (6;)2, € {0, 1}V if §; = ¢;
for all 1 <4 <, then d(¢(d), ¢(¢)) < diam K, . ., — 0 asn — oo. O

%at each branching point € € X, can cover K by balls of diameter diam K. /2, ‘shedding balls’ until only the
intersection with one remains, hence halving the diameter in a finite depth and proceed like so recursively.

Remark. {0,1}" is homeomorphic to the middle third Cantor set A via the map

(2¢;) - 37"

(€1)i21 —

s

i=1
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Theorem 3.25. Every separable Banach space X embeds isometrically into C[0,1]. So
C[0,1] is isometrically universal for the class of separable Banach spaces (SB).

Proof. From the proof of proposition BI9 that X — C(K) isometrically where K = (Byx,w®).
Since X is separable, K is metrisable. By lemma B.24] there exists a continuous surjection
¢ : A — K. Hence, C(K) — C(A) isometrically via f + fo¢. Also have C(A) — C([0,1])

isometrically via f — fi.

0
Write [0, 1\A as a disjoint union U (an,bn). Then fla = f for all n, f is linear on [ay, by,]
n=1

with f(an) = f(an)a .]E(bn) = f(bn) -

4 Convexity

Let X be a real or complex vector space and K < X be a convex set. A point z € K is an
extreme point of K if whenever x = (1 —t)y + tz for t € (0,1), y,z € K, we have y = z = z. Let
Ext K be the set of extreme points of K.

Examples 4.1.

2
A R? R

Ext(Bg) = {+e1, +es}

(a) Be% (b) Beg
Figure 2: Above are displayed balls and their extreme points in £2, /3 respectively.
Furthermore, for the sequence space ¢y, have that Ext(Be,) = &.

Indeed, given © = (x,) € Be,. Fiz N € N s.t. |ay| < % Let y, = z, = x, for all
n#NeNandyy = oy + 3,28y = an — 5. Then y = (Yn)nen, 2 = (2n)nen € Be, and

m=%y+%z,y;ﬁx,z;&x.

Theorem 4.2 (Krein-Milman). Let (X,P) be a LCS. Let K be a compact, convex subset
of X. Then K = conv(Ext K). In particular, Ext K # & provided K # .

Corollary 4.3. If X is a normed space, then Bxx = convw*(Ext K) and Ext Bxx # .
Note cy is not a dual spce isometrically, i.e. there exists no normed space X s.t. cog = X*.

Definition 4.4. Let K be a compact convex set in a LCS (X,P). A face of K is a non-
empty, compact conver set E € K s.t. ify,z € K, t € (0,1), (1 —t)y +tz € E, then
y,z € E.
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Lecture 15

Examples 4.5. 1. K is a face of K. Forx € K, x €e Ext K <= {x} is a face of K.
2. let feX* a=supf, E={xe K : f(x)=a} is a face.
K

(E # &, convex, compact and if y,z € K, t € (0,1) and (1 —t)y + tz € E, then
& = F(1=t)y+12) = (1— )£ (y) +15(2) > o giving equality, hence £(y) = (2) = o,
hence y,z € E).

[In the complex case, use Re f. From now on, we only use real scalars.]

8. Let E be a face of K. If F is a face of E, then F is a face of K. So if v € Ext F,
then x € Ext K.

Proof. Proof of Theorem Let E be a face of K. We show Ext E # (.

By Zorn, lemma [[4] there exists a minimal (wrt inclusion) face F of E. If |F| > 1, then pick
x#yeFand fe X*st. f(z)> f(y) (by Hahn-Banach). Then G = {z € F : f(z) = sup f}
F

is a face of F,y ¢ G so G & F, a contradiction. So F' is a singleton which means Ext F # J.

Now, let L = conv Ext K. then L # (J, convex, compact, L. € K. Assume zg € K\L. By
Theorem B.14] there exists f € X* s.t. f(xp) > sup f. Let o = sup f, then £ = {z € K :
L K

f(z) = a} is a face of K. So there’s an extreme point z of K with X € E. Since o = f(xo),
En L # &, a contradiction. So z ¢ L. O

Lemma 4.6. let (X,P) be a LCS, let K < X be compact and zo € K. Then for a
neighbourhood V of xq in X, there exist f1,...,fn € X*, a1,...,an € R s.t. xpe{r e X :
fz(l‘) <ai,1<i<n}mK§V.

Proof. let T be the topology of X defined by P let ¢ = ¢(X, X*). Then Id : (K,7) — (K,0)
is a continuous bijection (¢  7) from compact to Hausdorff (as X* separates points of X by
Hahn-Banach), so it is a homeomorphism, i.e. ¢ =7 on K.

O
Lemma 4.7. let (X,P) be a LCS, let K = X be compact and convex. xo € Ext K. Then
for a neighbourhood V of xg in X, there exists f € X*, a e R s.t. xge {r e X : f(z) <
a}n K V.
Proof. Let n, f1,...,fn € X*, oz,, be as in lemmaand Ky ={zxeK: fi(z) = o}

This is compact and convex. Observe U K; 2 K\V and z¢ ¢ U K;. Also,

=1 =1
:1}.
n

n n
conv U K, = {Z tix;cx; € Kiyt; =20

i=1 i=1
Since xg is an extreme point of K, xg ¢ conv U K; (the case n = 2 is true by definition, and
i=1

use induction to arrive at the general case).

i1
Sk

Furthermore,
n
K1 X Kn X {(ti)E]Rnlti ZOVZ,ZE = 1}
i=1
n
is compact and (x1,...,%n, (t;)1~q) — Z t;x; is continuous (algebraic operaitons ”+, x” are

i=1
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n
continuous in LCS), so the image B = conv U K; is compact. By Theorem [B.14] there exists

i=1
feX* st f(x) < i%ff. Choose « € R with f(zg) < a < irflgff. Then zg € {re X : f(x) <

n
a} n K, which is disjoint from B and hence from U K; and so is contained in V. O
i=1

(a) Hlustration of lemma (b) Ilustration of lemma [47171

Figure 3

Theorem 4.8. Let (_X, P) be a locally convex space, K © X compact, conver and S € K.
If K =convS, then S 2 Ext K.

Remark. The closure is necessary. For instance, let S be a dense subset of Syz. Then convSy =
By and Ext Byz = Spz. Also, Ext K need not be closed. E.g. in R3,

no longer

an extreme point \ every other point
e on Sz is extreme

!

Figure 4: Tllustration of extreme points of a double cone in R? (which include top and bottom
vertices).

Proof. Proof of Theorem Assume zo € Ext K\S. Apply lemma 7 with V = X\S. So,
feX* aeRst. zpef{reX: f(r) <a}nK V. Then, L ={zx e K : f(z) > a} is
compact, convex with L. © S. Hence, L 2 convS = K, a contradiction since zg ¢ L. Thus,
o € S. O]

Remark. One can show that Ext Begyx = {Ag @ [\ = 1,k € K} (0x(f) = f(k)), where K is
compact, Hausdorff. Can use Theorem L8] for "<”.

Theorem 4.9 (Banach-Stone). Let K, L be compact, Hausdorff spaces, then C(K) = C(L)
<= L and K are homeomorphic.
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Proof. ” <=7: If ¢ : K — L is a homeomorphism then

¢* : C(L) = C(K)
[ fod

is an isometric isomorphism.

P==":let T:C(L) = C(K) be an isometric isomorphism. Then so is its dual T* : C(K)* =
C(L)*. So T*(BC(K)*) = BC(L)* and T*(Ext BC(K)*) = Ext BC(L)*- Thus, for each k € K,
T*(0r) = A(k) - 01y for some scalar A(k), |A(k)| = 1 and some ¢(k) € L. So we have functions

A K — scalars
¢: K — 1L

Now, for all k € K, Ak) = T*(d;)(1r) = T(15)(k), which means A = T(11) € C(K), so
A is continuous. Recall, § : K — (C(L)*,w*) is continuous (indeed, it is a homeomor-
phism between K and §(K)). Also, T* : C(K)* — C(L)* is w * —w™* continuous. hence,

hi— A(k) - T*(0k) = (k) : K — (C(L)*, w*) is continuous. Since ¢ : K -, (6(L), w*) LNy
is a composition of continuous maps, hence continuous.

¢ is into: Assume ¢(k1) = ¢(k2). So A(k) - T*(6k,) = M(k) - T*(6,). Evaluate at T~ (1) to
get A(k1) = M(k2) and so dx, = Ok, (as T* is injective) which finally gives k1 = ko.

¢ is onto: Given ! € L, since T* is onto, there exists a scalar u, |pu| = 1,k € K s.t. T*(udg) = 4.

So uA(k)dsky = 6. Evaluate at 1, to get puA(k) =1 and so ¢(k) = [. O

5 Banach Algebras

A real or complex algebra is a real or resp. complex vector space A with multiplication Ax A :—
A, (a,b) — a-bs.t.

(i) a(be) = (adb)e
(ii) a(b+c)=ab+ac, (a+0b)-c=ac+bc
(iii) A(ab) = (Aa)b = a(\b)

for all a,b,c € A, b scalar.

A is unital if there exists 1 € A s.t. 1 # 0 and for all x € A 1a = al = a. This element is
unique, called the unit of A.

An algebra norm on A is a norm on A s.t. for all a,b € A, ||ab|| < ||a]| - ||b]|. A normed algebra
is an algebra with an algebra norm. note that multiplication is continuous (as well as addition and
scalar multiplication). A Banach algebra (BA) is a complete normed algebra.

A unital normed algebra is a normed algebra, A with an element 1 € A s.t. for all z € A,
la =al =aand s.t. ||1]| =1 (JJ1]| < ||2] - |]1]| and 1 < ||1]]). If A is a normed algebra which
is also a unital algebra (but not assuming ||1|| = 1), then ||a|| = sup{||ab| : [|b]] < 1} defines an
equivalent norm on A that makes A a unital normed algebra.

A unital Banach algebra is a complete unital normed algebra. A linear map 6 : A — B between
algebras is a homomorphism if for all a,b e A 0(ab) = 0(a) - 0(b). If in addition A and B are unital
with units 14 and 1p and 6(14) = 1p, then 6 is a unital homomorphism. In the category of
normed algebras, an isomorphism will mean a continuous homomorphism with continuous inverse.
BUT, homomorphisms are not assumed continuous.

Lecture 16 Note: from now on, the scalar field is C.
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Examples 5.1. 1. C(K), K compact Hausdorff, is a commutative, unital BA with point-

5.1

1.

wise multiplication in the uniform norm.

2. Let K be compact, Hausdorff, A uniform algebra on K is a closed sub-algebra of C(K)
that separates points of K and contains the constant functions.

3. The disk algebra A(A) = {f € C(A) : f holomorphic on the interior of A},
={zeC:|z| <1}

More generally, let K € C, K # & compact. We have the following uniform algebras
on K : P(K) € R(K) € O(K) € AK) < C(K), where P(K),R(K),O(K) are
the closures in C(K) of respectively, polynomials, rational functions with no pole in
K, functions holomorphic on some open neighbourhood of K. A(K) = {f € C(K) :
f holomorphic on int(K)}. Later, R(K) = O(K) say, R(K) = R(K) if and only of
C\K s connected. In general A(K) # O(K), A(K) =C(K) «— int(K) = &.

4. L1 (R) with the L1—norm and convolution f * g(x) = f f@W)g(z —y)dy is a commu-
R
tative Banach algebra without a unit (Riemann-Lebesgue lemma).
5. If X is a Banach space, then B(X) with composition an operator norm is a unital

Banach algebra. It is not commutative if dimX > 1.

special case: if X is a Hilbert space, then B(X) is a C*—algebra (see later).

Elementary constructions

If A is a unital algebra with unit 1, then a unital sub-algebra is a sub-algebra B of A s.t.
1 e B. If A is a normed algebra, then the closure of a sub-algebra of A is a sub-algebra of A.

Unitisation: The unitisation of an algebra A is the vector space direct sum A, = A@PC
with multiplication (a, \) - (b, ) = (ab+ Ao+ pa, A, ). Then A, is a unital algebra with unit
=(0,1).

The ideal {(a,0) : a € A} is isomorphic to A and will always be identified with A/ We can
write A = {a+ A1 :a€ A\ e C}. If Ais a normed algebra, then A, becomes a unital
normed algebra with ||a + A1|| = [Ja]| + |A\|. Then A is a closed ideal of A,. If A is a Banach
algebra, then A, is a unital Banach algebra.

The closure of an ideal of a normed algebra is an ideal. If 7 is a closed ideal of the normed
algebra of A, then A\J is a normed algebra in the quotient norm. If A is a unital normed
algebra and J is a proper closed ideal of A(J # A), then A\J is a unital normed algebra
with1+J (|1 +J|| < ||1]| =1 and ||1 + J|| = 1 from an earlier observation).

let A be the Banach space completion of a normed algebra. Then A is a Banach algebra
with the following multiplication: given a,b € A, choose sequences (ay,), (by) in A s.t. a, —
a,b, — b and define a - b = nlgré ay - by,.

Let A be a unital Banach algebra. Let X = A thought of as a Banach space. For a € A, define
Ly: X - X, Ly(z) =a-z. Then L, € B(X) and || Ly|| = ||a||. The map L : A — B(X),
a — Lg, is an isometric unital HM (homomorphism).

Lemma 5.2. Let A be a unital Banach algebra and a € A. Ift I1—al <1, then a is

invertible (there exists be A s.t. ab=ba =1) and |ja™!|| <

1- Hl all”

[ee] 0
Proof. For all n € N, [|(1 —a)"|] < ||1—al", so Z (1 —a)"|| < oo. Hence, 2(1 —a)®

n=0 n=0

converges
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(1-aP =1,
0 0
Letb:Z(l—a)".Then(l—a)b b(1—a) Zl—a =b—1, and so ab = ba = 1. So,
=0 oo} n=t 0
b=a'and |la”!| = [Ib]| <L 2 . Then (1—a)b =b(1—a) = Z (1—a)" =b-1,
n=0 n=1
and so ab = ba = 1. So, b = a~! and [|a!| = []b] < 2 (1 —a)" Z I1—a|”
1
. O
T—J1—d
Notation: we let G(A) denote the group of invertibles of a unital algebra A.
Corollary 5.3. Let A be a unital Banach algebra.

(i) G(A) is open in A.

(ii) x — x~1 is a continuous function on G(A).

(iii) Assume (z,,) < G(A), x — x € A\G(A). Then ||z;|| — 0 as n — .

() If x € 0G(A) = G(A)\G(A), then there exists (z,,) in A s.t. ||zn]| =1 for all n and
Zn-x — 0 and x - z, as n — oo0. It follows that x has no left or right inverse in A, not
even in any unital algebra B containing A as a (not necessarily unital) sub-algebra.

Proof. (i) Letz € G(A). Ify e Aand ||y — z|| < Hl’ll\l ,then |[1 — 271y = [~ (= — p)|| <

Hx |- ll# — yll < 1. Hence, by lemma B2, 2~y € G(A), which implies that y = z-27'y €

G(A).

(ii) Letusfixz € G(A). Forye G(A)y ' —at =y Y (a—y)z~tso ||yt —a || < |y

== lle =l 3 flz — yl) < gty then |y | = e[| [ < 2+ o= |7 o~ wll = 0

asy — .
(iii) From proof of (7), if || — .|| < ,1, then = € G(A), a contradiction. So ||z — z,| =
g%”. Since, ||z — z,|| — 0, the result follows
(iv) Given = € 0G(A), there ei)fists a sequence (z,) < G(A), v, — z. By part
(iii) ||:vn|| — o, let z, = H?TH’ for all n € N. Then 2,2 = z,2, + 2,(x — zy)
B ,1” + zp(x — x,) — 0, by the above and since ||z, (z — z,)|| < ||zn]| - ||z — zn]| — O.

Similarly, zz, — 0.

Assume that B is a unital BA and A is a sub-algebra of B. If y € A and yx = 15, then
YTzn = zn. S0 ||lzn]l = 1 = |lyzzall < |yl - |z2nll, n — oo, a contradiction. Similarly,
there isno y € B s.t. zy = 1p.

O

Lecture 17 Definition 5.4. Let A be an algebra (always complex) and let © € A.  The
spectrum o 4(x) of x in A is defined as follows: if A is unital, then oa(x) = {\ € C :
A —x ¢ G(A)} and if A is non-unital then oa(x) = 04, ().
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Examples 5.5. 1. A= M,(C), x € A, oa(x) is the set of eigenvalues (evals) of x.
2. A=C(K), K compact Hausdorff, f € A, oa(f) = f(K).

3. X a Banach space, A = B(X), T € A, then
oa(T) ={\eC: \Id—T not an isomorphism}.

Theorem 5.6. Let A be a Banach algebra, x € A. Then oa(x) is a non-empty, compact
subset of {\e C: |\ < ||lz]|}-

Proof. Wlog, A is a unital Banach algebra. If |A| > ||z||, then ||z|| < 1, so by lemma 5.2
1-%eg(A)andso Al —z = X\1- %) e G(A). Hence, 04(z) < {A e C: | < |[z|]}. Also,
oa(x) is the inverse image of the closed set A\G(A) (corollary [£3(7)) under the continuous
function A — C — A : A1 — z and hence o4(z) is closed. It follows that o4 (z) is compact.

oa(x) is non-empty: consider f : C\oa(x) — A, f(A) = (AL — z). By corollary B3(4) f is
continuous and for A # u:

) = f() = F)((p1 = 2) = (AL = 2)) f (1)

= fN) (=) f(n)
= (=N N f(1).

So %i(“) = —f(\)f(u) — —f(n)? as A — p because f is continuous. Thus, f is holomorphic.

- 1 z\~1 1 1 1
If[A| > [l then AL~z € G(A) and (AL — 2)~[| = 4 H(1 — 1) H < ey = W 0
as |A| = . If o4(x) where empty, then f is a bounded entire function, so by vector-valued
Liouville, f is constant, and since f(A) — 0 as |A\| = oo, f =0, a contradiction. O

Corollary 5.7 (Gelfand-Mazur). A complex unital normed division (G(A) = A\{0}) algebra
1s isometrically isomorphic to C.

Proof. Let us define the map 6 : C — A, §(A). = - 1. then 6 is an isomtric homomorphism. To
show that it is onto, fix any x € A. Let B be the completion of A. Then B is a unital Banach
algebra. Then by Theorem 5.6l op(x) is non-empty which implies that there exists A € C s.t.
Al — 2 is NOT invertible in B, hence A1 — z is not in G(A) which means that A1 — 2 = 0 and
s0 O(\) = x. O

Definition 5.8 (Spectral radius). Let A be a Banach algebra and x € A. The spectral radius
ra(z) of x in A is ra(x) = sup{|A| : A€ ga(x)}. From Theorem 58, ra(z) is well-defined
and ra(z) < [lz||.

Note: let z,y be comuting elements of a unital algebra A. Then z -y € G(A) <= z € G(A4) and
y € G(A) (use the fact that z(zy) = (zy)z = 1 gives yzo = yza - yxz = yrz = 1).
Lemma 5.9 (Spectral Mapping Theorem for polynomials). Let A be a unital Banach

algebra and x € A. Then for a complex polynomial p = Z apz" we have
k=0

oa(p(z)) = {p(N) : A€ ga(2)} = p(oa(@))

n
where p(z) = Z apz® and 20 = 14.
k=0
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n
Proof. Wlog n # 1 and a,, # 0 (c4(A1) = {A\}). Fix p € C. Write u — p(z n A\ — 2)
for some ¢, A\1,..., A, € C, ¢ # 0. note that {\ : p(A) = pu} = {\1,..., \n}. Now,u;UA( (2))

— ul—p(z) = H(Akl — ) is invertible <= Ay — 21— is invertible (use previous note
k=1

on commutativity and invertibility) <= there exists no A € c4(z) s.t. p(A) = p. The result

now follows. O

Theorem 5.10 (Beurling-Gelfand Spectral Radius Formula (SRF)). Let A be a unital
Banach algebra, x € A. Then

. 1 . 1
ra(a) = lim {lz"[|™ = inf 2" .

Proof. Wlog A is unital. By lemma[B.9] if A € o4(z) and n € N, then A" € o(2™). By Theorem
B8 A" < ||2™| and |A] < [Jz™ . Tt thus follows that ra(z) < inf

Consider f : C\oa(z) — A, f(A\) = (A1 — 2)~1, by the proof of Theorem 5.6, f is holo-
morphic. Note that C\o4(x ) {Al > ra(x)} 2 {A Al > |lz|l}. I |A| > |z|, then

JV=30-%)" =% 7

Fix ¢ € A* (Banach space dual) Then ¢ o f is holomorphic on C\o4(x) and if |A| > ||z, then
0

1 ‘b(l"n)

[A| > ra(z) and for ¢ € A*, (b( =) — 0asn — . So for [A| > ra(z), f\—w 2 0. By proposition

< |x"||% < |A|. We have

- < hmlnf \x"H% < limsup ||x"||% < ra(x). O
neN neN

(by the proof of lemma [B.2]).

||M8

. This Laurent expansion must also be valid on {|\| > ra(z)}. So for

1 .
< M7~ and so lim sup

"I

thus proved that r4(x) < 1n§ ||
ne

Theorem 5.11. Let A be a unital Banach algebra and B be a closed, unital sub-algebra of
A. Let © € B. Then, op(x) 2 ca(x) and dopg(x) € oa(z). It follows that op(x) is the
union of oa(x) and some of the bounded components of C\oa(x).

Before we proceed with the proof of the above, we prove a topological lemma.

Lemma 5.12. Suppose V and W are open sets in some topological space X s.t. V < W
and W contains non boundary points of V. Then V is a union of components of W.

Proof. Let Q be a component of W that intersects V. Let U be the complement of V. Since
W contains no boundary point of V, €2 is the union of two disjoint open sets 2 "V and Q " U.
Since 2 is connected, 2 N U is empty and so it follows that < V. O

Proof of Theorem[511l op(x) 2 04(x) holds since an element invertible in B is also invertible
in A. Let A € dog(x). then, there exist (A,) € C\og(z) s.t. A\, => A. So \,1 —z € G(B) and
Al —2 — A1 — 2z € B\G(B), which means \1 —z € 0G(B). By corollary B3(v), A1 —  is not
invertible in A, that is A € o4(x).

To conclude, let Q4,Qp be the complements in C of o4(x),0p(x) respectively. The preceding
discussion implies that 0Qp S o4 (x) and so can use the topological lemma with V = Qp, W =
Q4. Thus, Qp is the union of components of 4. This means that o (x) is the union of o 4(x)
and some bounded components of Q4 = o4(x)\oa(x). O
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()

C
@

(a) oa(x) (b) o5(z)
Figure 5: Illustration of Thheorem [B.11] for a sub-algebra B € A, x € B.

Lecture 18 Proposition 5.13. Let A be a unital Banach algebra and C a mazimal commutative sub-
algebra of A (wrt inclusion). Then C is a unital closed sub-algebra of A. Moreover, for all
xeC, oc(x) =0oa(x).

Proof. C is a commutative sub-algebra of A. C' 2 C and by maximality C = C' is closed.

C + C -1 is a commutative sub-algebra of A contains C, so by maximality C = C + C -1, i.e.
1e C. Fix x € C. We know that oc(x) 2 ga(x). Assume A € C\oa(z)/ Let y = (A1 —x)~!
(in A). Have for all z € C, 2(A1 —z) = (A1 — z)z as C is commutative and hence yz = zy. It
follows that the sub-algebra generated by C' U {y} is commutative, so by maximality it is in C
and so y € C and A ¢ oc(x). Hence, oc(x) S oa(x). O

Definition 5.14. A non-zero homomorphism ¢ : A — C on an algebra A is called
a character on A. Let ®4 be the set of all characters on A. If A is unital, then ¢(14) =1
for all characters ¢.

Lemma 5.15. Let A be a Banach algebra and ¢ € ® 4. Then ¢ is continuous and ||¢|| < 1
Moreover, if A is a unital Banach algebra, then ||¢|| = 1.

Proof. Wlog, A is a unital Banach algebra: can define ¢ : Ay — C by ¢, (a+ A1) = ¢(a) +

Then ¢, € @4, and ¢, |4 = ¢. Now assume that A is a unital Banach algebra and ¢ € ®

Let x € A and assume ¢(x) > ||z||. By Theorem 5.8, ¢(z) ¢ oa(z). So ¢(x)1 —x € G(A). S
(z

) > |
1=¢(x) = ((¢(x)1—2) - (¢(x)1 —2)7") = ($(2)1 - x) = 0, a contradiction. So |¢(x)| < HXII
giving ||¢]| < 1. In fact ||¢]| = 1 since ¢(1) = 1.

Lemma 5.16. Let A be a unital Banach algebra and J be a proper ideal of A. Then J is
also a proper ideal. In particular, maximal ideals are closed.

Proof. Since J is proper, J n G(A) is empty. By corollary (3, G(A) is open giving that
J nG(A) is empty, hence J i is proper. We have shown that if M is a maximal ideal of A, then
M is proper and hence so is M. By maximality, M = 7 is closed. O

Notation: For an algebra A, we let M 4 be the set of all maximal ideals of A.

Theorem 5.17. Let A be a commutative unital Banach algebra. Then the map

Dy — My
¢ > ker ¢

18 a bijection.
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Proof. Well-defined: let ¢ € ®4. Since ¢ is a homomorphism, ker ¢ is an ideal of A. Since ¢
is a non-zero linear functional, ker ¢ is a 1—codimensional sub-space. So ker ¢ is a maximal ideal.

Injective: assume ¢, 9 € ®4 and ker ¢ = kert. For z € A, ¢(x)1 — z € ker ¢ = ker ), which
mplics $(6(x)1 — ) = 0 giving 6(z) - ¥(1) = H(z) = H(x).

Surjective: let M € M 4. By lemma BI6, M is closed, so A\M is a unital Banach algebra
in the quotient norm. From algebra, A\M is a field, so a division algebra. By corollary
E7 (Galfand-Mazur), AAM =~ C. So the quotient map ¢ : A — A\M 7is” a character and
ker g = M. O

Corollary 5.18. Let A be a commutative unital Banach algebra and x € A. Then
(i) x€ G(A) < forallpe D4, ¢(x) # 0.
(ii) oa(z) = {¢(z) : ¢ € Da}.
(i) 7a(z) = sup{|6(z)] : & € Ba}
Proof. (i) If z € G(A), then for all characters ¢, 1 = ¢(1) = ¢p(z - 27) = ¢(x) - (p(x)) !
implying that ¢(x) # 0.
Assume that « ¢ G(A), then J = A = {xa : a € A} is a proper ideal of A, and so is

contained in a maximal ideal which is ker ¢ for some character ¢ by Theorem EI7 So
¢(x) = 0 since x € J < ker ¢.

(ii) Aeoa(z) = (AM1—z)¢ G(A) < (by (7)) there exists ¢ € P4 s.t. p(A\1—x) =0,
ie. A= ¢(x).

(iii) Is immediate from ().

Corollary 5.19. Let x,y be commuting elements of a Banach algebra A. Then

ra(@+y) <ra(x) +71aly)
ra(@-y) <ra()-ray).

Proof. Wlog, A is a commutative unital Banach Algebra. (A — A, if necesary and then replace
A by a maximal commutative sub-algebra containing x,y and use proposition B.I3]). Then for
all characters ¢, |p(x+y)| < |p(z)|+|¢(y)| < ra(x)+ra(y) by corollary 5.I8l Taking supremum
over all characters ¢ gives ra(z +y) < ra(x) + ra(y). Argue analogously for the remaining
inequality. O
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Examples 5.20. 1. A = C(K), K compact, Hausdorff. ®4 = {0 : k € K} (0x(f) =
f(k)). 727 is easy to check.
"7 let M e My. Seek ke K s.t. M = kerd. Assume there is non such A. Then
for all k € K, there exist fr, € M s.t. fr(k) # 0. By continuity, there exists open
neighbourhoods Uy, of k s.t. filu, # 0. By compactness, there exist ki, ..., k, € K s.t.

Uukj =K. Then g = 2 | fi;|? > 0 on K. SO%EC(K), Also, g = Efkj‘fkj eM,
j=1 j=1
a contradiction.

2. Let K € C, K compact and non-empty. Then g gy = {0y : w € K}.
3. Dya) = {0w : we A} where A(A) is the disc algebra.

4. Wiener algebra: W = {f € C(S!) : Z |fn| < oo}, where S = {z € C: |2| = 1},

nez
T

fn = % f(e®)e=™0dg. W is a commutative unital Banach algebra with pointwise

-7
operations in the norm || f|l; = Z | fnl- [It is isometrically isomorphic to £1(Z) which

neZ
is a Banach algebra in the £1—norm and convolution product. That is for a = (a,),b =

(bn), (axb), = Z agbj,n € Z. The isomorphism is given by f — (fn)n € Z]. Have
Jjt+k=n

Oy = {6y : we S, so ow(f) = f(SY). Soif f e C(ST) has absolutely convergence

Fourier series and is nowhere zero, then + € W and so has an absolutely convergence

Fourier series and is nowhere zero (Wiener’s Theorem,).

Lecture 19 Definition 5.21. Let A be a commutative unital Banach algebra. Then

P4 ={¢€ Bax:¢p(ab) = ¢(a)p(b)Va,be A, ¢(14 = 1}
— Bae r (ab—a-5)71(10)) n 131({1)

is weak-* closed. (Here for x € A, T € A** is its canonical image in A**). Hence,
b, is wr—compact. The w* — topology on P4 is called the Gelfand topology. @4
with the Gelfand topology is the spectrum of A OR the character space of A OR the
mazximal ideal space of A. For x € A, Z|p, is continuous on ®, wrt the Gelfand topol-
ogy; we denote Tlg, by T. So T € C(P4)-called the Gelfand transform of x. The map

A—C(Da)

x> T
is the Gelfand map.

Theorem 5.22 (Gelfand Representation Theorem). Let A be a commutative unital Banach
algebra, then the Gelfand map is a continuous unital homomorphism A — C(®4). Forx e A

(i) |12l = ralz) < |z|.
(i) oc@4)(T) = o(z).
(iii) v € G(A) < ZTeG(C(Pa)).
Proof. The Gelfand map is linear since z — 7 : A — A** is linear.
Homomorphism: for z,y € A 7y(¢) = ¢(zy) = ¢p(z)p(y) =T -y for all p € P4, so Ty = T7.

Unital: iA(¢) =¢(1a) =1forall p € Py, so 14 = i¢,A.
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Continuity: follows once we prove (7).

Col. I8 qii) Thnip.0l

(i) 11Zll, = sup{|z(¢)| : o € Pa} ra(@) <zl

=5(2) ol IS4
(i) oeq (@) = {|7(@)]: ¢ € Dy} =

(iii) Immediate.

(TA(JZ).

Note: the Gelfand map need not be injective or surjective. Using Theorem, B.10]its kernel is

quasi-nilpotent=0

{xeA:oa(x) ={0}}

. nyt
(wed: lim [o"* )

I
D)
<
e
<

Jacobson radical of A,J(A)

Say A is semi-simple if J(A) = {0}.

6 Holomorphic Functional Calculus (HFC)

Recall For a non-empty open set Y < C, O(U) = {f : U — C : f holomorphic} is a LCS with the
topology of local uniform convergence induce by the family of semi-nnorms: f — || f||, = sup|f|
K

for non-empty compact K < U. O(U) is also an algebra with pointwise multiplication which is
cotinuous wrt the topology of O(U) [a Fréchet algebra].

Notation: Define e,u € O(U) by e(z) = 1 and u(z) = z for all z € C. O(U) is a untial algebra with
unit e.

Theorem 6.1 (Holomorphic Function Calculus). Let A be a commutative unital Banach al-
gebra, € A, U < C open and g 4(x) € U. Then there exists a unique unital homomorphism

O, : OUU) > A s.t. O,(u) = x. Moreover, ¢ (0,(f)) = f(d(x)) for all p € D4, f € OU)
and o4 (©:(f)) = {f(A) : A e ga(2)}.

Note: Think of ©, as "evaluation as z”-write f(x) for ©,(f). Then e( ) =1, u(x) = . pr is a

polynomial, there exist n € N, ag, ...,a, € C s.t. for all z € C, p(z Z apz", then p = Z apu®.
n
So O,(p) = p(z) = Z ag ( Z arz® = p(z) as defined in lemma [59)

Also, ¢(f(x)) = f(¢(a?)) for all f e O( ) ¢pe®aand oa(f) = {f(A): Aeoa(z)} = floa(z)).

Theorem 6.2 (Runge’s Approximation Theorem). Let K be non-empty and compact.
Then O(K) = R(K), i.e. if f is a function holomorphic on some open neighbourhood of
K then for all € > 0, there exists ration function r with no poles in K s.t. ||f — 7|, <e.

More precisely, given a set A consisting of one point from each bounded component of C\K,

r can be chosen s.t. all its poles are in A. If C\K is connected, then A is empty so in fact
we get O(K) = P(K).
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6.1 Vector-valued integration

b
Let a < b in R, X be a Banach space and f : [a,b] — X continuous. We define ”f f(e)at”.

a

We choose dissections D,, :== a = t(()”) < tg") << t,(cn) =bst. |Dy| =  Inax (t;n) — ¢
n <j<kn
as n — 0.

Since f is uniformly continuous, the limit of

D FE @ 1)

b
exists and is independent of (D,,). We define J f(t)dt to be this limit. It follows that for all
pe X* ‘

¢>< f f(t)dt) — (" o(ratyat.

b
Taking ¢ to be a norming functional for f ft)dt, we get

b b
f foya| < j 1@, (o] < 1).

Let 7 be a path in C (continuously differentiable), f : [y] — X be continuousdd. Define

b
f f(z)dz = j FOr @)y (1)t

Given a chain I' = (v, ... ,'ynﬂ and continuous f : [y] — X define

n b
L f(z)dz = 2[ FO @)Y (Bt

o ([ rera:) = [ st

o

Theorem 6.3 (Vector-valued Cauchy’s Theorem). Let U < C be open, I a cyclfﬁ mn U,

and have for all ¢ € X*

and

< (D) - sup [|f(2)]]-
z€[]

1
s.t. n(T,w) = QLMJ dz =0 for allwé¢ U and f : U — X holomorphic. Then
y 7=
J f(z)dz = 0.
T
%a cycle is a chain I' = (y1,...,7n),n € N of paths ; : [a;,b;] — C s.t. there exists a permutation

p € Sn st Yi(bj) = Vp(i)(a, ) foralj=1,...n

p(J)
Proof. For ¢ € X*, apply the scalar version of Cauchy’s Theorem to deduce

¢ (J f(z) dz> =0, forallgeX*
T

3] denotes the path itself in C.
4any finite collection of paths defined as above.
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I and then apply Hahn-Banach to conclude. O

Lemma 6.4. Let K be a non-empty compact s.t. K € U, U < C open. Then there is a

cycle ' such that
n(T, w) = 1, wekK
0, wé¢l.

Proof. Note that K being compact means that dist(K,C\i{) = § > 0. Thus, there exists an
ne I\@, s.t. K is covered by finitely many (by compactness) boxes in the dyadic lattice 27" Z?
where any adjacent to them boxes are also < U, see figure More precisely, A = {(x,y) €
Z2:[x-27" - 27+ 27 x [y 27y 27" + 27" n K # &}, Have |A| < c0. Now, define
B=Au{(zx+1,y+1)eZ?: (x,y) € A)}. Let T be the boundary of the boxes above, that is

T=0 |J [z- 27"z 2" 427" x[y-27"y- 27" +27"]
(z,y)eB

oriented counter-clockwise (black curve in figure [f), and note that I € U\ K.

Now, for any w € K, w is either in the interior of a box or the interior of the union of boxes
adjacent to it. Regardless, one computes the winding number around such a curve T' (red in
figurd@l), which is seen to be the same as the winding number of I" around w, by homotopy
invariance (Cauchy’s Theorem). One argues similarly for w € C\U to obtain n(I',w) =0. O

ofor instance, take n € N s.t. 2¢/2-27" < g.

u
2772
s
V' N
K
> |- -
Prmy > Pz
/ K K A

Figure 6: Illustration of proof of Lemma [6.4] where n € Nyw € K and K,U,T" (in black) as in in
the lemma.
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Lecture 20 Lemma 6.5. Let A, z,U be as in Theorem[6dl K = oa(x) and fix a cycle (quaranteed to
exists by Lemma[6.4) T' in U\K s.t.

1, wekK

(s w) = {0 i L

Define the map

0,:0(K)— A
Fr0ulf) = g | FE)E1-0) e

Then,
(i) Oy is well-defined, linear, continuous.

(i1) For a rational function r with no poles in U, ©,(r) = r(x) in the usual sense.

(iii)(¢)§@x(f)) = f(¢(x)) for all ¢ € Pa, [ € OWU) and 04 (O:(f)) = {f(X) : A €
oA\T)¢.

Remark. So we can think of the HFC as a Banach algebra valued Cauchy integral formula. Lemma
almost proves the theorem (G.I). It remains to show that ©, is a homomorphism and it is
unique.

Proof. (i) If ze [I'] then z ¢ K = 0a(z). So 21 —x € G(A). By the proof of Theorem [(.6]
the map z +— (21 —z)~! is continuous (indeed, holomorphic). So, O, is well-defined. It’s
also linear by linearity of integration. We also have the estimate

0:(1)] < =) - sup |7(2)] || (21 — )7

z€[v]

Since the map z — ||(z1 — 2)~!|| is continuous on the compact set [I'], it is bounded. So
there exists M > 0 s.t. for all fe OWU) [0.(f) <M - || fllry-

By Lemma [[.2T] ©, is continuous.
(ii) First we show O,(e) = 1.

Fix R > ||z|| and let v be the anticlockwise boundary of D(0, R). Then v and I' are
homologous in C\K. So, by Cauchy’s Theorem and the proof of Lemma [5.2]

O.(e) =+ | (21 —2)"tdz

sum conv. absolutely and uniformly on ~
=29=1

Let r € O(K) be a rational function. So r = g, for polynomials p, ¢ s.t. for all z € U,

0. By Lemma B9 g4(q(z)) = {g(A) : A EO’,Z(%‘)} and so 0 ¢ o4(q(z)). We define
p(x)-q(x)~! ("usual sense”). For z,w € C, r(2) —r(w) = q(2) " q(w) " (q(w)p(z) —
q(2) " tq(w) (2 —w)s(z,w), where s is a polynomial in z,w. Hence, r(2)1 —
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0.(r) == r(z) (21 —z)"tdz
7 r(z)1—r(z)+r(z)

= J 9(2)"q(w) " s(z,w) dz + 55 J (21 —2) 1) dz - r(z)

_

=0 by Cauchy

=r(z)-Oy(e) = r(z).
(iii) ¢ (04(f)) = 5 J f(2)(21 —2)~tdz = f(¢(x)) by Cauchy’s integral formula. and so

=f(¢(z))
04 (02(1) BB (0,(f): d e Da} = {F(N) : A€ oa(a)}.

O

Proof. Proof of Theorem Let A = R(K). Let € A be the element x(z) = z for all z € K.
oa(z) ={AeC:Aeoa(x)} = K (for A ¢ K, 1= is the inverse to A1 — z).

Let f be holomorphic on some open set U 2 K. Let O, : O(U) — A be given by Lemma
O, (f)(w) = 0y (©x(f)) = f(6w(x)) = f(w) for all w e K. So ©,(f) = flx € R(K). So
O(K) = R(K).

Let us now fix A as in the statement of Theorem Let B be the closed sub-algebra of A
generated by 1,z,(A1 —x)" 1, A € A. So B = closure in C(K) of rational functions with poles
in A. By Theorem 511l op(x) is the union of o4(x) and some of the bounded components
of C\K. Since for any such component D there exists A € An D, so A-1—2z € G(A). So
op(x) = oa(x). So O4(f) takes values in B, i.e. f|x € B. O

Corollary 6.6. Let Let U = C be non-empty and open. Then the algebra R(U) of rational
functions with no poles in U 1is dense in OU).

Proof. Let f e O(U) and V be a neighbourhood of f in OU). We need V n R(U) # &.

Wlog, V = {g€ OUf) : ||lg — fll < €} for some non-empty, compact K < U and € > 0. Let K
be the union of K and those bounded components D of C\K that are combined in .

If D is a bounded component of C\K, then D is a bounded component of C\K s.t. D\U # &
so we can fix \g € D\U. Let A be the set of all these A\g’s. By Theorem[6.2] there exists rational
function r s.t. ||r — f|lz < € and the poles of r are in A. Hence, r € V n R(K). O

Combining the above results, we can now embark on a proof of Theorem which we started

this section with.

(i)

Proof. Let ©, be as in lemma Then for all f,g € R(U), O.(f9g) LemmdB.3i) (f-9)(z)
= f(x)g(z) = ©.(f) - ©,(g) and conclude by density of R(U) in O(U) and continuity that ©,

is a homomorphism.

For uniqueness, assume ¥ : O(U) — A is a continuous unital homomorphism and ¢ (z) = z.
Then for all polynomials p, ¥(p) = p(x) = O,(p) and so for all rational r € R(U) ¥ (r) = r(x) =
©.(r) and hence ¥ = O, by density and continuity. O

C*—algebras

A C*— algebra is a complex algebra A with an involution: a map A — A, x — x* s.t.

Az + py)* = Az* + fy*
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*

(i) (zy)* =y*x

(iil) «** =z
for all z,y € A, A\, pue C. If A is unital, then 1* = 1. A C*—algebra is a Banach algebra with an
involution s.t. the C*-equation holds:

|z*z| = ||=]|*, for all z € A.

A complete algebra norm on a *-algebra that satisfies the C* —equation is a C*—norm. So a
C*—algebra is a *-algebra with a C*—norm on it.
Lecture 21 Remark.

1. If Ais a C*—algebra, and x € A, then ||z*|| = ||z|| (|z]]* = ||[z*z|| < ||a*]||-||z]| so ||z < ||=*|
and hence ||z*| < ||**|| = ||z||). So the involution is continuous.

A Banach algebra with an involution s.t. [|2*|| = ||z|| for all x.

2. If A is a C*—algebra and if A has a multiplicative identity 1 # 0, then automatically A is a
unital C*—agebra, ||1]| =1 (H1||2 = [|1*1]| = ||1]D).

Definition 7.1. A *-sub-algebra of a *-algebra A is a sub-algebra B of A s.t. for all x € B,
z* € B. A C*—sub-algebra of a C*—algebra is a closed *-algebra. So a C*—sub-algebra
of a C*—algebra is a C*—algebra. The closure of a *-algebra of a C*—algebra is a
*_sub-algebra, so a C*—algebra.

A *-homomorphism between *-algebras is a homomorphism 0 : A — B s.t. 0(z*) = 0(z)*
for all z € A. A *~isomorphism is a bijective *~homomorphism.

Examples 7.2. 1. C(K), K compact Hausdorff, is a commutative, unital C*—algebra
with involution f — f*, where f*(k) = f(k) for allk e K, f € C(K).

2. B(H), H Hilbert space is a unital C*—algebra with involution T — T* where T* is
the adjoint.

3. Any C*—sub-algebra of B(H), (H any Hilbert space) is a C*—algebra.
... And that’s all folks!

Remark. the Gelfand-Naimark Theorem says that if A is a C*—algebra then there exists a Hilbert
space H s.t. A is isometrically *-isomorphic to some C*—sub-algebra of B(H). We will prove the
commutative version.

Definition 7.3. Let A be a C*—algebra and x € A. We say x is
(i) hermitian or self-adjoint if x* = x
(i1) unitary if (A is unital and) x*x = za* =1

(i1i) normal if x*x = xa*

Examples 7.4. 1. 1 is both hermitian and unitary. In general, hermitian and unitary
are normal.

2. f € C(K) is Hermitian <= f(K) S R and unitary < f(K) < S'. (Recall:
F(K) = ocir)(£))-

Remark. 1. If Ais a C*—algebra and x € A. Then there exist unique hermitian h,k € A s.t.
x = h+ik. [If © =h+ ik then z* = h — ik, so h = “7+21*,k = fo* and conversely, this
choice for h, k works].
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2. If A is a unital C*—algebra and x € A, then x € G(A) <= z* € G(A) and in this case
(@*)7h = ()=
It follows that o4(z*) = {A: Aeoa(z)} M —2eG(A) = (A1—2)* =X-1—a% € G(A))
S0 oa(x*) = oa(x).

Lemma 7.5. Let A be a C*—algebra and x € A. Then ra(x) = ||z|| provided x is normal.

Proof. Assume z is hermitian. Then [z[|” = ||2?|| and inductively, 2> = [|22"|| for all n. By
the spectral radius formula (Theorem BI0), ra(z) = nlgrolo ’ 22|77 = Izl

If 2 is normal, then ||z*z|| = r4(x*x) because x*x is hermitian.

Now, ra(x*x) < ra(as)ra(z) O< |2*| - |z|. But |z]* = ||z*z||. So we have equality
throughout and so ||z|| = ra(z). O

Lemma 7.6. Let A be a unital C*—algebra and x € A. Then ¢(x*) = ¢(z) for allpe P 4.

Proof. Wlog we can assume that x is hermitian. [For general z, write x = h + ik, h,k
hermitian. Then ¢(x*) = ¢(h — ik) = ¢(h) — id(k) = ¢(x) (#(h), #(k) real)]. Now assume z is
hermitian ¢ € ®4 and write ¢(z) = a + b, a,b € R.

Need: For t e R,

|p(z +it1)|? = |a+i(b+1)?
=a®+ (b+1)% = a® + b + 2bt + ¢
<z +it1]]> = ||(z + it)* (z + it)
= ||z —it)*(z + it)|| = [|a* + 21| < ||2?| + %

Hence, b = 0. O

Corollary 7.7. Let A be a unital C*—algebra.
(i) If x € A is hermitian, then oa(z) € R.
(ii) If x € A is unitary, then oa(z) < S*.
(i5i) If B is a unital C*—sub-algebra of A and x € B is normal then op(z) = ga(x).

Proof. (i) Let B = C*—algebra generated by 1,2 (check *-sub-alg) p(z) : p poly . B is
commutative, so 0)B(z) = {¢(z) : ¢ € Pp}. By Lemmallll o4(z) € op(x) € R.

(ii) Let B = C*—algebra generated by by 1,z,z* = {p(x,2*) : p poly in two variables }.
B is commutative, so op(z) = {¢(x) : ¢ € Pp}. By Lemmalld 1 = ¢(1) = ¢p(a*x) =
o(x)p(x), hence |p(z)|?> = 1. So oa(x) € op(x) = St.

(iii) For the last part, assume = € B is hermitian. Then o4(z) € R, so C\oa(x) is
connected. So it follows by Theorem B.IT] that o4(z) = op(z).

Now assume x € B is normal. Then for A € C we have
M —zeG(A) <= M —-zeG(A) &N —x2)*eG(A)
Commutglements (>\1 _ 1’)()\]_ B :L')* c g(A)
Al — 2)(A\1 —x)* € G(B)

commutiislements M—ge Q(B) & ()\1 _ {I?)* e g(B)
<~ M —zeG(B).

hermitian
= (
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Remark. T € B(H), T hermitian or unitary, then o(T") = 0o(T) € 0ap(T) = set of approximate
evals. So 0(T) = 0ap(T') (also holds for normal operators).

Lecture 22

Theorem 7.8. Let A be a commutative unital C*—algebra. Then there exists compact,
Hausdorff K s.t. A is isometrically isomorphic to C(K). In particular, the Gelfand map

A—C(DPa)

T T
is an isometric *-isomorphism.

Proof. By Theorem .22, the Gelfand map G : A — C(®4) where G(z) = Z|g,, is a unital
homomorphism. It remains to check the following three properties:

LemmdLB 50 _ 578) = (8)*(9) for all € Phia.

Thﬂmi) r ($> A commutative Lemma [0
= A =

G is a *-homomorphism: .;;(d)) = ¢(z*)

G is isometric: ||G(x)|| = ||Z]|,, for all x € A.

G is surjective: let A be the image of G. So A = {Z : x € A}. Slnce G is an isometric unital

*_homomorphism, it follows that A is a closed sub-algebra of C(®4) containing the constant

functions and closed under conjugation. Also A separates points of ®4: if ¢ # ¢ in $4, then
there exists x € A s.t. ¢(x) # ¥(x), i.e. T(¢) # Z(¢). By Stone-Weierstrass, A = C(P4). O

Applications:

1. Let A be a unital C*—algebra and let x € A. Say x is positive if x is hermitain and
oa(r) € [0,00). We show there exists a unique positive y € A s.t. y? = z, called the square
root, of x, denoted Tz,

Existence: B = C*—sub-algebra generated by by 1,2 = {p(z) : p poly }. B isacommutative
unital C*—algebra. By Theorem [.8] the Gelfand map

B - C(®p)

w — W

Col5. I8 4) coll Tl
op(r)

is an *-isomorphism. Now, we compute o¢(q,,)(Z) = ="0oa(z) € [0,0).

The map ¢ € Pp, ¢ — /Z(¢) € C(Pp), so there exists a y € B s.t. §(¢) = /Z(¢) for all

pedp. y* = (y)* = Vz =% = 7.The Gelfand map is injective, so y* = y, i.e. y is hermi-

tian. Now, 04 (y) = 0(y) = oc(@,) () S [0,2), so y is positive. Finally, y2 = (§)? = 7, so

y? = . Note that y is a limit of sequence of polynomials in 2.

Uniqueness: Assume z € A is positive and 22 = z. Have zx = 22 = 23, so zp(x) = p(x)z for
all polynomials p, so yz = zy. Let B = C* —sub-algebra generated by 1,y,z. Then Bis a

commutative unital C*—algebra containing y, z, x = y?> = 22. Theorem [Z8 gives that the

B —C(®p)

w > W

is an isometric *-isomorphism. o¢(e)(J) = 05(y) = oa(y) < [0,%). Also, 2% = 2

y? = 3% and hence 3 = Z and thus y = z.

This applies to a positive operator T' € B(H ), where H is a Hilbert space (T is positive <=
for all x € H(Tx,xz) > 0).

48



Functional Analysis Pantelis Tassopoulos

2. Polar decomposition: let H be a Hilbert space, and T € B(H) invertible. Then there exists
unique operators R,U s.t. R is positive, U is unitary and T = RU.

Existence: TT* is positive ((TT*z, z) = |T*z||* = 0). Let R = (TT*)2. So R? = TT* is in-
vertible, and hence so is R (being the product of R, R, commuting elements is invertible <=

R2
R). Let Y = R™IT. Then U is invertible and UU* = R7ITT*(R-1)* R~ TT* R~ =1d.

Uniqueness: if T = RU, R positive, U unitary, then TT* = RUU*R = R? so R = V/TT*
and U = R™IT.

8 Borel Functional Calculus and Spectral Theory

Throughout we fix:
H non-zero, complex Hilbert space.
B(H) a bounded linear operator on H.
K compact, Hausdorff.
B Borel o—field on K.

8.1 Operator-valued measures

Definition 8.1 (A resolution of the identity of H over K). A resolution of the identity
of H over K (roti of H over K) is a map P : B — B(H) s.t.

(i) P(&) =0 and P(K) = 1d.

(ii) For all E € B P(E) is an orthogonal projection.

(iii) For all E,F € B P(EnF) = P(E)ocP(F) = P(F)o P(E).
(iv) For all E,F = . Then, P(E U F) = P(E) + P(F).

(v) For all x,y € H the map P, , : B — C defined by P, ,(E) = (P(E)z,y), E€ B, is
a reqular complex Borel measure.

Examples 8.2. Ezample: H = Ly[0,1], K = [0,1], P(E)f =1gf.

Simple Properties:

(i) Forall E,FeB P(EnE),P(F) commute (directly follows from (i) above).
(i) If EnF = &, then P(E)(H) L P(F)(H). That is for all z,y € H (P(E)z, P(F)y) =
=g
(P(F) - P(E)x,yXP (EnF)zy)=0.

(ili) Forax e H, P, 4 is a positive measure of total mass P, ,(K) = ]|, (P o (E) =(P(E)z,z) =
(P(E)2z,z) (P(E)z, P(E)z) = |P(E)z|* = 0, which equals ||z||* if E = K).

(iv) pis finitely additive and for x € H, E +— P(E)x : B — H is countably additive. That is, for
E,eBneN, E, nE, = for all m # n,

Z P(En)mvy = 2<P<En)w7y> = Z Pﬂhy(En>

neN neN neN
=P,y (U En> = <P <U En) I7y>
neN neN
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for all y € H so

Z P(E,)x =P (U E) .

neN neN

Note that Z |P(En)|? < ||lz||” be Bessel’s inequality since (P (U En> w) are pairwise
neN

neN neN
orthogonal.

(v) P need not be countably additive, but if P(E,) = 0 for all n € N then P (U En> =0.
neN
n—1
(vi) For (E,)nen € B, consider the sequence Fy = Ey, F,, = E,,\ U E;, for n > 1, then
i=1

P(UEn>x:P(UFn>x:ZP(Fn)x:O, for all z € H.

neN neN neN

Lecture 23 Definition 8.3 (The algebra Ly (P)). Let P be a resolution of H over K. Say a Borel
function f : K — C is called P—essentially bounded if there exists E € B s.t. P(E) =0
and f bounded on K\E.
Then define

/1l = nf{ll fll ez = £ € B, P(E) = 0},

which is attained (check!).
Let Loy (P) be the set of all P—essentially bounded Borel functions f : K — C. This is a
commutative, unital C*—algebra with pointwise operations and |-|| ., [As usual, we identify

fi9 € Lo(P) P—a.e., if there exists E€ B s.t. P(E) =0, f =g on K\EJ.

Lemma 8.4. Let P be as above. Then there exists an isometric, unital *-homomorphism
& : Ly(P)— B(H) s.t.

(i) {P(f)z,y) = JK fdPyy for all f € Loy (P) for all x,y € H.

(i) |0(f)e|? = L{ \f[2dP, o for all f € Lop(P) for all o,y € H.

(i1i) For S € B(H), S commutes with all ®(f), f € Lon(P) < S commutes with all
P(E), E€B.

Note: ®(f) is uniquely determined by (). We denote ®(f) by f fdP. So it says

()=

Proof. Sketch Define ®(1g) = §,, 1gdP = P(E

n n
For simple functions s = Z ajlg;, ®(s) = J sdP = 2 a; P(Ej)
j=1 K ‘
® is an isometric *-isomorphism, unital, on simple functions. Extend by density. O]

Definition 8.5. let Ly, (K) be the set of all bounded Borel functions f : K — C. This
is a commutative unital C*—algebra with pointwise operations and the sup-norm | f||,; =
sup | f(2)|. If P is a resolution of the identity of H over K, then Ly (K) € Lo (P) and the
zeK

inclusion is a norm decreasing unital *-homomorphism.
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Theorem 8.6 (Spectral Theorem for commutative C*—algebras). Let A € B(H) be a com-
mutative unital C*—algebra of B(H). Let K = ®4. Then there exists a unique resolution
of the identity of H over K, s.t.

J TdP =T, for allT € A.
K

Moreowver,
(i) P(U) # & for any # &, open U € K.
(i) S € B(H) commutes with allT € A <= S commutes with all P(E), E € B.

Proof. By Theorem [Z.8 the Gelfand map
A — C(K)

T T

is an isometric *-isomorphism and hence so is its inverse

Gt :AC(K) — A
T—T.

We see a roti P over K which represents G~ : g—l(:ﬁ) = f TdPp.
K

This is an operator version of the Riesz Representation Theorem, Theorem 2111

Uniqueness: T = J TdP for all T means
K

(Tzx,yy= J fdpmyy, forall Te A,xz,ye H.
K

By uniqueness in the Riesz Representation Theorem (RRT), P, , is uniquely determined for
all z,y € H. Since P, ,(E) = (P(E)z,y), P(E) is uniquely determined for all E € B.

Existence: For z,y € H, T ~— (Tx,y) : C(K) — C is in M(K) = C(K)* with norm at most
llz|| - [ly||. By RRT, there exists a unique g, € M(K) s.t.

(Tx,yy = J fd,umyy, for all T € A.
K

lptz,ylly < llzll - flyll. Now, by linearity

= )\J j;dumyz + J fdu%z.
K K
By uniqueness in the RRT, piagqy,> = Mg,z + by 2. If T is real-valued, then T is hermitian, so

J fdﬂm,y = <Tyax> = <Tx,y> = J j;dﬂm,y
K K

By uniqueness in the RRT, py o = [z y-

Fix f € Lo(K). Then © : H x H x C, O(z,y) = J fdpgy is a sesquilinear form
and |O(z,y)| < flle - eyl < Il - N2l - Nyl So there exists W(f) € B(H) st.
@z y) =O(z,y) = L{ fdpey and ()] = (1O < | f -

We now have a map ¥ : Ly (K) — B(H) s.t.

V is linear: clear by the linearity of | fdpug .
K
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U is bounded: ||[¥(f)| </ fllx-

U is a *-map:

<\I/(7)x,y> = JK 7d/imy = JK fdﬂy,:c

= U (fy,z) = (=, ¥(f)y)
= (U*(f)z,y), for allz,ye H.

So W((f)) = ¥(f)*.
\II|C(K) = G~ ! have <\Il(f)at,y> = f fd,um’y = (Tz,y) for all z,y. So \Il(f) =T=g"'
—_ K

¥ is multiplicative: for S, T € A.

K K
= {(STx,y)

= J Sdure,, SeA.
K

By uniqueness in RRT, fdum}y = durz,y as measures. Hence,

| #Pdhay = | durey, = w(HT0)
K K
=Tz, VU(f)*y) = f Tdpiy w(pyxy, forallT e A, fe Ly(K).
K

By uniqueness in RRT, fdp.,y = dug w(p)+y- Finally, for g € Lo (K),

J gfd,uz,y
K

(9f)z,y)
(9)z, Y(f)*y)
(NY(g)x,yy, forallx,ye H.

Il
TR

So W(fg) = ¥(f)-¥(g).

Define P(E) = ¥(1g). Easy to check P is a roti of H over K. P, ,(E) = (P(E)z,y) =
f 1pdps,y = pey(E) for all E € B. So P,y = pg,. Also,
K

<J fde7y> = f TdP,,
K K

(U(T)z,y)
=Tz, y).

So J TdP = T. (Without Lemma B4} could define f fdP = W(f) for f € Lo (K)).
K K

(i) Fix Y < K, U open. By Urysohn, there exists f : K — [0, 1] continuous, s.t. supp f <
U, f#0. .
There exists T € A, v/f = T. Then T # 0 so there exists 2 € H s.t. Tz # 0. 0 < |Tz|> =

(T%z,2) = L{TA?de - JK fdPy o < Py o(U) = (P(Uz),z). So P(U) # 0.

(i1) Let S € B(H). (STx,y) = (Tx,S*y) = f fdPLS*ll and (T'Sz,y) = J fdPsLy.
K K

So
ST=TSforalTe A <= P, g, = Psyyforall x,ye H.
= (P(E)z,S8*y) =(P(E)Sz,y) for all z,y € H,F € B.
< SP(E)=P(E)S for all E € B.
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1 O

0 n
Lecture 24 Let A be a united Banach algebra and = € A. We define e* = Z T—l (2% = 1) (converges
n!
n=0

absolutely, so converges in A). If xy = yx in A, then e* ¥ = e” . eV.

Lemma 8.7 (Fugledo-Putman-Rosenblum). Let A be a unital C*—algebra, x,y,z € A with
x,y normal. If vz = zy, then x*z = zy*.

Proof. None given. O
I g

Theorem 8.8 (Spectral Theorem for normal operators). Let T' € B(H) be normal. Then
there exists a unique resolution of the identity of H over o(T) = oy (T), P s.t. T =

J AdP (i.e. the spectral decomposition of T'). Moreover, S € B(H) commutes with T
o(T)

spectral projections

<~ S commutes with all P(E) , EeB.

Proof. Let A be the unital C* —sub-algebra of B(H) generated by T.
So A = {p(T,T*): p poly in two variables}. T normal implies that A is a commutative
C*—sub-algebra. 04(T) = o(T) by Corollary [[.71 By Lemma [T6 every ¢ € ® 4 is uniquely

determined by ¢(T"). [¢(T*) = ¢(T), p(p(T,T*)) = p(&(T), p(T*))]. Thus, the map

by — o(T)
¢ — o(T)

is a continuous bijection (Corollary B.I8) and thus a homeomorphism. ZA“,Z/“?“ in C(®y)
correspond to A — A\, A — A in C(o(T)) respectively.

Existence of P: follows from Theorem
Uniqueness: if T = f AdP, then p(T.T*) = f p(A\,A\)dP (Lemma BZ). So
a(T) o(T)

(T, T*)z,y) = J p(\,N\)dP,,. Since, A — p(A\, ) are dense in C(c(T)), by unique-
o(T)
ness in RRT, P, , are uniquely determined and hence so is P.

If ST =TS8, then ST* = T*S by Lemma B Finally, ST =TS <= S commutes with all
elements of A, «<= S commutes with P(E), for all in F € B (Theorem [E1). O

Theorem 8.9 (Borel Functional Calculus). Let T be a normal operator, let K = o(T) and
P be the roti of H over K given by Theorem[8.8. The map

—

B(H)
f F(N)dP
o(T)

Loo(K)
[ f(T) =
has the following properties:
(i) it is a unital *-homomorphism s.t. z(T) =T (where z(\) = X for all A € K).
(i) || F(D < || fll g for all f € Loo(K) with equality if f € C(K).
(i) For Se B(H), ST =TS < Sf(T) = f(T)S for all f € Lyr(K).

(iv) o(£(T)) < F(K) for all f € Lun(K).
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Proof. Everything follows from Lemma R4, Theorems and B9 (Note that f(T) = ¥(f)
from Theorem8.6). For (iv), o(f(T)) < o1 (k)(f) = f(K). O

Theorem 8.10 (Polar Decomposition). Let T € B(H) be normal. Then, there exists a
positive operator R, unitary U s.t. T = RU. Also, T, R,U pointwise commute.

Proof. Define r,u on o(T):

A

By A#FO
r(A) = Al u(y) = { A7

1, ifA=0eo(T).
Then, r,u € Lyp(o(T)) and ru = z (2(A) = X for all A € o(T)) let R = r(T),U. Then
T =Z(T) =RU. ris positive, v is unitary in Ly (o(T)) and hence R is positive, U is unitary
in B(H). Since Ly (K) is commutative, R,U,T must commute. O

Theorem 8.11 (Unitaries as exponentials). Let U € B(H) be unitary. Then there exists
hermitian Q s.t. U = '@,

Proof. By Corollary [0, o(u) < S'. Let f:S* — R be in Ly (S') s.t. /) =t for all t € S*.

Let @ = f(U). Then Q is hermitian since f is hermitian in Ly (K).

z"] (if
(¢

k=0

2

k=0

)k

](d)) —t,  uniformly on S*.
k

) u7

ie. U = e, O

Theorem 8.12 (Connectedness of G(B(H))). Fiz T € G(B(H)). T = RU, R positive, U
unitary (Theorem [810) where R,U € G(B(H)).

Proof. Since R is invertible, 0(R) < (0,0). Let § = log(R) = f log A\dP (P is a roti of H
a(R)
over K).

— uniformly on o(R)

n k n o k
s . (S) m Y % (R) = 2(R) = R.
k=0 k=0 '

So T = e5¢“. The map [0,1] = G(B(H)) : t — €' . €@ is a continuous path from Id to 7.
Hence G(B(H)) is connected. O

End of lecture course.
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