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1 Hahn-Banach Extension Theorems

Lecture 1 We start with setting up some notation.

1. Let X be a normed space. The dual space of X is denoted by X˚ and is the space of all
bounded linear functionals on X. Observe that X˚ is always a Banach space in the operator
norm

‖f‖ “ supt|fpxq| : x P BXu, f P X˚.

Recall that BX “ tx P X : ‖x‖ ď 1u (the unit ball in X), and SX “ tx P X : ‖x‖ “ 1u (the
unit sphere in X).

2. Let X,Y be normed spaces. We write X „ Y if X,Y are isomorphic, i.e. there exists a
linear bijection T : X Ñ Y s.t. T, T´1 are continuous in the norm topologies.

3. Let X,Y be normed spaces. We write X – Y if X,Y are isometrically isomorphic, i.e. there
exists a surjective linear map T : X Ñ Y s.t. ‖Tx‖ “ ‖x‖ for all x P X.

4. For x P X, we write xx, fy “ fpxq. Note that xx, fy “ |fpxq| ď ‖f‖ ¨ ‖x‖.

Examples 1.1. 1. For 1 ă p, q ă 8 with 1
p

` 1
q

“ 1, then ℓ˚
p – ℓq (isometrically

isomorphic)

2. If H is a Hilbert space, then H˚ – H (conjugate linear in the complex case).
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Definition 1.2. Let X be a real vector space. A functional p : X Ñ R is:

(i) positive homogeneous if pptxq “ tppxq for all x P X and t ą 0

(ii) sub-additive if ppx` yq ď ppxq ` ppyq for all x, y P X.

Theorem 1.3. Let X be a real vector space and p : X Ñ R be positive homogeneous and
sub-additive. Let Y ď X and g : Y Ñ R be a linear functional s.t. gpyq ď ppyq for all
y P Y . Then, there exists linear f : X Ñ R s.t. f|Y “ g and fpxq ď ppxq for all x P X.

Recall now Zorn’s lemma, which is needed to prove Theorem 1.3 in complete generality. Let
pP,ďq be a poset.

• If A Ă P, x P P , then x is an upper bound for A if for all x P A, a ď x.

• x is a maximal element if for all y P P , y ě x implies y “ x

• A collection of subsets C of P is called a chain if for any two subsets C,D P C, either C Ď D

or vice versa.

Lemma 1.4 (Zorn). If P ‰ H and every non-empty chain has an upper bound, then P

has a maximal element.

Proof of Theorem 1.3. Let P be the set of pairs pZ, hq where Z is a subspace of X with Y Ď Z,
h : Z Ñ R linear, h|Y “ g and for all z P Z, hpzq ď ppzq. Observe that P is partially ordered
by

pZ1, h1q ď pZ2, h2q ðñ Z1 Ď Z2, h2|Z1
“ h1.

Also, we have P ‰ H since pY, gq is in P . If tpZi, hiquiPI is a chain in P with I ‰ H, then

setting Z “
ď

iPI

Zi and h : Z Ñ R by requiring that h|Zi
“ hi, for i P I, we have that pZ, hq is

in P and it is an upper bound for the chain. So by Zorn, P has a maximal element pZ, hq.

It suffices to show that Z “ X. Suppose not, and fix x P X{Z. Let W “ spanpZ Y txuq and
f :W Ñ R, fpz ` λxq “ hpzq ` λα, for z P Z, λ P R for some α P R. We seek α P R s.t. for all
w P W , fpwq ď ppwq. Then, pW, fq P P and pW, fq is strictly bigger than pZ, hq, which would
establish a contradiction.

Need: hpzq `λα ď ppz`λαq for all z, λ P R. Since p is positive homogeneous, this is equivalent
to: "

hpzq ` α ď ppz ` xq
hpzq ´ α ď ppz ´ xq

*
for all z in Z.

That is, hpyq ´ ppy ´ xq ď α ď ppz ` xq ´ hpzq for all y, z P Z. This holds since, for y, z P Z:

hpyq ` hpzq “ hpy ` zq ď ppy ` zq “ ppy ´ x` z ` xq ď ppy ´ xq ` ppz ` xq.

Definition 1.5. Let X be a real or complex vector space. A semi-norm on X is a functional
p : X Ñ R s.t.:

• for all x P X, ppxq ě 0

• for all x P X and all λ P R, ppλxq “ |λ| ¨ ppxq

• for all x, y P X, ppx` yq ď ppxq ` ppyq.

Note: Norm ùñ seminorm ùñ psub´ additive& positive homogeneousq
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Theorem 1.6 (Hahn Banach). Let X be a real of complex vector space and p be a semi-
norm on X. Let Y be a subspace of X and g : Y Ñ C linear s.t. for all y P Y |gpyq| ď ppyq.
Then there exists linear functional f on X s.t. f|Y “ g and for all x P X |fpxq| ď ppxq.

Proof.Lecture 2 Real case: for all y P Y gpyq ď |gpyq| ď ppyq. By Theorem 1.3 there exists linear
functional f : X Ñ R s.t. f|Y “ g and for all x P X fpxq “ ppxq. For x P X, we have also
´fpxq “ fp´xq ď pp´xq “ ppxq, so |fpxq| ď ppxq.

Complex case: Repgq : Y Ñ R, pReqpyq “ Repgpyqq, is real linear. For all y P Y

|Repgqpyq| ď |gpyq| ď ppyq. By the real case, there exists a real linear map h : X Ñ R s.t.
h|Y “ Repgq and for all x P X |hpxq| ď ppxq.

Claim: there exists unique complex linear map f : X Ñ C s.t. h “ Repfq.

Proof of claim: Uniqueness If we have such an f , then for any x P X, fpxq “ hpxq ` Impfq “
hpxq ` Imp´ifpixqq “ hpxq ´ ihpixq. Existence define fpxq “ hpxq ´ ihpixq, for x P X. Then
f is real linear and fpxq “ ifpxq for all x P X. Hence, f is complex linear and Repfq “ h, by
definition.

We have f : X Ñ C linear s.t. Repfq “ h. Then Repfq|Y “ h|Y “ Repgq, so by uniqueness
f|Y “ g. Given x P X, write |fpxq| “ λfpxq for some λ P C, |λ| “ 1; now, |fpxq| “ λfpxq “
fpλxq “ Repfqpλxq a “ hpλxq ď ppλxq “ |λ|ppxq “ ppxq.

a|fpxq| P R.

Remark. For a complex vector space Y , let YR be Y viewed as a real vector space. The proof
above shows that for a normed space, X, the map f ÞÑ Repfq : pX˚q Ñ pX˚

R
q is an isometric

isomorphism.

Corollary 1.7. Let X be a real or complex vector space, p a semi-norm on X and x0 P X.
Then there exists linear functional f on X s.t. fpx0q “ ppx0q and for all x P X |fpxq| ď
ppxq.

Proof. Let Y “ spantx0u, define g : Y Ñ pR,Cq gpλx0q “ λppx0q. Then g is linear and
gpx0q “ ppx0q, |gpλx0q| “ |λ| ¨ |ppx0q| “ ppλx0q. So for all y P Y |gpyq| ď ppyq. By Theorem
1.6, there exists linear function f on X s.t. f|Y “ g and for all x P X |fpxq| ď ppxq. Note that
fpx0q “ gpx0q “ ppx0q.

Theorem 1.8 (Hahn-Banach). Let X be a real or complex normed space.

• It Y is a subspace of X and g P Y ˚ then there exists f P X˚ s.t. f|Y “ g and
‖f‖ “ ‖g‖

• Given x0 P X{t0u, there exists f P SX˚
a s.t. fpx0q “ ‖x0‖.

aunit sphere.

Proof. (i) let ppxq “ ‖g‖ ¨ ‖x‖, for x P X. Then p is a semi-norm on X and for all y P Y ,
|gpyq| ď ‖g‖ ¨ ‖y‖. By Theorem 1.6 there exists linear functional f : X Ñ pR,Cq s.t.
f|Y “ g and for all x P X |fpxq| ď ppxq “ ‖g‖ ¨ ‖x‖, which implies ‖f‖ ď ‖g‖; since
f|Y “ g, we also have ‖f‖ ě ‖g‖, so we have the desired equality ‖f‖ “ ‖g‖.

(ii) Apply Corollary 1.7 with ppxq “ ‖x‖, to get a linear functional f on X s.t. for all x P X
|fpxq| ď ‖x‖ and fpx0q “ ‖x0‖. It follows that ‖f‖ “ 1.

Remark. 1. part (i) is a sort of linear version of Tietze’s extension theorem: given K compact,
Hausdorff, L Ď K closed, g : K Ñ pR,Cq continuous, there exists continuous f : K Ñ pR,Cq
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s.t. f|L “ g and ‖f‖8 “ ‖g‖8.

2. part (i) shows that for all x ‰ y P X there exists f P X˚ s.t. fpxq ‰ fpyq (use x0 “ x ´ y).
X˚ separates points of X. (This is a sort of linear version of Uryshon’s lemma: CpKq
separates points of K, K compact, Hausdorff).

3. The f in part (ii) is called a norming functional for x0. It shows that ‖x0‖ “ maxt|xx0, gy| :
g P BX˚ u. Another name for f : support functional at x0. Assume X is real, ‖x‖ “ 1. Then,
BX Ď tx P X : fpxq ď 1u.

Figure 1: Illustration of support a functional, see the remark above. The pre-image of 1 under f
is tangent to BX at x0.

Bidual Let X be a normed space. Then X˚˚ “ pX˚q˚ is called the bidual or second dual of X.
For x P X, we define px : X˚ Ñ scalar, by pxpfq “ fpxq, for all f P X˚ (evaluation at x). Then px is

linear, and | xpfq| “ |fpxq| ď ‖f‖ ¨ ‖x‖, so px P X˚˚ and ‖px‖ ď ‖x‖. The map x ÞÑ px : X Ñ X˚˚ is
called the canonical embedding of X into X˚˚.

Theorem 1.9. The canonical embedding of X into X˚˚ is an isometric isomorphism into
X˚˚.

Proof. Linearity: p {λx` µyqpfq “ fpλx`µyq “ λfpxq `µfpyq “ λpxpfq `µpypfq for all x, y P X,
λ, µ scalars and f P X˚

Isometry: if x P Xzt0u, then there exists norming functional f of x and so ‖px‖ ě |pxpfq| “
|fpxq| “ ‖x‖.

Remark. 1. In bracket notation: xf, pxy “ xx, fy (for x P X and f P X˚).

2. Let pX “ tpx : x P Xu-the image of X P X˚. Then, Theorem 1.9 says that X – pX Ď X˚˚.

We often identify pX with X and think of X isometrically as a subspace of X˚˚. Note that
X is complete ðñ pX is closed in X˚˚.

3. More generally, pX is a Banach space (closed in X˚˚) containing an isometric copy of X as a
dense subspace. We thus proved that normed spaces have completions.

Definition 1.10 (Reflexivity). A normed space X is called reflexive if the canonical em-
bedding X ãÑ X˚˚ is surjective.
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Examples 1.11. Examples: (Reflexivity)

1. ℓp, 1 ă p ă 8
Hilbert spaces
finite-dimensional normed spaces
Lppµq, 1 ă p ă 8 (later!)

2. c0, ℓ1, ℓ8, L1r0, 1s are not reflexive.

Remark. If X is reflexive, then X – X˚˚. Note however that there exist Banach spaces X s.t.
X – X˚˚ but X is not reflexive.

1.1 Dual Operators

Lecture 3 Let X,Y be normed spaces. Recall

BpX,Y q “ tT : X Ñ Y : T is linear and boundedu.

This is a normed space in the operator norm:

‖T‖XÑY “ sup
‖x‖Xď1

‖Tx‖Y .

If Y is complete, then so is pBpX,Y q, ‖¨‖XÑY q. For T P BpX,Y q, the dual operator of T, is the

map T˚ : X˚ Ñ Y ˚, T˚g “ g ˝ T for g P Y ˚1. In the bracket notation;

xx, T˚gy “ xTx, gy, for x P X, g P Y ˚.

T˚ is linear:

xx, T˚pλg ` µhqy “ xTx, λg ` µhy
“ λxTx, gy ` µxTx, hy
“ λxx, T˚gy ` µxx, T˚hy
“ pλT˚g ` µT˚hqpxq
“ xx, λT˚g ` µT˚hy.

T˚ is bounded:

‖T˚‖ “ sup
‖g‖Y ˚ ď1

‖T˚g‖

“ sup
‖g‖Y ˚ ď1

sup
‖x‖Xď1

‖g ˝ T pxq‖

“ sup
‖x‖Xď1

sup
‖g‖Y ˚ ď1

‖g ˝ T pxq‖

“ sup
‖x‖Xď1

‖Tx‖ “ ‖T‖ .

Remark. If X,Y are Hilbert spaces, and identify X,Y with X˚ and Y ˚ respectively, then T˚ :
Y Ñ X is the adjoint of T .

Examples 1.12. Example: 1 ă p, q ă 8, 1
p

` 1
q

“ 1, R : ℓp Ñ ℓq, the right shift

Rpx1, x2, . . . q “ p0, x1, x2, . . . q then R˚ : ℓq Ñ ℓp is the left shift.

Properties:

1. pIdXq˚ “ Id˚
X .

2. pλS ` µT q˚ “ λS˚ ` µT˚ for S, T P BpX,Y q, and λ, µ scalars.

3. pST q˚ “ T˚S˚ for T P BpX,Y q and S P BpY,Zq
pST q˚ph P Z˚q “ h ˝ S ˝ T “ T˚h ˝ S “ T˚S˚phq

1well-defined.
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4. T ÞÑ T˚ : BpX,Y q Ñ BpY ˚, X˚q is an into isometric isomorphism.

5. Let x P X then xg, T˚pxy “ xT˚g, pxy “ xx, T˚gy “ xTx, gy “ xg, xTxy for all g P Y ˚ ùñ
T˚˚px ” xTx. In other words, the following diagram

X Y

X˚˚ Y ˚˚

T

ιX ιY

T˚˚

commutes (vertical arrows are canonical embeddings).

Remark. From the (above) properties, if X „ Y then X˚ „ Y ˚.

1.2 Quotient Spaces

Let X be a normed space and Y be a closed subspace. Then the quotient space X{Y becomes
a normed space in the quotient norm:

‖x` Y ‖X{Y “ dpx, Y q “ inf
yPY

‖x` y‖ .

The quotient map : q : X Ñ X{Y, qpxq “ x ` Y is linear and bounded with ‖qpxq‖X{Y ď ‖x‖X
for all x P X, so ‖q‖ ď 1. It maps the open unit ball BX “ tx P X : ‖x‖ ă 1u onto B˝

X{Y .

Indeed, for x P B˝
X , then ‖qpxq‖ ď ‖x‖ ă 1. Conversely, if z P BX{Y and z “ qpxq, then

‖z‖ ă 1 ùñ inf
yPY

‖x` Y ‖ ă 1 ùñ there exists y P Y s.t. ‖x` y‖ ă 1 ùñ x ` y P B˝
X and

qpx` yq “ qpxq “ z. It follows that q is an open map and ‖q‖ “ 1 (provided Y ‰ X).

If Z is another normed space, T P BpX,Zq and Y Ď kerpT q, then there exists a unique map
T̃ : X{Y Ñ Z such that

X Z

X{Y

T

q
T̃

commutes. Hence, T “ T̃ ˝ q; moreover, T̃ is linear and T̃ pB˝
X{Y q “ T̃ pqpB˝

Xqq “ T pB˝
Xq and so it

follows that
∥

∥

∥
T̃
∥

∥

∥
“ ‖T‖.

Theorem 1.13. Let X be a normed space. If X˚ is separable, then so is X.

Remark. The converse is false in general. For instance, X “ ℓ1, X
˚ “ ℓ8.

Proof. Since X˚ is separable, then so is SX˚ . Let tfn : n P Nu be a dense subset of SX˚ . For
all n there exists xn P BX s.t. fnpxnq ą 1{2. Let Y “ spantxn : n P Nu.

Claim: suffices to show Y “ X.

Suppose not: Then, by Theorem 1.8 we can pick g P pX{Y q˚ with ‖g‖ “ 1, that is a norming
functional. Let f “ g ˝ q (q : X Ñ X{Y is the quotient map). Then ‖f‖ “ ‖g‖ “ 1 ùñ
f P SX˚ . By density, we have that there exists n P N s.t. ‖f ´ fn‖ ă 1

10
(something small). So

|pf ´ fnqpxnq| ď ‖f ´ fn‖ ¨ ‖xn‖ ă 1

10
,

but
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|pf ´ fnqpxnq| “ |fnpxnq| ą 1

2
, n Ñ 8,

a contradiction.

Theorem 1.14. Let X be a separable normed space. Then X embeds isometrically into
ℓ8.

Proof. Let txn : n P Nu be dense in X and for all n P N let fn P SX˚ with fnpxnq “ ‖xn‖
(wlog X ‰ t0u). Define T : X Ñ ℓ8, Tx “ pfnpxnqq. It is clear that T is linear.

Well-defined: |fnpxq| ď ‖fn‖ ¨ ‖x‖ ď ‖x‖, for all n P N which implies ‖Tx‖8 ď ‖x‖ ă 8, hence
Tx P ℓ8.

T isometric: already ‖Tx‖8 ď ‖x‖ for all x. Also, ‖Txn‖8 “ ‖xn‖ for all n. By density and
continuity, ‖Tx‖8 “ ‖x‖ for all x P X.

Remark.Lecture 4

1. The result says ℓ infty is isometrically universal for the class of separable Banach spaces,
SB.

2. Dual result: every separable Banach space is a quotient of ℓ1 (see the Example sheets).

Theorem 1.15 (Vector-valued Liouville). Let X be a complex Banach space and f : C Ñ X

be holomorphic and bounded, then f is constant.

Proof. We have that there exists M ě 0, s.t. for all z P C, ‖fpzq‖ ď M . Also, for

w P C, lim
zÑw

fpzq ´ fpwq
z ´ w

exists in X and we denote this by f 1pzq. Fix φ P X˚ and consider

φ ˝ f : C Ñ C. This is holomorphic and bounded.

Bounded: |φpfpzqq| ď ‖φ‖ ¨ ‖fpzq‖ ď ‖φ‖ ¨ ‖z‖ for all z P C.

Holomorphic:

φpfpzqq ´ φpfpwqq
z ´ w

“ aφ

ˆ
fpzq ´ fpwq

z ´ w

˙
Ñ φpf 1pzqq, as w Ñ bz.

Now, by scalar Liouville, φ ˝ f is constant. Hence, φ ˝ fpzq “ φpfp0qq for all z P C. Fixz P C,
φpfpzqq “ φpfp0qq, for all φ P X˚. SinceX˚ separates points ofX, fpzq “ fp0q for all z P C.

alinearity.
bφ is continuous.

1.3 Locally Convex Spaces

Definition 1.16 (Locally convex space (LCS)). A locally convex space is a pair pX,Pq,
where X is a real/complex vector space and P is a family of semi-norms on X that separate
points of X in the sense that for all x P X ‰ t0u there exists semi-norm PX P P s.t.
PX ‰ 0. The family P defines a topology on X:

U Ď X is open ðñ @x P U Dn P NDp1, . . . , pn P P
Dǫ ą 0 s.t. ty P X : pkpy ´ xq ă ǫ, 1 ď k ď nu Ď U .

Remark. 1. Vector addition and scalar multiplication are continuous.

2. This topology is Hausdorff.

3. xn Ñ x P X ðñ for all p P P, ppx´ xnq Ñ 0.
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4. Let Y be a subspace of X. Let PY “ tp|Y : p P Pu. Then the pair pY,PY q is a LCS and its
topology is the subspace topology induced by pX,Pq.

5. Let P,Q be families of semi-norms on X both separating points of X. We say P,Q are
equivalent, write P „ Q if they define the same topology on X. Then pX,Pq is metrisable
iff there exists countable family Q „ P.

Definition 1.17 (Fréchect space). AFréchet space is a complete metrisable locally convex
space.

Examples 1.18. 1. A normed space pX, ‖¨‖q is a LCS (here P “ t‖¨‖u).

2. Let U Ď C be non-empty open. Let OpUq “ tf : U Ñ C : f holomorphicu.
For K Ď U define PKpfq “ sup

zPK
|fpzq|. Let P “ tPK : K Ď U ,K compactu. Then

pOpUq,Pq is a LCS. Note further that there exists Kn, n P N, a sequence of compact

subsets of U s.t. U “
ď

nPN

Kn and for all n P N Kn Ă pKn`1q˝ (a compact exhaustion

of U). Montel’s Theorem from complex analysis gives that pOpUq,Pq is not normable:
there is no norm on OpUq that gives the same topology, that is the topology of local
uniform convergence. To see this, suppose for a contradiction that there exists norm
s.t. ‖¨‖ „ P, then for all f P BOpUq, for all p P P, ppfq ď Cp ¨ ‖f‖ :“ Cp ă 8 (since
τP “ τOpUq) which implies that that unit ball is compact (by the above and Montel’s
Theorem), hence sequentially compact due to the metrisability of the norm topology
on OpUq. So we conclude that OpUq is finite-dimensional, a contradition.

3. Fix d P N and a non-empty open set Ω Ď R
d. Let C8 “ tf : Ω Ñ R

d :
f is infinitely differentiableu. Given a multi-index, namely, a d´tuple α P N

d, it
defines a differential operator:

Dα “
ˆ B

Bx1

˙α1

¨ ¨ ¨
ˆ B

Bxn

˙αn

.

For a compact set K Ă Ω, α P N
d, define pk,αpfq “ supt|Dαfpzq| : z P Ku. Let

P “ tpk,α : K Ă Ω,K compact, α P N
du. Then pC8pΩq,Pq is a LCS. It’s a Fréchet

space and non-normable.

Lemma 1.19. Let pX,Pq, pY,Qq be LCS and T : X Ñ Y be a linear map. Then the
following are equivalent (TFAE):

(i) T is continuous.

(ii) T is continuous at 0.

(iii) For all q P Q there exists n P N, p1, . . . , pn P P, c ą 0 s.t.

qpTxq ď C ¨ max
1ďkďn

pkpxq for all x P X.

Proof. (i) ðñ (ii): translation is continuous since vector addition is continuous.

(ii) ðñ (iii): given q P Q, let V “ ty P Y : qpyq ď 1u. Then V is a neighbourhood of zero in
Y , so there exists a nbhd of zero in X s.t. T pXq Ď V. Then there exists n P N, p1, . . . , pn P P,
ǫ ą 0 s.t. wlog U “ tx P X : pkpxq ď ǫ, 1 ď k ď nu. Let ppxq “ max

1ďkďn
pkpxq, for x P X. If

ppxq “ 1 then ppǫxq “ ǫ ùñ ǫx is in U . So qpTxq ď 1 ùñ qpTxq ď 1
ǫ
ppxq by homogeneity

for any x s.t. ppxq ą 0. If ppxq “ 0 ùñ ppλxq “ 0 for all λ scalars giving qpT pλxqq ď 1 for all
λ scalars. Hence, qpTxq ď 1

ǫ
ppxq, concluding the proof of this equivalence.

(iii) ðñ (ii): Let V be a nbhd of zero in Y . Then, there exists n P N, q1, . . . , qn P Q and ǫ ą 0
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s.t. wlog V “ ty P Y : qjpyq ď ǫ for 1 ď j ď nu. For each 1 ď j ď n, there exists mj P N,
pj1, . . . , pjmj

P P, Cj ą 0 s.t. qjpTxq ď Cj ¨ max
1ďiďmj

pjipxq for all x P X. Finally, let

U “ tx P X : pjipxq ă ǫ
Cj
, 1 ď i ď mj , 1 ď j ď nu so then T pUq Ď V.

Definition 1.20. Let pX,Pq be a LCS. The dual space of X is the space X˚ of all linear
functionals which are continuous wrt the topology pX,Pq.

Lemma 1.21.Lecture 5 Let f be a linear functional on a LCS pX,Pq. Then f is in X˚ ðñ ker f
is closed.

Proof. ðù : ker f “ f´1pt0uq is closed if f is continuous.

ùñ : If ker f “ X, then f ” 0 is continuous.
Assume ker f ‰ X and fix x0 P Xz ker f . Since Xz ker f is open, there exists
n P N,p1, . . . , pn P P and ǫ ą 0 s.t. tx P X : pkpx ´ x0q ă ǫ, 1 ď k ď nu Ď Xz ker f .
Let U “ tx P X : pkpxq ă ǫ, 1 ď k ď nu. Then U is a nbhd of zero in X, and
px0 ` Uq X ker f “ H.

Note that U is convex and, in the real case, symmetric (x P U implies ´x P U). In the complex
case, balanced (x P U , |λ| ď 1 implies λx P U), and hence so is fpUq as f is linear. If fpUq is
not bounded, then fpUq is the whole scalar field, and hence so is fpx0 ` Uq “ fpx0q ` fpUq,
a contradiction as zero is not in fpx0 ` Uq. So there exists M ą 0 s.t. |fpxq| ă M for all
x P U . So given δ ą 0, δ

M
U is a nbhd of zero in X and f

`
δ
M
U

˘
Ď tλ scalar, λ ă δu. Thus, f is

continuous at zero, hence everywhere. Thus f is in X˚.

Theorem 1.22. Let pX,Pq be a LCS.

(i) Given a subspace Y of X and g P Y ˚, there exists f P X˚ s.t. f|Y “ g.

(ii) Given a closed subspace Y of X and x0 P XzY , there exists f P X˚ s.t. f|Y “ 0
and fpx0q ‰ 0.

Remark. So X˚ separates the points of X.

Proof. (i) by lemma 1.19, there exists n P N, p1, . . . , pn P P and C ą 0 s.t. for all y P Y
|gpyq| ď C ¨ max

1ďkďn
pkpyq. Let ppxq “ C max

1ďkďn
pkpxq, for x P X. Then, p is a semi-norm on

X and for all y P Y |gpyq| ď ppyq. By Theorem 1.6, there exists a linear functional f on
X s.t. f|Y “ g and for all x P X, |fpxq| ď ppxq. Now, finally observe that by lemma 1.19,
f is in X˚.

(ii) Let Z “ spanpY Y tx0uq and define a linear functional g on Z by gpy ` λx0q “ λ, for
y P Y and λ scalar. Then g|Y “ 0, gpx0q “ 1 ‰ 0 and ker g “ Y is closed, so g P Z˚ by
lemma 1.21. By part (i), there exists f P X˚ s.t. f|Z “ g and this works.

2 Dual Spaces of Lppµq and CpKq

Let pΩ,F , µq be a measure space. For ďă p ă 8,

Lppµq “
"
f : Ω Ñ scalar : f is measurable and

ż

Ω

|f |pdµ ă 8
*

This is a normed space in the LP norm ‖f‖p “
`ş

Ω
|f |pdµ

˘ 1

p .

p “ 8: A measurable function f : Ω Ñ scalar is essentially bounded if there is N P F , µpNq “ 0,

and f|ΩzN is bounded.

9
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L8pµq “ tf : Ω Ñ scalar : f measurable and essentially boundedu. This is again a normed
space in the L8´ norm:

‖f‖8 “ essup |f | “ inf

#
sup
ΩzN

|f | : N P F , µpNq “ 0

+
.

The inf is attained: there exists N P F , µpNq “ 0, ‖f‖8 “ sup
ΩzN

|f |.

In all the cases, we identify functions f, g if f “ g a.e.

Theorem 2.1. Lppµq is complete for 1 ď p ď 8.

Proof. Can be found in any standard reference in measure theory, see the literature provided.

2.1 Complex Measures

Let Ω be a set, F a σ´field on Ω. A complex measure on F is a countably additive function
ν : F Ñ C. For A P F , the total variation measure |ν| of ν is defined as follows:

|νpAq| “ sup

#
nÿ

k“1

: A “
nď

k“1

Ak is a measurable partition of A

+
2.

Then, |ν| : F Ñ r0,8s is a positive measure. Later we see that |ν| is a finite measure. The total
variation of ν is ‖ν‖1 “ |ν|pΩq.

Continuity: if ν is a complex measure on F and pAnq Ď F , then:

(i) if An Ď An`1, then νp
ď

n

Anq “ lim
nÑ8

νpAnq

(ii) if An`1 Ď An, then νpXnq “ lim
nÑ8

νpAnq.

Signed measure: Ω a set, F a σ´algebra on Ω.
A signed measure on F is a countably additive set function ν : F Ñ R.

Theorem 2.2 (Hahn decomposition). Let Ω be a set, F a σ´algebra on Ω, ν a signed
measure on F . Then there exists a measurable partition P Y N of Ω s.t. for all A P F ,
A Ď P implies νpAq ě 0 and for all A P F , A Ď N implies νpAq ď 0.

Remark. 1. The decomposition Ω “ P YN is called the Hahn decomposition of ν (or of Ω).

2. Lets us define ν`pAq “ νpA X P q, ν´pAq “ ´νpA X Nq, for A P F . Then ν`, ν´ are finite
positive measures such that ν “ ν` ´ν´ and |ν| “ ν` `ν´. These determine ν`, ν´ uniquely
and ν “ ν` ´ ν´ is the Jordan decomposition of ν.

3. If ν is a complex measure on F then Repνq, Impνq are signed measures with Jordan decom-
positions ν1 ´ ν2 ` ipν3 ´ ν4q-the Jordan decomposition of ν. Then νk ď |ν|, 1 ď k ď 4 and
|ν| ď ν1 ` ν2 ` ν3 ` ν4. So |ν| is a finite measure.

4. If ν is a signed measure on F with Jordan decomposition ν` ´ ν´, then ν`pAq “ suptνpBq :
B P F , B Ď Au, for A P F .

Proof of Theorem 2.2. The strategy is to define ν`pAq “ suptνpBq : B P F , B Ď Au for A P F .
Then ν` ě 0 and ν` is finitely additive.

Key step: ν`pΩq ě 0.

By contradiction, assume not; construct sequences pAnq, pBnq with A0 “ Ω, ν`pAnq “ 8,

2Ak P F , Aj X Ak “ H @j ‰ k.

10
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Bn Ă An and νpBnq ą n. Now by the finite additivity of ν`, pick An`1 “ Bn or AnzBn, to
ensure the initial condition pν`pAn`1q “ 8q is satisfied.

Claim: this will contradict σ´additivity.

To see this, note that pAnq is by construction a decreasing sequence wrt inclusion. By
σ´additivity of ν, νpXnAnq “ lim

nÑ8
νpAnq. Thus, it cannot be the case that An`1 “ Bn

infinitely often, since νpXnAnq ă 8 (being a signed measure). Thus, there exists N P N s.t.
for all n ě N , An`1 “ AnzBn. Now, νpAkq “ νpAkzBkq ` νpBkq ą νpAk`1q ` k ą νpAk`1q for
k ě N and so νpAkq ă νpAk´1q ´ k ă νpAN q ´ k, k Ñ ´8, a contradiction.

Claim: there exists P P F s.t. ν`pΩq “ νpP q.

By approximation, take pAnq s.t. νpAnq ą ν`pΩq ´ 2´n. We will see that the choice

P “
ď

n

č

měn

Am works. Let N “ ΩzP . By σ´additivity of ν, have that νpP q “

lim
nÑ8

ν

˜ č

měn

Am

¸
. Now, for j ě n, consider

č

nďmďj

Am, we first see that

ν

˜ č

nďmďn`1

Am

¸
“ ´νpAn YAn`1q ` νpAnq ` νpAn`1q

ą ´ν`pΩq ` 2ν`pΩq ´ 2´n ´ 2´n´1 ą ν`pΩq ´ 2´n´1.

By inducting, we see that:

ν

˜ č

nďmďn`p

Am

¸
ą ν`pΩq ´

pÿ

m“0

2´n´m.

and so

ν

˜ č

nďm

Am

¸
“ lim

pÑ8
ν

˜ č

nďmďn`p

Am

¸
ą ν`pΩq ´

8ÿ

m“0

2´n´m “ ν`pΩq ´ 2´n.

which allows us to conclude that νpP q “ ν`pΩq upon taking limits.

Now, with N “ ΩzP , define the set functions ν˘ : F Ñ R by ν`pEq “ νpE X P q and
ν´pEq “ νpE XNq for E P F .

Observe first that ν´ ď 0. Indeed, suppose there exists E P F such that νpE XNq ą 0. Then,
we see that ν`pΩq “ ν`pP q ă νpE X Nq ` νpP q “ νppE X Nq Y P q ď ν`pΩq, a contradiction.
Thus, ν´ is a negative measure.

Claim: νpNq “ inftνpEq : E P Fu.

Suppose otherwise, then there exists E P F s.t. νpEq ă νpNq, which implies
νpΩzEq “ νpΩq ´ νpEq ą ´νpNq ` νpΩq “ νpP q and so νpΩzEq ą νpP q, a contradic-
tion.

Now, we can prove ν` ě 0. Indeed, suppose there exists E P F such that νpE XP q ă 0. Then,
we see that νpNq ď νppE X P q YNq “ νpNq ` νpE X P q ă νpNq, a contradiction. Thus, ν` is
a positive measure.

Claim: ν´pEq “ inftνpAq : A Ď E,A P Fu.

Suppose otherwise, then there exists E P F s.t. νpAq ă νpE X Nq, which implies
νpA X Nq ă νpA X P q ` νpA X Nq “ νpAq ă νpE X Nq and so νpA X Nq ă νpE X Nq and so
νppEzAq XNq “ νpE XNzAXNq ą 0 a contradiction.

11
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Finally, we observe that

Claim: ν`pEq “ suptνpAq : A Ď E,A P Fu.

Suppose otherwise, then there exists E P F s.t. νpAq ą νpE X P q, which implies νpE X P q ă
νpAq “ νpAXP q ` νpAXNq ă νpAXP q and so νpE XP q ă νpAXP q and so νppEzAq XP q “
νpE X P zAXqq ă 0 a contradiction, and we finally obtain the desired decomposition.

Definition 2.3 (Absolute Continuity).Lecture 6 Let pΩ,F , µq be a measure space, and let ν : F Ñ C

be a complex measure. ν is absolutely continuous wrt µ, written ν ăă µ if for all A P F ,
µpAq “ 0 ùñ νpAq “ 0.

Remark. 1. ν ăă µ ùñ |ν| ăă µ. So if ν has Jordan decomposition ν “ ν1 ´ ν2 ` ipν3 ´ ν4q
and ν ăă µ, then νk ăă µ, 1 ď k ď 4.

2. If ν ăă µ, then for all ǫ ą 0, there exists δ ą 0 s.t. for all A P F µpAq ă δ ùñ |νpAq| ă ǫ.

Examples 2.4. Example: For f in L1pµq define νpAq “
ż

A

fdµ, A P F . By the Theorem

of Dominated Convergence (DCT), ν is a complex measure and µpAq “ 0 ùñ νpAq “ 0,
i.e. ν ăă µ.

Definition 2.5. A set in F is said to be a σ´finite set (wrt µ) if there is a sequence

pAnqnPN P F s.t. A “
ď

nPN

An and for all n P N, µpAnq ă 8. We say µ is σ´finite if Ω is

a σ´finite set.

Theorem 2.6 (Radon-Nikodym). Let pΩ,F , µq be a σ´finite emasure space and ν : F Ñ C

be a complex measure s.t. ν ăă µ. Then there exists a unique f P L1pµq s.t. νpAq “
ż

A

fdµ

for all A P F . Moreover, f takes values in C{R{R` according to whether ν is a complex,
signed or positive measure respectively.

Proof. Uniqueness: standard.

Existence: wlog ν is a finite positive measure (Jordan decomposition) and wlog µ is a finite
measure (σ´finiteness).

Let H “ th : Ω Ñ R
` : h integrable and

ş
A
hdµ ď νpAq @A P Fu. H ‰ H (0 P H) and

h1, h2 P H implies h1 _ h2 “ maxth1, h2u is in H. Also, if phnq are in H s.t. hn Ò h, then h is

in H. Let α “ sup
hPH

ż

Ω

fdµ, 0 ď α ď νpΩq.

Claim: there exists f P H s.t. α “
ş
Ω
fdµ.

We construct such an f P H. Take fn P H s.t.
ş
A
gndµ ď νpAq, for all A P F and

ş
Ω
fndµ Ñ α.

The same holds if we replace fn by f1 _ ¨ ¨ ¨ _ fn, and so wlog we can assume the sequence
is non-decreasing. Now, by induction, there exists sets E1, . . . , En P F pairwise disjoint s.t.
nď

k“1

Ek “ Ω and gn “
nÿ

k“1

fj1Ej
and

ż

A

gndµ “
nÿ

j“1

ż

EjXA

fndµ ď
nÿ

j“1

νpEj X Aq “ νpAq. Since

gn is non-decreasing, take the pointwise supremum to obtain f0 :“ supn gn, which is in H by
the above, and is seen to work by inspection.

Now consider the signed measures ν1, ν2, pλnqnPN : F Ñ R, s.t. ν1 “ ν ´ ν2, ν2pAq “
ş
A
f0dµ

and λnpAq “ ν1pAq ´ 1
n
µpAq for all A P F . Then there exist (Hahn decomposition) pPnq, pNnq

in F s.t. Ω “ Pn Y Nn, Pn “ ΩzNn, s.t. λnpEq ě 0 for all E P F s.t. E Ď Pn. Now, for such

12
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E, we have λnpEq “ ν1pEq ´ 1
n
µpEq ě 0 and so νpEq “ ν1pEq ` ν2pEq ě

ş
E
f0dµ ` 1

n

ş
E
dµ.

Let f̃n “ f0 ` 1
n
1pPnq. Observe that for all E P F ,

ş
E
f̃ndµ “

ş
E
f0dµ ` 1

n

ş
EXPn

dµ ď νpEq
by the above and the fact that µ is a positive measure. We have by the above that f̃n is in H
for all n P N and α ď

ş
Ω
f̃ndµ ď α and so µpPnq “ 0 for all n P N. Thus, by σ´additivity,

µ

˜ď

n

Pn

¸
“ 0.

Let N “ Ωz
ď

n

Pn, then for all E P F s.t. E Ď N , λnpEq “ ν1pEq ´ 1
n
µpEq ď 0 for all n P N

and so ν1pEq ď 0, i.e. νpEq ď ν2pEq. The reverse inequality is obtained by observing that f0
is in H and so we see that νpEq “ ν2pEq for such E. Finally, since ν ăă µ, for all E P F ,
νpEq “ νpE XNq “ ν2pE XNq “ ν2pEq “

ş
E
f0dµ, which concludes the proof.

Remark. 1. Without assuming ν ăă µ, the proof shows that there exists a decomposition
(Lebesgue decomposition) ν “ ν1 ` ν2, where ν2pAq “

ş
A
fdµ, and ν2 K µ (orthogonal), i.e.

there exists a measurable partition Ω “ P Y N , s.t. µpP q “ 0 (µpAq “ 0, for all A Ď P ),
|ν2pP q| “ 0 (ν2pAq “ 0, for all A Ď N).

2. The unique f in Theorem 2.6 is the Radon-Nikodym derivative of ν wrt µ, denoted dν
dµ

. The

result says that νpAq “
ş
Ω
1Adν “

ş
A
fdµ “

ş
Ω
1A

dν
dµ
dν. Hence a measurable function g is

ν´integrable iff g dν
dµ

is µ´integrable and then
ş
Ω
gdν “

ş
Ω
g dν
dµ
dν.

2.2 The dual space of Lp

Let pΩ,F , µq be a measure space. Let 1 ď p ă 8 and 1 ă q ď 8 s.t. 1
p

` 1
q

“ 1. For

g P Lq “ Lqpµq, define φg : Lp Ñ scalars by φgpfq “
ş
Ω
fgdµ, for f P Lp. By Hölder, the product

fg is in L1pµq and |φgpfq| ď ‖f‖p ¨ ‖g‖q. So φg is well-defined and clearly linear, also bounded
with ‖φg‖ ď ‖g‖q and so φg is an element of L˚

p . So we have the map

φ : Lq Ñ L˚
p

g ÞÑ φg.

This map is linear and bounded with ‖φ‖ ď 1.

Theorem 2.7. Let pΩ,F , µq, p, q, φ be as above.

(i) If 1 ă p ă 8, then φ is an isometric isomorphism. So L˚
p – Lq.

(ii) If p “ 1 and µ is a σ´finite, then L˚
1 – L8.

Proof. Proof of (i): φ is isometric. Fix g P Lq. We know ‖φg‖ ď ‖g‖q. Let λ be a measurable

function s.t. |λ| “ 1 and λg “ |g|. Let f “ λ|g|q´1. Then, ‖f‖
p
p “

ş
Ω

|f |pdµ “
ş
Ω

|g|ppq´1qdµ

“
ş
Ω

|g|qdµ “ ‖g‖
q
q. Hence, ‖g‖

q
p
q ¨‖φg‖ ě |φgpfq| “

ş
Ω

|g|qdµ “ ‖g‖
q
q, so ‖φg‖ ě ‖g‖

q´ q
p

q “ ‖g‖q.

φ is onto: Fix ψ P L˚
p . We seek g P Lq s.t. ψ “ φg (Idea: ψp1Aq “

ş
A
gdµ).

Case 1: µ is finite.

Then for A P F and 1A P Lp so can define νpaq “ ψp1Aq. It is an easy check using the DCT
that ν : F Ñ C is indeed a complex measure and ν ăă µ. If A P F , µpAq “ 0, then 1A “ 0
almost everywhere (a.e.) in Lppµq, so νpAq “ ψp1Aq “ 0. Then ν ăă µ. By Theorem 2.6,
there exists g P L1pµq s.t. νpAq “

ş
A
gdµ for all A P F . So ψp1Aq “

ş
Ω
1Agdµ, for A P F .

Hence, ψpfq “
ş
Ω
fgdµ for all simple functions f . Now given f P L8pµq, there exists simple

fn Ñ f P L8pµq (hence in Lppµq since µ is finite). So ψpfnq Ñ ψpfq and fng Ñ fg P L1pµq,
using Hölder for p “ 1,8. So ψpfq “

ş
Ω
fgdµ for all f P L8pµq. For n P N, let An “ t|g| ď nu

and fn “ λ ¨ 1An
|g|q´1, where |λ| “ 1, λg “ |g|.

Now,
ş
Ω
fngdµ “

ş
An

|g|qdµ “ ψpfnq (as fn is in L8). ψpfnq ď ‖ψ‖ ¨ ‖fn‖p “ ‖ψ‖
´ş

An
|g|q

¯ 1

p

.
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By monotone convergence, we deduce that
´ş

An
|g|q

¯ 1

q ď ‖ψ‖ and hence that g is in Lq. Given

f P Lp, there exists fn Ñ f simple in Lp. So ψpfnq Ñ ψpfq and fng Ñ fg P L1 (Hölder for the
pair pp, qq). Hence, ψpfq “

ş
Ω
fgdµ, concluding the case where µ is finite.

Before we treat the more general case, observe that for A P F , let FA “ tB P F : B Ď Au
and µA “ µ|FA

, pA,FA, µAq is a measure space. Then LppµAq Ď Lppµq (where we identify
f P LppµAq with f ¨ 1A P Lppµq; this is an isometric embedding). Let ψ˚ “ ψ|LppµAq.

Claim: If A,B are in F s.t. AXB is empty, then
∥

∥ψ
A YB

∥

∥ “ p‖ψA‖
q ` ‖ψA‖

qq
1

q .
Lecture 7 Observe that a

p‖ψA‖
q ` ‖ψA‖

qq
1

q “ supta ‖ψA‖ ` b ‖ψB‖ : a, b,ě 0, ap ` bp ď 1u
“ supta|ψApfq| ` b|ψBpgq| : a, b,ě 0, ap ` bp ď 1, f P BLppµAq, g P BLppµBqu
“ supt|aψApfq ` bψBpgq| : a, b,ě 0, ap ` bp ď 1, f P BLppµAq, g P BLppµBqu.

Now, aψApfq`bψBpgq “ ψ
A YBpaf`bgq (embed f, g P Lppµq be extending f, g to zero outside

A,B respectively). Now, continuing the above we obtain

“ supt|ψ
A YBphq| : h P BLppµ

A YB qu “
∥

∥ψ
A YB

∥

∥

as required, concluding the proof of the finite case.

Case 2: µ is σ´finite.

There exists a measurable partition Ω “
ď

nPN

An, of Ω, s.t. µpAnq ă 8 for all n. By Case 1, for

all n P N, there exists gn P LqpµAq s.t. ψAn
“ ψgn , i.e. ψpfq “

ş
An

fgndµ, for all f P LppµAn
q.

By Claim 2,
nÿ

k“1

‖gk‖
q
q “

nÿ

k“1

‖ψAn
‖
q “

∥

∥ψŤ
n
k“1

Ak

∥

∥

q ď ‖ψ‖
q
. If we define g on Ω by setting

g “ gn on An, then g is in Lq. Thus, ψpfq “ ψgpfq for all f P Lppµnq, for all n. Hence,

ψpfq “ φgpfq on spant
ď

nPN

Lppµnqu “ Lppµq.

Case 3: general µ.

First assume that for f P Lppµq, tf ‰ 0u is σ´ finite. Indeed, tf ‰ 0u “
ď

nPN

t|f | ą 1

n
u and

µpt|f | ą 1
n

uq ď np ¨ ‖f‖pp ă 8 by Markov’s inequality.

Chose pfnq P BLp
s.t. ψpfnq Ñ ‖ψ‖. Then A “

ď

nPN

tfn ‰ 0u is σ´finite and

‖ψA‖ “ ‖ψ‖. By the claim previously established, ‖ψ‖ “
`
‖ψA‖

q `
∥

∥ψΩzA

∥

∥

q˘ 1

q . By
case 2, there exists a g P LqpµAq Ď Lqpµq s.t. φA “ φg. So for all f P Lppµq,
ψpfq “ ψApf|Aq ` ψΩzApf|ΩzAq “

ş
A
f|Agdµ “

ş
Ω
fgdµ (extend g in the usual sense.).

Proof of (ii) (µ is σ´ finite).

φ is isometric: Let g P L8. We know already that ‖φg‖ ď ‖g‖8 (Hölder). Fix s ă ‖g‖8. Then
µpt|g| ą suq ą 0. Since µ is σ´finite, there exists A Ď t|g| ą su s.t. 0 ă µpAq ă 8. Choose
a measurable function λ s.t. |λ| “ 1 and λg “ |g|. Then λg is in L1pµq, ‖λg‖1 “ µpAq. Now,
µpAq ¨ ‖φg‖ ě |φgpλ1Aq| “

ş
A

|g| ě sµpAq. We deduce ‖φg‖ ą s and so ‖φg‖ ě s and hence
‖φg‖ ě ‖g‖8.

φ is onto: Fix ψ P L˚
1 . Seek g P L8 s.t. ψ “ φg.

Case 1: µ is finite. Define νpAq “ ψp1Aq for all A P F and proceed in the same way as for p ą 1.

14
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Case 2: µ is σ´finite. This time we prove

Claim: If A,B are in F s.t. AXB is empty, then
∥

∥ψ
A YB

∥

∥ “ maxt‖ψA‖ , ‖ψB‖u.
Observe like before that b

maxt‖ψA‖ , ‖ψB‖u “ supta ‖ψA‖ ` b ‖ψB‖ : a, b,ě 0, ap ` bp ď 1u
“ supta|ψApfq| ` b|ψBpgq| : a, b,ě 0, a` b ď 1, f P BL1pµAq, g P BL1pµBqu
“ supt|aψApfq ` bψBpgq| : a, b,ě 0, a` b ď 1, f P BL1pµAq, g P BL1pµBqu
“ supt|ψ

A YBphq| : h P BL1pµAYBqu
“ ‖ψAYB‖

as required.

To conclude, proceed in an entirely analogous way using a measurable partition of Ω “
ď

nPN

An,

s.t. µAn
is a finite measure for all n P N. By Case 1, for all n P N, there exists gn P L8pµAn

q
s.t. ψAn

“ ψgn , i.e. ψpfq “
ş
An

fgndµ, for all f P L1pµAn
q. Now, by the previous claim,

∥

∥

∥

∥

∥

nÿ

k“1

gk1Ak

∥

∥

∥

∥

∥

8

“
∥

∥ψŤ
n
k“1

Ak

∥

∥ “ max
1ďkďn

‖ψAk
‖ ď ‖ψ‖ .

If we define g on Ω by setting g “ gn on An, then g is in L8 with ‖g‖8 ď ‖ψ‖. Thus,

ψpfq “ ψgpfq for all f P L1pµAn
q, for all n. Hence, ψpfq “ φgpfq on spant

ď

nPN

L1pµnqu “ L1pµq.

ausing the fact that pℓ2qq˚ ” ℓ2p.
busing the fact that pℓ2

1
q˚ ” ℓ28.

Corollary 2.8. For 1 ă p ă 8, for a measure space pΩ,F , µq Lppµq is reflexive.

Proof. Let ψ be in L˚˚
p . then g ÞÑ ψpφgq : Lq Ñ scalars is in L˚

q ( 1
p

` 1
q

“ 1). By Theorem

2.7(i), there exists f P Lp s.t. xφg, ψy “
ş
Ω
fgdµ “ xf, φgy “ xφg, pfy for all g P Lq. Then

ψ “ pf , since L˚
p “ tφg : g P Lqu.

2.3 CpKq spaces

Throughout, K is a compact, Hausdorff topological space. Define

CpKq “ tf : K Ñ C : f continuousu,
a complex Banach space in the sup-norm: ‖f‖8 “ sup

K

|f |.

CRpKq “ tf : K Ñ R : f continuous, u
is a real Banach space with norm ‖f‖8 “ supK |f |.

C`pKq “ tf P CpKq : f ě 0u.

Moreover,
MpKq “ CpKq˚,

is a complex Banach space in the operator norm.

MRpKq “ tφ P MpKq : φpfq P R,@f P CRpKqu,
is a closed, real-linear subspace of MpKq.

M`pKq “ tφ : CpKq Ñ C : φ is linearφpfq ě 0,@f P C`pKqu.
Elements of M`pKq are called positive linear functionals.
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Aim: identify MpKq,MRpKq.

Lemma 2.9. (i) For all φ P MpKq, there exist unique φ1, φ2 P MRpKq, φ “ φ1 ` iφ2

(ii) φ ÞÑ φ|CRpKq : M
RpKq Ñ pCRpKqq˚ is an isometric isomorphism.

(iii) M`pKq Ă MpKq and M`pKq “ tφ P MpKq : ‖φ‖ “ φp1Kqu.

(iv) For all φ P MRpKq, there exist unique φ`, φ´ P M`pKq s.t. φ “ φ` ´ φ´ and
‖φ‖ “ ‖φ`‖ ` ‖φ´‖.

Proof. (i) Let φ be in MpKq. Define φ : CpKq Ñ C, by φpfq “ φpfq. Then, φ is in MpKq
and φ is in MRpKq ðñ φ “ φa.

Uniqueness: assume φ “ φ1 ` iφ2 where φ1, φ2 P MRpKq. Then φ “ φ1 ´ iφ2 so

φ1 “ φ`φ
2
, φ2 “ φ´φ

2
.

Existence: check that the above works.

(ii) Let φ be in MRpKq. The fact that
∥

∥φ|CRpKq

∥

∥ ď ‖φ‖CpKq is clear. Let f be in BCpKq.

Choose λ P C, |λ| “ 1 and λφpfq “ |φpfq|. So |φpfq| “ φpλfq “ φpRepλfqq`iφpImpλfqq “
φpRepλfqq ď

∥

∥φ|CRpKq

∥

∥ ¨ ‖Repλfq‖8 ď
∥

∥φ|CRpKq

∥

∥.

Hence,
∥

∥φ|CRpKq

∥

∥ ě ‖φ‖. Finally, given ψ P pCRpKqq˚, define φpfq “ ψpRepfqq `
iψpImpfqq, for f P Cpkq. Then φ is in MpKq and φ|CRpKq “ ψ.

(iii)Lecture 8 M`pKq Ă MpKq: let φ be in M`pKq.
For f P CRpKq, ‖f‖8 ď 1 we have 1K ˘ f ě 0, so φp1K ˘ fq ě 0. So φpfq is in R and
|φpfq| ď φp1Kq. So φ|CRpKq is in pCRpKqq˚ and

∥

∥φ|CRpKq

∥

∥ “ φp1Kq. By (ii), φ is in
MpKq, ‖φ‖ “ φp1Kq.

M`pKq “ tφ P MpKq : ‖φ‖ “ φp1Kqu (”Ě”): let φ be in MpKq with ‖φ‖ “ φp1Kq.
Wlog, ‖φ‖ “ φp1Kq “ 1. Fix f P BCRpKq, let φpfq “ α ` iβ, with α, β P R.

Need: β “ 0. For t P R, |φpf ` it1Kq|2 “ α2 ` pβ` tq2 “ α2 `β2 ` 2βt ď ‖f ` it1K‖
2
8 ď

1 ` t2, so β “ 0. Given f P C`pKq, with 0 ď f ď 1 on K it follows that |2f ´ 1K | ď 1,
so ‖2f ´ 1K‖8 ď 1. So |φp2f ´ 1Kq| ď 1, i.e. ´1 ď 2φpfq ď 1, which implies φpfq ě 0.

(iv) Let φ be in MRpKq. Assume φ “ ψ1 ´ ψ2, where ψ1, ψ2 P M`pKq. For f, g P C`pKq
with 0 ď g ď f , ψ1pfq ě ψ1pgq “ φpgq `ψ2pgq ě φpgq. So ψ1pfq ě suptφpgq : 0 ď g ď fu.
Define for f in CpKq

φ`pKq “ suptφpgq : 0 ď g ď fu
Note that φ`pfq ě 0, φ`pfq ď ‖φ‖ ¨ ‖f‖8, φ`pfq ě φpfq. Furthermore, it is
easy to check that φ`pt1f1 ` t2f2q “ t1φ

`pf1q ` t2φ
`pf2q for all f1, f2 P C`pKq,

t1, t2 P R
`. Next, for f P CRpKq, write f “ f1 ´ f2, both in C`pKqb and define

φ`pfq “ φ`pf1q ´ φ`pf2q. This is well-defined and R´linear (check). Finally, for
f in CpKq, let φ`pfq “ φ`pRe fq ` iφ`pIm fq. Then φ` is C´linear and since
φ`pfq ě 0 for all f P C`pKq, we have φ` is in M`pKq. Define φ´ “ φ` ´ φ.
For f P C`pKq, φ`pfq ě φpfq implies that φ´ is in M`pKq and φ “ φ` ´ φ´.
‖φ‖ ď ‖φ`‖ ` ‖φ´‖ “ φ`p1Kq ` φ´p1Kq “ 2φ`p1Kq ´ φp1Kq. Given f P C`pKq with
0 ď f ď 1, ´1 ď 2f ´ 1 ď 1, so 2φpfq ´ φp1Kq “ φp2f ´ 1Kq ď ‖φ‖. Taking the
supremum over f , we deduce that 2φ`p1Kq´φp1Kq “ φp2f´1Kq. So ‖φ‖ “ ‖φ`‖`‖φ´‖.

Uniqueness: Assume φ “ ψ1 ´ ψ2, where ψ1, ψ2 are in M`pKq and ‖φ‖ “ ‖ψ1‖ ` ‖ψ2‖.
From initial observation, ψ1 ě φ` on C`pKq and so ψ2 “ ψ1 ´ φ ě φ` ´ φ “ φ´ on
C`pKq. Hence, ψ1 ´ ψ` “ ψ2 ´ φ´ is in M`pKq. By (iii), ‖ψ1 ´ ψ`‖ ` ‖ψ2 ´ ψ´‖ “
ψ1p1Kq ´ φ`p1Kq ` ψ2p1Kq ´ φ´p1Kq “ ‖ψ1‖ ` ‖ψ2‖ ´ ‖φ`‖ ´ ‖φ´‖ “ ‖φ‖ ´ ‖φ‖ “ 0.
Thus, ψ1 “ φ`, ψ2 “ φ´.
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acheck!
be.g. f1 “ f _ 0, f2 “ p´fq _ 0.

2.4 Topological Preliminaries

We begin with some definitions and key topological results that will be useful in obtaining the
characterisation of the dual spaces pCpKqq˚.

1. K being compact, Hausdorff is normal: given disjoint closed sets E,F there exists disjoint
open sets U ,V P K s.t. E Ă U , F Ă V. Equivalently, given E Ă U Ď K, E closed, U open,
there exists V open s.t. E Ă V Ď U (use normality in E,KzU).

2. Urysohn Lemma: given disjoint closed sets E,F P K, there exists a continuous function
f : K Ñ r0, 1s s.t. f|E “ 0 and f|F “ 1.

3. Notation: f ă U means U Ď K open f : K Ñ r0, 1s is continuous and the support of f
supppfq “ tx P K : fpxq ‰ 0u Ď U . E ă U means E is a closed subset of K, f : K Ñ r0, 1s
continuous and f|E “ 1.
Urysohn says: E Ď U Ď K, E closed, U open, then there exists a continuous function f s.t.

E ă f ă U (E Ď V Ď V Ď U , V open and apply Urysohn to E,F “ KzV).

Lemma 2.10. Let E,U1 . . .Un be subsets of K (n P N), E closed, Uj open for 1 ď j ď n

s.t. E Ď Yn
j“1Uj. Then

(i) there exist open sets Vj , 1 ď j ď n, s.t. Vj Ď Uj for all j and E Ď Yn
j“1Vj.

(ii) there exist fj ă Uj , 1 ď j ď n, s.t. 0 ď
nÿ

j“1

fj ď 1 on K and
řn

j“1 fj “ 1 on E.

Proof. (i) We proceed by induction on n.

n “ 1: is just a restatement of normality of K.

n ą 1: EzU\ Ď
ď

jăn

Uj , so by induction there exist open sets Vj , j ă n, s.t. Vj Ď Uj and

EzUn Ď YjănVj . So Ez Yjăn Vj Ď Un and so by normality, there exists open Vn s.t.
Ez Yjăn Vj Ď Vn Ď Vn Ď Un.

(ii) Let Vj be as in part (i). By Urysohn, there exists hj s.t. Vj ă hj ă Uj for 1 ď j ď n,

and there exists h0 s.t. Kz
nď

j“1

Vj ă h0 ă KzE.

Let h “ h0 `
nÿ

j“1

hj . Then h ě 1 on K. Let fj “ hj

h
for all j. Then 0 ď

nÿ

j“1

fj ď 1 on K

and
nÿ

j“1

fj “ 1 on E where fj ă Uj for all j.

2.5 Borel Measures

Let X be a Hausdorff space. Let G be the family of open sets in X. The Borel σ´algebra of X
is B “ σpGq, the σ´algebra generated by G. members of B are called Borel sets. A Borel measure
on X is a (positive) measure µ on B. we say µ is regular if

(i) µpEq ă 8 for all E Ď X, E compact.

(ii) µpAq “ inftµpUq : A Ď U P Gu for all A P B.

(iii) µpUq “ suptµpEq : E Ď U , E compactu.

17
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A complex Borel measure ν is regular if |ν| is regular. If X is compact, Hausdorff, then a Borel
measure µ on X is regular

ðñ µpXq ă 8 and µpAq “ inftµpUq : A Ď U P Gu for all A P B.
ðñ µpXq ă 8 and µpAq “ suptµpEq : E Ď A,E closedu for all A P B.

2.6 Integration with respect to complex measures

Let Ω be a set, F a σ´algebra on Ω and ν a complex measure on F . Then ν has Jordan
decomposition ν “ ν1 ´ ν2 ` ipν3 ´ ν4q. Say a measurable function f : Ω Ñ C is ν´integrable if f
is |ν|´integrable (i.e.

ş
Ω

|f |d|ν| ă 8) iff f is νk´integrable for all k. So we define

ż

Ω

fdν “
ż

Ω

fdν1 ´
ż

Ω

fdν2 ` i

ż

Ω

fdν3 ´ i

ż

Ω

fdν4.

Lecture 9 Properties:

1.
ş
Ω
1Adν “ νpAq, for all A P F .

2. Linearity: if f, g : Ω Ñ C are ν´integrable, a, b P C, then af ` bg is ν´integrable andş
Ω

paf ` bgqdν “ a
ş
Ω
fdν ` b

ş
Ω
gdν.

3. Dominated Convergence (DC): let pfnqnPN, f, g, be emasurable functions s.t. fn Ñ f a.e.

(wrt |ν|) and g is in L1p|ν|q and for all n |fn| ď g then f is ν´integrable and
ş
Ω
fndν Ñ

ş
Ω
fdν

(True for νk for all k, so true for ν).

4.
ˇ̌ş
Ω
fdν

ˇ̌
ď

ş
Ω

|f |d|ν| for all f P L1pνq (True for simple functions by 1&2 and for general f ,
use DCT).

Let ν be a complex Borel measure on K (compact, hausdorff). Then for f continuous, then

ż

K

|f |d|ν| ď ‖f‖ ¨ |ν|pKq.

So, f is ν´integrable. Define φ : CpKq Ñ C by φpfq “
ş
K
fdν. Then φ is in MpKq and

‖φ‖ ď |ν|pKq “ ‖ν‖1 (TV norm). If ν is a signed measure, then φ is a member of MRpKq. If ν is
a positive measure, then φ is in M`pKq.

Theorem 2.11 (Riesz Representation Theorem). For every φ P M`pKq, there exists
a unique regular Borel measure µ on K that represents φ, i.e. φpfq “

ş
K
fdµ for all

continuous f . Moreover,

‖φ‖ “ µpKq “ ‖µ‖1 TV norm of µ.

Proof. Uniqueness: Assume µ1, µ2 both represent φ. Let E Ď U Ď K, where E is closed
and U is open, then by Urysohn, there exists f continuous s.t. E ă f ă U . Now,
µ1pEq ď

ş
K
fdµ1 “ φpfq “

ş
K
fdµ2 ď µ2pUq. Take infemum over U open and use regularity

to deduce that µ1pEq ď µ2pEq, and by symmetry µ1pEq “ µ2pEq agree on closed sets, and we
conclude that µ1 “ µ2 for all A P F by regularity from below.

Existence: Define for U P G (i.e. U open), µ˚pUq “ suptφpfq : f ă Uu. Note that
µ˚pUq ě 0, and for V Ě U , U ,V P G, then µ˚pVq ě µ˚pUq and hence µ˚pUq ď µ˚pKq
but µ˚pKq “ φp1Kq (f ă K implies f ď 1K and φ is in M`pKq). It follows that for
U P G, µ˚pUq “ inftµ˚pUq : A Ď U P Gu. Extend the definition of µ˚: for A Ď K let
µ˚pAq “ inftµ˚pUq : A Ď U P Gu.

Claim:µ˚ is an outer measure.

We easily have that µ˚pHq “ 0 and for all A Ď B Ď K µ˚pAq ď µ˚pBq. It remains to show
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that if for all n in N

pAnq Ď K, then µ˚

˜ ď

nPN

An

¸
ď

ÿ

n

µ˚pAnq.

To see this, first fix Un P G for n P N and let U “
ď

nPN

Un. Fix f ă U and let E “ supp f .

Then E Ď
ď

nPN

Un, by compactness, E Ď
nď

k“1

Uk for some n P N. By lemma 2.10, there exist

hj ă Uj , 1 ď j ď n,
nÿ

j“1

hj ď 1 on K and is equal to 1 on E. So f “
nÿ

j“1

fhj and hence

φpfq “
nÿ

j“1

φpfhjq ď
nÿ

j“1

µ˚pUjq ď
8ÿ

j“1

µ˚pUjq as fhj ă µ˚pUjq for all j.

Taking the supremum of f , we deduce µ˚pUq ď
8ÿ

j“1

µ˚pUjq. It follows easily that

µ˚

˜ ď

nPN

An

¸
ď ř

n µ
˚pAnq for arbitrary sets (just approximate using an ǫ

2n
argument).

We now let M be the set of µ˚´measurable subsets of K, then M is a σ´algebra and µ˚|M
is a measure on M.
Next we show that B Ď U . Enough to show that G Ď M. Let U be in G. We need to show:
µ˚pAq ě µ˚pA X Uq ` µ˚pAzUq for all A Ď K. First let A “ V P G. Fix f ă V X U , fix
g ă Vz supp f . Then f ` g ă V, and thus µ˚pVq ě φpf ` gq “ φpfq ` φpgq. Taking the
supremum over g, we get µ˚pVq ě φpfq`µ˚pVz supp fq ě φpfq`µ˚pV XUq. Now let A Ă K be
arbitrary. Fix V P G s.t. A Ď V, then µ˚pVq ě µ˚pV XUq `µ˚pV XUq ě µ˚pAXUq `µ˚pAzUq.
Taking the infinum over all such V, we have that µ˚pAq ě µ˚pAX Uq ` µ˚pAzUq.

Now, µ :“ µ˚|B is a Borel measure on K. We have that µpKq “ φp1Kq “ ‖φ‖ ă 8 and by
definition, µ is regular. It remains to show that

φpfq “
ż

K

fdµ

for all continuous f . It is enough to check that for all f P CRpKq and then to show that
φpfq ď

ş
K
fdµ (by applying the it to ´f).

Fix a ă b P R s.t. fpKq Ď ra, bs. Wlog, a ą 0, since φp1Kq “
ş
K
1Kdµ. Let ǫ ą 0; choose

0 ď y0 ă a ď y1 ă ¨ ¨ ¨ ă yn “ b s.t. yj ă yj`1 ` ǫ for all 1 ď j ď n. Let Aj “ f´1ppyj´1, yjsq.

Then, K “
nď

j“1

Aj and this is a measurable partition. Choose closed sets Ej and open sets Uj

s.t. Ej Ď Aj Ď Uj and µpUjzEjq ă ǫ
n
(by regularity) and fpUjq Ď pyj´1, yj ` ǫq. By lemma

2.10 there exist hj ă Uj , 1 ď j ď n,
nÿ

j“1

hj ď 1 on K. Now a

φpfq “
nÿ

j“1

φpfhjq ď
nÿ

j“1

pyj ` ǫqφphjq

ď
nÿ

j“1

pyj ` ǫqµpUjq ď
nÿ

j“1

pyj´1 ` 2ǫq
´
µpUjq ` ǫ

n

¯

ď
nÿ

j“1

yj´1µpUjq ` ǫpb` ǫq ` 2ǫµpKq ` 2ǫ2

“
ż

K

nÿ

j“1

yj´11Ej
dµ` Opǫq

ď
ş
K
fdµ` Opǫq.

Hence, φpfq ď
ş
K
fdµ, since ǫ ą 0 was arbitrary.
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ausing that f ď yj ď ǫ and hj ă Uj and φ P M`pKq.

Corollary 2.12. For every φ P MpKq, there exists a unique regular complex Borel measure
ν on K that represents φ, namely, φpfq “

ş
K
fdν for all continuous f . Moreover, ‖φ‖ “

‖ν‖1 and if φ is in MRpKq, then ν is a signed measure.

Proof. Existence: Apply lemma 2.9 and theorem 2.11 to obtain a regular complex Borel
measure ν that represents φ.

Need: ‖ν‖1 “ ‖φ‖.

Lecture 10 This will give uniqueness, if ν1, ν2 represent φ, then ν1 ´ ν2 represents φ ´ φ “ 0, then
‖ν1 ´ ν2‖1 “ 0, hence ν1 “ ν2. ‖φ‖ ď ‖ν‖1, was already done before Theorem 2.11. Take a

measurable partition K “
nď

j“1

Aj . Fix ǫ ą 0 and closed sets Ej , open sets Uj s.t. Ej Ď Aj Ď Uj ,

|ν|pUjzEjq ă ǫ
n
(|ν| is regular). Can also assume that Uj Ď Kz

ď

i‰j

Ei, for all 1 ď j ď n. Fix

λj P C s.t. |λj | “ 1, λjνpEjq “ |νpEjq|, 1 ď j ď n. By lemma 2.10, there exist hj ă Uj ,

1 ď j ď n,
nÿ

j“1

hj ď 1 on K. then for all j Ej ă hj . Hence,

ˇ̌
ˇ̌
ˇ

ż

K

˜
nÿ

j“1

λj1Ej
´

nÿ

j“1

λjhj

¸
dν

ˇ̌
ˇ̌
ˇ ď

nÿ

j“1

ż

K

|1Ej
´

nÿ

j“1

hj |d|ν|

ď
nÿ

j“1

|ν|pUjzEjq ă ǫ.

Now,

nÿ

j“1

|νpAjq| ď
nÿ

j“1

|νpEjq| ` ǫ “
nÿ

j“1

λjνpEjq ` ǫ

“
ż

K

nÿ

j“1

λj1Ej
dν ` ǫ ď

ˇ̌
ˇ̌
ˇ

ż

K

˜
nÿ

j“1

λjhj

¸
dν

ˇ̌
ˇ̌
ˇ ` 2ǫ

“
ˇ̌
ˇ̌
ˇφ

˜
nÿ

j“1

λjhj

¸ˇ̌
ˇ̌
ˇ ` 2ǫ

“ ‖φ‖ ¨
∥

∥

∥

řn
j“1 λjhj

∥

∥

∥

8
` 2ǫ ď ‖φ‖ ` 2ǫ

using the fact the the expression in the second to last line is a convex combination of function
with sup norm equal to one. Hence, it follows that ‖ν‖1 ď ‖φ‖.

Corollary 2.13. The space of regular complex Borel measures is a complex Banach space
in the ‖ν‖1 (total variation norm) and is isometrically isomorphic MpKq.
The space of regular real Borel measures is a real Banach space in the ‖ν‖1 (total variation
norm) and is isometrically isomorphic MRpKq.

3 Weak Topologies

Let X be a set and F be a family of function s.t. each f P F is a function f : X Ñ Yf , where
Yf is a topological space.

The weak topology σpX,Fq on X generated by F is the smallest topology on X s.t. each f P F
is continuous (is easily see to exist).

Remark. 1. S “ tf´1pUq : f P F ,U Ď Yfopenu is a sub-base of σpX,Fq. So V Ď X is open,
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i.e. it is in σpX,Fq iff for all x P V, there exist n P N, f1, . . . , fn P F and open sets Uj Ď Yfj

(open nbhds of fjpxq) for 1 ď j ď n s.t. x is in
nč

j“1

f´1pUjq Ď V.

2. If Sf is a sub-base in Yf , then tf´1pUq : f P F ,U P Sfu, is a sub-base for σpX,Fq.

3. If Yf is Hausdorff for all f P F and F separates points in X (i.e., for all x ‰ y, there exists
f P F s.t. fpxq ‰ fpyq). Then σpX,Fq is Hausdorff (easy to check).

4. Y Ď X, let FY “ tf|Y : f P Fu. Then σpY,FY q “ σpX,Fq|Y (check!).

5. Universal property: let Z be a topological space and q : Z Ñ X be a function. Then g is
continuous iff f ˝ g : Z Ñ Yf is continuous for all f P F .

Examples 3.1. 1. Let X be a topological space, let Y Ď X and ι : Y Ñ X be the
inclusion map. Then, σpY, tιuq is the subspace topology of Y .

2. let Γ be a set, Xγ a topological space for all γ P Γ and X “
ź

γPΓ

Xγ “ tX :

X is a function on Γ s.t. @γ P Γ, xpγq P Xγu. For x P X, γ P Γ we often write
xγ for xpγq. We think of x as the ”Γ´tuple”, pxγqγPΓ. For each γ we have
πγ : X Ñ Xγ , x ÞÑ xγ ppxδqδPΓq the evaluation at γ, or projection onto Xγ . The
weak topology σpX, tπγ : γ P Γuq is called the product topology on X. V is open iff for
all x “ pxγqγPΓ P V, there exist n P N, γ1, . . . , γn P Γ and open neighbourhoods Uj of
xγj

inXγj
s.t.

ty “ pyγqγPΓ P X : yγj
P Uj , 1 ď j ď nu Ď V

.

Proposition 3.2. Let X be a set. For each n P N, let pYn, dW q be a metric space and
fn : X Ñ Yn be a function s.t. F “ tfn : n P Nu separates points of X. Then σpX,Fq is
metrisable.

Proof. Define

dpx, yq “
8ÿ

n“1

minp|fnpxq ´ fnpyq|, 1q ¨ 2´n, for x, y in X.

This is a metric on X (easy to check) (F separating points implies that for x ‰ y, dpx, yq ą 0).
Fiven ǫ P p0, 1q and dpx, yq ă ǫ

2n
, then |fnpxq ´ fnpyq| ă ǫ. So each fn is continuous wrt the

topology τ induced by d. So σ “ σpX,Fq Ď τ . Fix x P X, then y ÞÑ minp|fnpxq´fnpyq|, 1q¨2´n

is σ´continuous. By the Weierstrass M-test,
8ÿ

n“1

minp|fnpxq ´ fnpyq|, 1q ¨ 2´n is univormly

convergent, hence σ´continuous. So, ty P X : dpy, xq ă ǫu is σ´open. Hence, τ Ď σ and
τ “ σ.

Theorem 3.3 (Tychonov). The product of compact topological spaces is compact in the
product topology.

Proof. We have X “
ź

γPΓ

Xγ as in examples 3.1. Assume each Xγ is compact. Let F be a

family of closed subsets of X with the finite intersection property (FIP). We need to show thatč

FPF

F ‰ H (equivalent to compactness).

By Zorn, there exists a maximal family A of subsets of X s.t. F Ď A and A has the FIP
(M “ tA Ď PpXq : A Ě F & A has the FIPu, and every chain has a maximal element.
Check!).

We will show that
č

APA

A ‰ H.
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Note:

1. A1, . . . , An P A implies that A “
nč

i“1

Ai is in A.

Indeed, for all B1, . . . , Bm P A, s.t. A X B1 X ¨ ¨ ¨ X Bm ‰ H so A Y tAu has the FIP.
Hence, A is in A.

2. B Ď X, B X A ‰ H for all A P A implies B is in A. Indeed, for A1, . . . , An P A s.t.
nď

i“1

Ai ‰ H and B X
nď

i“1

Ai ‰ H, then A Y tBu has the FIP and using maximality, we

conclude that B is in A.

Let γ P Γ. Then tπγpAq : A P Au has the FIP. Since Xγ is compact,
č

APA

πγpAq ‰ H.

Fix xγ P
č

APA

πγpAq ‰. Let x “ pxγqγPΓ and U be an open neighbourhood of x. We show

that U X A ‰ H for all A P A. Then x P A, for all A P A. Wlog, U “
nď

j“1

π´1
γj

pUjq for

n P N, γ1, . . . , γn P F , Uj is an open neighbourhood of xγj
P Xγj

. So Uj X
nď

j“1

π´1
γj

pAjq ‰ H for

all A P A, so π´1
γj

pUjq P A by note 2 above. By 1 above, U P A and hence, U X A ‰ H for all

A P A. We have thus demonstrated that for all A P A, x P A, which concludes the proof.

Lecture 11

3.1 Weak topologies on vector spaces

Let E be a real or complex vector space. Let F be a subspace of the space of all linear functionals
on E that separates points, i.e. for all x P E, x ‰ 0, then there exists f P F, fpxq ‰ 0. Consider the
weak topology σpE,F q. So U Ď E is open iff for all x P U , there exists n P N, f1, . . . , fn P F, ǫ ą 0
s.t. ty P E : |fjpy ´ xq| ă ǫ, 1 ď j ď nu Ď U . For f P F, x P E, pf pxq “ |fpxq|. Let
P “ tpf : f P F u. Then pE,Pq is a locally convex space (LCS) whose topology is σpE,F q.
So σpE,F q is Hausdorff and vector addition and scalar multiplication are continuous.

Lemma 3.4. Let E be as above, ler f, g1, . . . , gn be linear functionals on E s.t.
nď

j“1

ker gj Ď

ker f . Then f P spantg1, . . . , gnu.

Proof. Let K be the scalar field. Define T : E Ñ K
n by Tx “ pgjpxqqnj“1. Then kerpT q “

nď

j“1

ker gj Ď ker f and hence we have a factorisation

E K

K
n

f

T
h

with h linear, f “ h ˝ T . Then there exists pajpxqqnj“1 P K
n s.t. hpyq “

nÿ

j“1

ajyj for all y P K
n.

So for all x P E, fpxq “ hpTxq “
nÿ

j“1

ajgjpxq. So f “
nÿ

j“1

ajgj as required.
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Proposition 3.5. Let E,F be as above, let f be a linear function on E. Then f is σpE,F q´
continuous iff f P F . So, pE, σpE,F qq˚ “ F .

Proof. ðù : holds by definition.

ùñ : there exists an open neighbourhood U of 0 in E s.t. for all x P U , |fpxq| ă 1. Wlog,
(shrink U if necessary) U “ tx P E : |gjpxq| ă ǫ, 1 ď j ď nu for some n P N, g1, . . . , gn P F, ǫ ą 0.

If x P
nď

j“1

ker gj , then ambx P U for all scalars λ and hence |fpxq| “ |λ| ¨ |fpxq| ă 1 for all λ.

So fpxq “ 0. By lemma 3.4, f P spantg1, . . . , gnu.

Examples 3.6. 1. Let X be a normed space. The weak topology on X is the topology
σpX,X˚q on X. (X˚ annihilates points of X by Hahn-Banach). We sometimes write,
pX,wq for pX,σpX,X˚qq. Open sets in σpX,X˚q are called weak open, or w´open.
U Ď X is w´open ðñ for all x P U , there exists n P N, f1, . . . , fn P X˚, ǫ ą 0 s.t.
ty P X : |fjpy ´ xq| ă ǫ, 1 ď j ď nu.

2. Let X be a normed space. The weak star topology or w˚´topology on X˚ is the
topology σpX˚, Xq on X˚. Here, we are identifying X with its image in X˚˚ under
the canonical embedding. Open sets in σpX˚, Xq are called w˚´open and U Ď X˚ is
weak-* open iff for all f P U , there exist n P N, x1, . . . , xn P X, ǫ ą 0 s.t. ty P X˚ :
|gpxjq ´ fpxjq| ă ǫ, 1 ď j ď nu Ď U .

Properties:

1. pW,wq and pX˚, w˚q (this is (X˚, σpX˚, Xqq) are LCS and hence Hausdorff with continuous
vector space operations.

2. σpX,X˚q Ď ‖¨‖´topology with equality iff dimX ă 8.

3. σpX,X˚q Ď σpX˚, Xq Ď ‖¨‖, where equality in the first inclusion is achieved iff X is reflexive,
and for the latter iff dimX˚ “ dimX ă 8.

4. Let Y be a subspace of X. Then, σpX,X˚q|Y “ σpY, tf P X˚uq “ σpY, Y ˚q by Hahn-Banach.
Similarly, σpX˚˚, X˚q|X “ σpX,X˚q. So in other words, the canonical embedding X Ñ X˚˚

is also a weak-to-weak-* homeomorphism between X and pX.

Proposition 3.7. Let X be a normed space.

(i) A linear functional f on X is continuous in the weak topology iff f P X˚. So
pX,wq˚ “ X˚.

(ii) A linear functional f on X˚ is w˚´ continuous iff f P X, i.e. f “ px for some
x P X. So pX˚, w˚q˚ “ X. It follows that σpX˚, Xq “ σpX˚, X˚˚q iff X is reflexive.

Definition 3.8 (Weak Boundedness). Let X be a normed space, then a subset A Ď X is
weakly bounded if tfpxq : x P Au is bounded for all f P X˚ (iff for all w-neighbourhood of 0
in X, there exists λ ą 0 s.t. A Ď λU).
A subset B Ď X˚ is weak-* bounded if tfpxq : x P Bu is bounded for all x P X (iff iff for
all w˚-neighbourhood of 0 in X˚, there exists λ ą 0 s.t. B Ď λU).

3.2 Principle of Uniform Boundedness (PUB)

Let X be a Banach space, Y be a normed space and T Ď Bp,Yq. If T is pointwise boundedˆ
sup
TPT

‖Tx‖ for all x P X
˙
, then T is uniformly bounded

ˆ
sup
TPT

‖T‖ ă 8
˙
.
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Proposition 3.9. (i) A Ď X is weakly bounded implies that A is ‖¨‖´bounded.

(ii) B Ď X˚ is weak-* bounded and X is complete implies that B is ‖¨‖´bounded.

Proof. (ii) B Ď X˚ “ BpX, scalarsq, B weak-* bounded says B is pointwise bounded. So done
by PUB.
(i) pA “ tpx : x P Au Ď X˚˚ “ BpX˚, scalarsq. A weakly bounded iff pA is pointwise bounded
and so can conclude again by PUB.

Notation: We write xn
wÝÑ x if pxnqnPN converges to x in the weak topology (in some normed

space). Note that xn
wÝÑ x in X iff xxn, fy Ñ xx, fy for all f P X˚. We write fn

w˚

ÝÝÑ f in X˚ if
pfnqnPN converges to f in the weak-* topology (in some dual space) iff xx, fny Ñ xx, fy for all x P X.

Consequences of PUB: Let X be a Banach space, Y a normed space, pTnq a sequence in BpX,Y q.
If T : X Ñ Y is a function s.t. Tn Ñ T pointwise on X (i.e. Tnx Ñ Tx for all x P X), then
T P BpX,Xq, sup

nPN
‖Tn‖ ă 8 and ‖T‖ ď lim inf

n
‖Tn‖.

Proposition 3.10. Let X be a normed space.

(i) If xn
wÝÑ x in X, then sup

n
‖xn‖ ă 8 and ‖x‖ ď lim inf

n
‖xn‖.

(ii) If fn
w˚

ÝÝÑ f in X˚ and X is complete, then sup
n

‖fn‖ ă 8 and ‖f‖ ď lim inf
n

‖fn‖.

Proof. (ii) We have that fn Ñ f pointwise in X˚ “ BpX, scalarsq. Result follows by PUB.
(i) Since xn

wÝÑ x, pxn Ñ px pointwise in X˚˚ “ BpX˚, scalarsq and we conclude by PUB
again.

Lecture 12 For the above, the converse is not true. We can find a sequence that converges weakly but not
in the norm topology. For instance,

Examples 3.11. Example: In ℓp, 1 ă p ă 8, en “ p0, . . . , 0, 1, 0, . . . , 0q,

nth-entry

en
wÝÑ 0, but

clearly en
‖¨‖Û 0.

3.3 Hahn-Banach Separation Theorems

Let pX,Pq be a LCS. Let C be a convex subspace of X, s.t. 0 P intC. Then define µC : X Ñ
R, µC “ inftt ą 0 : x P tC.

Well-defined: 1
n
x Ñ 0 as n Ñ 8, so there exists n P N s.t. 1

n
x P C. µC is the Minkowski functional

(gauge functional) of C.

Examples 3.12. Example: If X is a normed space and C “ BX , then µC “ ‖¨‖.

Lemma 3.13. µC is positive homogeneous and sub-additive. Moreover, tx : µC ă 1u Ă C Ă
tx : µC ď 1u. The first inclusion is an equality if C open.

Proof. Positive homogeneous: for x P X, s, t,ą 0 we have sx P stC ðñ x P tC. Hence,
µCpsxq “ sµCpxq. A;so holds for s “ 0, since µCp0q “ 0.

Subadditivity: First an observation: µC ă t implies x P tC. Indeed, there exists t1 ă t s.t.

x P t1C. Then, x
t

“ p1 ´ t1

t
q ¨ 0 ` t1

t
¨ x
t1 P C by the convexity of C.
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Now, let x, y P X. Fix s ą µCpxq, t ą µCpyq. Then x P sC, y P tC. So,

x ` y “
´

s
s`t

¨ x
s

` t
s`t

¨ x
t

¯
ps ` tq P ps ` tqC by convexity. So µCpx ` yq ď s ` t, and

hence µCpx` yq ď µCpxq ` µCpyq.

Next, if µCpxq ă 1, then x P C by above. If C is open and x P C, then there exists n P N s.t.

p1 ` 1
n

qx P C, since p1 ` 1
n

qx nÑ8ÝÝÝÑ x and C open. Hence, µCpxq ď 1
1` 1

n

ă 1.

Finally, x P C implies that µCpxq ď 1. Then, by homogeneity, µCpp1 ´ 1
n

qxq ă 1 for all n, so
p1 ´ 1

n
qx P C for all n, since p1 ´ 1

n
qx Ñ x, the in case C is closed x P C.

Positive homogeneous: for x P R
n, s, t,ą 0 we have sx P stD ðñ x P tD. Hence,

µDpsxq “ sµDpxq. A;so holds for s “ 0, since µDp0q “ 0.

Subadditivity: First an observation: µD ă t implies x P tD. Indeed, there exists t1 ă t s.t.

x P t1D. Then, x
t

“ p1 ´ t1

t
q ¨ 0 ` t1

t
¨ x
t1 P D by the convexity of D.

Now, let x, y P R
n. Fix s ą µDpxq, t ą µDpyq. Then x P sD, y P tD. So,

x ` y “
´

s
s`t

¨ x
s

` t
s`t

¨ x
t

¯
ps ` tq P ps ` tqD by convexity. So µDpx ` yq ď s ` t, and

hence µDpx` yq ď µDpxq ` µDpyq.

Next, if µDpxq ă 1, then x P D by above. If D is open and x P D, then there exists n P N s.t.

p1 ` 1
n

qx P D, since p1 ` 1
n

qx nÑ8ÝÝÝÑ x and D open. Hence, µDpxq ď 1
1` 1

n

ă 1.

Finally, x P D implies that µDpxq ď 1. Then, by homogeneity, µDpp1 ´ 1
n

qxq ă 1 for all n, so
p1 ´ 1

n
qx P D for all n, since p1 ´ 1

n
qx Ñ x, the in case D is closed x P D.

Remark. If C is symmetric (in real case) or balanced (in complex case)m then µC is a semi-norm.
If, in addition C is bounded, then µC is a norm.

Theorem 3.14. Hahn-Banach Separation Theorem Let pRn,Pq be a LCS and C be an open
convex subset of X with 0 P int C. let x0 P XzC. Then there exists f P X˚ s.t. fpx0q ą fpxq
for all x P C.(In complex case: Repfpx0qqq ą Repfpxqq for all x P C).

Remark. From now on we work with real scalars and the complex case will follow, since

f ÞÑ Re f : X˚ Ñ X˚
R

is a real linear injection.

Proof. Consider µC . By lemma 3.13, C “ ts : µCpxq ă 1u and so µCpx0q ě 1. Let Y “ spantx0u
and g : Y Ñ R, gpλx0q “ 1 ď µCpx0q. Hence, g ď µC on Y .
By Theorem 1.3, there exists linear f : X Ñ R s.t. f|Y “ g and f ď µC on X. For all x P C,
fpxq ď µCpxq ă 1 “ fpx0q. We also gave fpxq ă 1 on C and so |fpxq| ă 1 on C X p´Cq. Since
C X p´Cq is an open neighbourhood of 0, we have that f P X˚.

Theorem 3.15. Let pX,Pq be a LCS. Let A,B ‰ H, disjoint convex subsets of X.

(i) If A is open, there exists f P X˚ and α P R s.t. fpxq ă α ď fpyq for all x P A, y P
B.

(ii) If A is compact, and B is closed, then there exists f P X˚ s.t. sup
A

f ă inf
B
f .

Proof. (i) Fix α P A, b P B. Let C “ A´B`b´α and x0 “ b´α. Then C is open, convex,
0 P C and x0 R C (A X B “ H). By Theorem 3.14, there exists f P X˚ s.t. fpzq ă fpx0q
for all z P C. So for all x P A, y P B fpx´ y ` x0q ă fpx0q, i.e fpxq ă fpyq. In particular,
f ‰ 0. Let α “ inf f . Then α ď fpyq for all y P B. Since f ‰ 0, there exists u P X

s.t. fpuq ą 0.Now, given x P A, x ` 1
n
u Ñ x and since A is open, there exists n P N s.t.

x` 1
n
u P A. Then fpxq ă fpx` 1

n
uq ď α.
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(ii) Claim: there exists open, convex neighbourhood of 0 in X,U s.t. pA` Uq XB “ H

Indeed, for x P A, there exists open neighbourhood Ux of 0 s.t. px ` Uxq X B “ H (B is
closed). Since 0 ` 0 “ 0 and ”`” is continuous, there exists open neighbourhood Vx of
0 s.t. Vx ` Vx Ď Ux. Wlog, Vx is convex and symmetric. By compactness, there exist

x1, . . . , xn P A s.t. A Ď
nď

i“1

pxi ` Vxi
q. Let U “

nč

i“1

Vxi
. Given x P A, there exists i s.t.

x P xi ` Vxi
. So, x ` U Ď x P xi ` Vxi

` U Ď x P xi ` Vxi
` Vxi

Ď xi ` Uxi
is disjoint

from B. So, A` U is disjoint from B.

Now, apply part (i) with A` U , B to show that there exists f P X˚ s.t. fpx` uq ă fpyq
for all x P A, y P B, u P U . In particular, f ‰ 0 so there exists z P X s.t. fpzq ą 0. Also,
1
n
z

nÑ8ÝÝÝÑ 0, so there exists n P N s.t. 1
n
z P U . So fpxq` 1

n
fpzq ă fpyq for all x P A, y P B.

It follows that sup
A

f ă inf
B
f .

Theorem 3.16 (Mazur). Let C be a convex subset of a normed space X. Then C
‖¨‖ “ C

w
.

In particular, C is ‖¨‖´closed iff C is weakly closed.

Proof. Wlog, C ‰ H.

”C
‖¨‖ Ď C

w
”: is true since the weak topology is weaker than the ‖¨‖´topology.

”C
‖¨‖ Ě C

w
”: If x R C

‖¨‖
, then apply Theorem 3.14 (ii) to A “ txu, B “ C

‖¨‖
to obtain f P X˚

s.t. fpxq ă inf
B
f :“ α. Then, ty : fpyq ă αu is a weakly open neighbourhood of X, disjoint

from B (and hence from C). So x R C.

Corollary 3.17 (Mazur). If xn
wÝÑ 0 in a normed space X, then for all ǫ ą 0, there exists

x P convtxn : n P Nu s.t. ‖x‖ ď ǫ.

Proof. 0 P convtxn : n P Nuw “ convtxn : n P Nu‖¨‖
by Mazur.

Remark. It follows from this that there exist p1 ă q1 ă p2 ă q2 . . . and convex combinations

zn “
qnÿ

i“pn

tixi s.t. zn Ñ 0 in ‖¨‖.

Theorem 3.18 (Banach-Alaoglu).Lecture 13 For any normed space X, pBX˚ , w˚q is compact.

Proof. For x P X, let Kx “ tλ : λ scalar , |λ| ď ‖x‖u. Let K “
ź

xPX

Kx in he product topology.

Let πx : K Ñ Kx be the projection pλyqyPX ÞÑ λx.

Note K “ tλ : X Ñ scalars : |λpxq| ď ‖x‖u, so BX˚ Ď K.

The subspace topology on BX˚ is σpK, tπx : x P Xuq|BX˚
“ σpBX˚ , tπx|BX˚

: x P Xuq
“ σpBX˚ , tpx|BX˚

: x P Xuq “ σpX˚, Xq|BX˚
, the weak-* topology. By Theorem 3.3, K is

compact. So all we need to show is that BX˚ is closed in K. Now,

BX˚ “ tλ P K : λax`by “ aλx ` bλy@x, y P X,@a, b P scalarsu
“

č

x,y,a,b

tλ P K : πax`bypλq “ aπxpλq ` bπypλqu

“
č

x,y,a,b

tλ P K : πax`bypλq ´ aπxpλq ´ bπypλq´1pt0uqu
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closed in K as each πx is continuous.

Proposition 3.19. Let X be a normed space and K be a compact, Hausdorff space.

(i) X is separable (in the ‖¨‖´top) iff pBX˚ , w˚q is metrisable.

(ii) CpKq is separable iff K is metrisable.

Proof. (i)” ùñ ”: Fix a dense sequence pxnq in X. Let F “ txxn|BX˚
: n P Nu. Then F

separates the points of X, so σpBX˚ ,Fq is Hausdorff and is contained in the weak-* topology.
So

Id : pBX˚ , w˚q Ñ pBX˚ , σpBX˚ ,Fqq
is a continuous bijection from a compact space to a Hausdorff space, and hence a homeo-
morphism. So σpBX˚ ,Fq is the weak-* topology on BX˚ . This is metrisable by proposition 3.2.

(i)” ùñ ”: By above, pBCpKq˚ , w˚q is metrisable. For k P K, define δk : CpKq Ñ scalars by
δkpfq “ fpkq for all f P CpKq. Then δk P BCpKq˚ . Hence

δ :Ñ pBCpKq˚ , w˚q
k ÞÑ δk

δ is continuous: let f P CpKq. Is pf ˝ δ continuous? For k P K, p pf ˝ δqpkq “ δkpfq “ fpkq.
Then, pf ˝ δ “ f . This is continuous on K. By the universal property of the weak topology, δ
is continuous.

δ is injective: CpKq separates points of K by Urysohn.

Now, δ : K Ñ pδpKq, w˚q is a continuous bijection from compact to Hausdorff, and hence a
homeomorphism. Hence K is metrisable.

(ii)” ðù ”: K compact metrisable, so K is separable. Fix a dense sequence pxnq in K. Let
pfnq “ dpx, xnq (d is a metric inducing the topology of K). Let A be the sub-algebra of CpKq
generated by fn, n P N and 1K . The A is separable, A separates points of K, 1K P A and in
complex case, closed under complex conjugate. By Stone Weierstrass, A “ CpKq, so CpKq is
separable.

(i)” ðù ”: let K “ pBX˚ , w˚q. This is compact, by Theorem 3.18. Since K is metrisable,
CpKq is separable. We prove that X ãÑ CpKq isometrically. Then done. Let T : X Ñ CpKq be
Tx “ px|BX˚

. then T is linear and ‖Tx‖8 “ ‖px‖ “ ‖x‖.

Remark. 1. If X is separable, then pBX˚ , w˚q is compact, metrisable and hence weak-* se-
quentially compact(+separable).

2. X is separable implies that X˚ is weak-* separable (X˚ “
ď

nPN

nBX˚).

By mazur, X is separable iff X is weakly separable (weak closure of span of some pxnq weakly
dense in X is ‖¨‖´closure by Mazur, since it is convex).
So X weakly separable implies X˚ is weak-* separable. The converse is not true in general
(e.g. ℓ8).

3. The proof shows pBCpKq˚ , w˚q contains a homeomorphic copy of K.

4. Proof also shows that for every normed space X there exists compact, hausdorff K s.t.
X ãÑ CpKq isometically (K “ pBX˚ , w˚q).

Proposition 3.20. Let X be a normed space. Then X˚ is separable iff pBX , wq is metris-
able.
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Proof. ” ùñ ”: By proposition 3.19 (i), pBX˚˚ , w˚q is metrisable. Hence, pBX , wq “
pBX˚˚ , w˚q|BX

is metrisable.

” ðù ”: let d metrise pBX , wq. Then for all n P N, there exists finite Fn Ď X˚ and ǫn ą 0 s.t.

Un “ tx P BX : |fpxq| ă ǫn@f P Fnu Ď tx : dpx, 0q ă 1
n

u. Let Z “ span
ď

nPN

Fn.

Claim: Z “ X˚, then done.

Indeed, let g P X˚ and fix ǫ ą 0. Then tx P BX : |gpxq| ă ǫu is a weak neighbourhood of 0 in

BX and hence contains Un for some n P N. Let Y “
č

fPFn

ker f , then for x P BY , x P Un, so,

gpxq ă ǫ. So ‖g|Y ˚‖ ď ǫ. Now Y “
č

fPFn

ker f Ď kerpg´hq, so by lemma 3.4 g´h P spanFn Ď Z

implies dpg, zq ď ǫ which gives g P Z.

Theorem 3.21 (Goldstine). For any normed space X, BX
w˚

“ BX˚˚ (BX
w˚

is the
closure in pX˚˚, w˚q of BX).

Proof. BX˚˚ is weak-* closed (follows from Theorem 3.18) and BX Ď BX˚˚ so BX
w˚

Ď BX˚˚ .

Now let φ P X˚˚zBX
w˚

. Apply Theorem 3.15 (ii) to pX˚˚, w˚q, A “ tφu, B “ BX
w˚

(show

weak-* closure of convex set is closed). Now, there exists f P X˚ s.t. φpfq ą sup
B

pf (real case),

rRepφpfqqs ą sup
B

Rep pfq, ‖φ‖ ¨ ‖f‖ ą sup
BX

f . So ‖φ‖ ą 1.

Examples 3.22. Example: Note that X
w˚

“ X˚˚. So X separable implies X˚ is weak-*
separable. For instance, ℓ˚

8 “ ℓ˚˚
1 is weak-* separable, but ℓ8 is NOT separable.

Indeed, we have that the map

ψ : ℓ8 Ñ ℓ˚
1

x ÞÑ
˜
fx : ℓ1 Ñ scalars : y ÞÑ

ÿ

nPN

xnyn

¸

is an isometric isomorphism (in the norm topologies). It suffices to show that

pℓ˚
8, σpℓ˚

8, ℓ8qq φÝÑ pℓ˚˚
1 , σpℓ˚˚

1 , ℓ˚
1 qq

is a homeomorphism. Observe that φ “ pψ´1q˚, φ´1 “ pψq˚, both dual maps. ψ being
an isometric isomorphism in the norm topology implies that the same holds for φ. By the
previous observation, it suffices to show that for all y P ℓ˚

1 , py ˝φ : pℓ˚
8, σpℓ˚

8, ℓ8qq Ñ scalars
is continuous. Indeed, observe that for f P ℓ˚

8 , py ˝ φpfq “ φpfqpyq “ pψ´1q˚pfqpyq “
fpψ´1pyqq “ {ψ´1pyqpfq, and so py˝φ “ {ψ´1pyq, which is weak-* continuous by the universal
property of the weak topology, hence we are done.

Lecture 14

Theorem 3.23. Let X be a Banach space. Then TFAE:

(i) X is reflexive.

(ii) pBX , wq is compact.

(iii) X˚ is reflexive.
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Proof. (i) ùñ (ii): using the canonical embedding (a w ´ w˚ homeomorphism),
pBX , wq “ pBX˚˚ , w˚q BX is compact by Banach-Alaoglu (Theorem 3.18).

(ii) ùñ (i): pBX , wq “ pBX˚˚ , w˚q, so BX is compact in the weak-* topology of X˚˚. So BX

is weak-* closed in X˚˚. By Goldstine, BX˚˚ Ě BX
w˚

“ BX .

(i) ùñ (iii): pBX˚ , wq “ pBX˚ , w˚q by reflexivity and is compact by Theorem 3.18. By
(ii) ùñ (i), X˚ is reflexive.

(iii) ùñ (i): By what we have just proved, X˚˚ is reflexive. By the implication (i) ùñ (ii),
pBX˚˚ , wq is compact. Since, X is complete, X is closed in X˚˚, and hence weakly closed in
X˚˚ (by Mazur). Hence, BX “ X XBX˚˚ is a weakly. closed subset of BX˚˚ and thus weakly
compacta. By (ii) ùñ (i), X is reflexive.

aBX˚˚ is weak-* compact by Banach-Alaoglu and the map ι : pBX , wq Ñ p pBX , w˚q is a homeomorphism.

Remark. If X is separable and reflexive, then pBX , wq is compact, metrisable. Hence, BX is
weakly sequentially compact.

Lemma 3.24. Let pK, dq be a non-empty compact metric space. Then there exists a con-
tinuous surjection φ : t0, 1uN Ñ K, where t0, 1uN is given the product topology.

Proof. Since compact and metric imply totally bounded, that is if A Ď K is non-empty, closed

and ǫ ą 0, then there exist non-empty closed sets B1, . . . , Bn s.t. A “
nď

j“1

Bj and diampBjq ă ǫ

for all j.

Applying thisa, there exists a non-empty closed subset Kǫ of K for all ǫ P Σ “
8ď

n“1

t0, 1un s.t.

KH “ K, Kǫ “ Kǫ,0 Y Kǫ,1 and max
ǫt0,1un

diamKǫ Ñ 0 as n Ñ 8. Imagine some picture like the

one below:

K

K0

K00

. .
.

K01

...

K1

K10

...

K11

. . .

Define φ : t0, 1uN Ñ K, φppǫiq8
i“1q “ the unique point in

8č

n“1

Kǫ1,...,ǫn (is well-defined by

compactness and nestedness of Kǫ’s).
φ is onto: given x P K, inductively construct ǫ1, . . . , ǫn s.t. for all n x P Kǫ1,...,ǫn .

φ is continuous: for ǫ “ pǫiq8
i“1 P t0, 1uN, let n P N, then for all δ “ pδiq8

i“1 P t0, 1uN if δi “ ǫi
for all 1 ď i ď, then dpφpdq, φpǫqq ď diamKǫ1,...,ǫn Ñ 0 as n Ñ 8.

aat each branching point ǫ P Σ, can cover Kǫ by balls of diameter diamKǫ{2, ‘shedding balls’ until only the
intersection with one remains, hence halving the diameter in a finite depth and proceed like so recursively.

Remark. t0, 1uN is homeomorphic to the middle third Cantor set ∆ via the map

pǫiq8
i“1 ÞÑ

8ÿ

i“1

p2ǫiq ¨ 3´i.
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Theorem 3.25. Every separable Banach space X embeds isometrically into Cr0, 1s. So
Cr0, 1s is isometrically universal for the class of separable Banach spaces (SB).

Proof. From the proof of proposition 3.19 that X ãÑ CpKq isometrically where K “ pBX˚ , w˚q.
Since X is separable, K is metrisable. By lemma 3.24, there exists a continuous surjection
φ : ∆ Ñ K. Hence, CpKq ãÑ Cp∆q isometrically via f ÞÑ f ˝ φ. Also have Cp∆q ãÑ Cpr0, 1sq
isometrically via f ÞÑ f̃1.

Write r0, 1sz∆ as a disjoint union
8ď

n“1

pan, bnq. Then f̃|∆ “ f for all n, f̃ is linear on ran, bns

with f̃panq “ fpanq, f̃pbnq “ fpbnq.

4 Convexity

Let X be a real or complex vector space and K Ď X be a convex set. A point x P K is an
extreme point of K if whenever x “ p1 ´ tqy ` tz for t P p0, 1q, y, z P K, we have y “ z “ x. Let
ExtK be the set of extreme points of K.

Examples 4.1. e

(a) Bℓ2
1

(b) Bℓ2
2

Figure 2: Above are displayed balls and their extreme points in ℓ21, ℓ
2
1 respectively.

Furthermore, for the sequence space c0, have that ExtpBc0q “ H.

Indeed, given x “ pxnq P Bc0 . Fix N P N s.t. |xN | ă 1
2
. Let yn “ zn “ xn for all

n ‰ N P N and yN “ xN ` 1
2
, zN “ xN ´ 1

2
. Then y “ pynqnPN, z “ pznqnPN P Bc0 and

x “ 1
2
y ` 1

2
z, y ‰ x, z ‰ x.

Theorem 4.2 (Krein-Milman). Let pX,Pq be a LCS. Let K be a compact, convex subset
of X. Then K “ convpExtKq. In particular, ExtK ‰ H provided K ‰ H.

Corollary 4.3. If X is a normed space, then BX˚ “ convw
˚ pExtKq and ExtBX˚ ‰ H.

Note c0 is not a dual spce isometrically, i.e. there exists no normed space X s.t. c0 – X˚.

Definition 4.4. Let K be a compact convex set in a LCS pX,Pq. A face of K is a non-
empty, compact convex set E Ď K s.t. if y, z P K, t P p0, 1q, p1 ´ tqy ` tz P E, then
y, z P E.
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Examples 4.5. 1. K is a face of K. For x P K, x P ExtK ðñ txu is a face of K.

2. let f P X˚, α “ sup
K

f , E “ tx P K : fpxq “ αu is a face.

(E ‰ H, convex, compact and if y, z P K, t P p0, 1q and p1 ´ tqy ` tz P E, then
α “ fpp1´ tqy` tzq “ p1´ tqfpyq ` tfpzq ě α giving equality, hence fpyq “ fpzq “ α,
hence y, z P E).

[In the complex case, use Re f . From now on, we only use real scalars.]

3. Let E be a face of K. If F is a face of E, then F is a face of K. So if x P ExtE,
then x P ExtK.

Proof. Proof of Theorem 4.2 Let E be a face of K. We show ExtE ‰ H.

By Zorn, lemma 1.4, there exists a minimal (wrt inclusion) face F of E. If |F | ą 1, then pick
x ‰ y P F and f P X˚ s.t. fpxq ą fpyq (by Hahn-Banach). Then G “ tz P F : fpzq “ sup

F

fu
is a face of F, y R G so G Ę F , a contradiction. So F is a singleton which means ExtE ‰ H.

Now, let L “ conv ExtK. then L ‰ H, convex, compact, L Ď K. Assume x0 P KzL. By
Theorem 3.14, there exists f P X˚ s.t. fpx0q ą sup

L

f . Let α “ sup
K

f , then E “ tx P K :

fpxq “ αu is a face of K. So there’s an extreme point z of K with X P E. Since α ě fpx0q,
E X L ‰ H, a contradiction. So z R L.

Lemma 4.6.Lecture 15 let pX,Pq be a LCS, let K Ď X be compact and x0 P K. Then for a
neighbourhood V of x0 in X, there exist f1, . . . , fn P X˚, α1, . . . , αn P R s.t. x0 P tx P X :
fipxq ă αi, 1 ď i ď nu XK Ď V.

Proof. let τ be the topology of X defined by P let σ “ σpX,X˚q. Then Id : pK, τq Ñ pK,σq
is a continuous bijection pσ Ď τq from compact to Hausdorff (as X˚ separates points of X by
Hahn-Banach), so it is a homeomorphism, i.e. σ “ τ on K.

Lemma 4.7. let pX,Pq be a LCS, let K Ď X be compact and convex. x0 P ExtK. Then
for a neighbourhood V of x0 in X, there exists f P X˚, α P R s.t. x0 P tx P X : fpxq ă
αu XK Ď V.

Proof. Let n, f1, . . . , fn P X˚, α1, . . . , αn be as in lemma 4.6 and K1 “ tx P K : fipxq ě αiu.

This is compact and convex. Observe
nď

i“1

Ki Ě KzV and x0 R
nď

i“1

Ki. Also,

conv
nď

i“1

Ki “
#

nÿ

i“1

tixi : xi P Ki, ti ě 0,
nÿ

i“1

ti “ 1

+
.

Since x0 is an extreme point of K, x0 R conv
nď

i“1

Ki (the case n “ 2 is true by definition, and

use induction to arrive at the general case).

Furthermore,

K1 ˆ . . . Kn ˆ
#

ptiq P R
n : ti ě 0@i,

nÿ

i“1

ti “ 1

+

is compact and px1, . . . , xn, ptiqni“1q ÞÑ
nÿ

i“1

tixi is continuous (algebraic operaitons ”`,ˆ” are
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continuous in LCS), so the image B “ conv
nď

i“1

Ki is compact. By Theorem 3.14, there exists

f P X˚ s.t. fpx0q ă inf
B
f . Choose α P R with fpx0q ă α ă inf

B
f . Then x0 P tx P X : fpxq ă

αu XK, which is disjoint from B and hence from
nď

i“1

Ki and so is contained in V.

(a) Illustration of lemma 4.6. (b) Illustration of lemma 4.7.

Figure 3

Theorem 4.8. Let pX,Pq be a locally convex space, K Ď X compact, convex and S Ď K.
If K “ convS, then S Ě ExtK.

Remark. The closure is necessary. For instance, let S be a dense subset of Sℓ2
2

. Then convSℓ2
2

“
Bℓ2

2

and ExtBℓ2
2

“ Sℓ2
2

. Also, ExtK need not be closed. E.g. in R
3,

Figure 4: Illustration of extreme points of a double cone in R
3 (which include top and bottom

vertices).

Proof. Proof of Theorem 4.8 Assume x0 P ExtKzS. Apply lemma 4.7 with V “ XzS. So,
f P X˚, α P R s.t. x0 P tx P X : fpxq ă αu X K Ď V. Then, L “ tx P K : fpxq ě αu is
compact, convex with L Ě S. Hence, L Ě convS “ K, a contradiction since x0 R L. Thus,
x0 P S.

Remark. One can show that ExtBCpKq˚ “ tλδk : |λ| “ 1, k P Ku (δkpfq “ fpkq), where K is
compact, Hausdorff. Can use Theorem 4.8 for ”Ď”.

Theorem 4.9 (Banach-Stone). Let K,L be compact, Hausdorff spaces, then CpKq – CpLq
ðñ L and K are homeomorphic.
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Proof. ” ðù ”: If φ : K Ñ L is a homeomorphism then

φ˚ : CpLq – CpKq
f ÞÑ f ˝ φ

is an isometric isomorphism.

” ùñ ”: let T : CpLq – CpKq be an isometric isomorphism. Then so is its dual T˚ : CpKq˚ –
CpLq˚. So T˚pBCpKq˚ q “ BCpLq˚ and T˚pExtBCpKq˚ q “ ExtBCpLq˚ . Thus, for each k P K,
T˚pδkq “ λpkq ¨ δφpkq for some scalar λpkq, |λpkq| “ 1 and some φpkq P L. So we have functions

λ : K Ñ scalars
φ : K Ñ L

Now, for all k P K, λpkq “ T˚pδkqp1Lq “ T p1Lqpkq, which means λ “ T p1Lq P CpKq, so
λ is continuous. Recall, δ : K Ñ pCpLq˚, w˚q is continuous (indeed, it is a homeomor-
phism between K and δpKq). Also, T˚ : CpKq˚ Ñ CpLq˚ is w ˚ ´w˚ continuous. hence,

h ÞÑ λpkq ¨ T˚pδkq “ δφpkq : K Ñ pCpLq˚, w˚q is continuous. Since φ : K
T˚

ÝÝÑ pδpLq, w˚q δ´1

ÝÝÑ L

is a composition of continuous maps, hence continuous.

φ is into: Assume φpk1q “ φpk2q. So λpkq ¨ T˚pδk1
q “ λpkq ¨ T˚pδk1

q. Evaluate at T´1p1Kq to
get λpk1q “ λpk2q and so δk1

“ δk2
(as T˚ is injective) which finally gives k1 “ k2.

φ is onto: Given l P L, since T˚ is onto, there exists a scalar µ, |µ| “ 1, k P K s.t. T˚pµδkq “ δl.
So µλpkqδφpkq “ δl. Evaluate at 1L to get µλpkq “ 1 and so φpkq “ l.

5 Banach Algebras

A real or complex algebra is a real or resp. complex vector space A with multiplication AˆA :Ñ
A, pa, bq ÞÑ a ¨ b s.t.

(i) apbcq “ pabqc

(ii) apb` cq “ ab` ac, pa` bq ¨ c “ ac` bc

(iii) λpabq “ pλaqb “ apλbq

for all a, b, c P A, b scalar.

A is unital if there exists 1 P A s.t. 1 ‰ 0 and for all x P A 1a “ a1 “ a. This element is
unique, called the unit of A.

An algebra norm on A is a norm on A s.t. for all a, b P A, ‖ab‖ ď ‖a‖ ¨ ‖b‖. A normed algebra
is an algebra with an algebra norm. note that multiplication is continuous (as well as addition and
scalar multiplication). A Banach algebra (BA) is a complete normed algebra.

A unital normed algebra is a normed algebra, A with an element 1 P A s.t. for all x P A,
1a “ a1 “ a and s.t. ‖1‖ “ 1 (‖1‖ ď ‖1‖ ¨ ‖1‖ and 1 ď ‖1‖). If A is a normed algebra which
is also a unital algebra (but not assuming ‖1‖ “ 1), then ~a~ “ supt‖ab‖ : ‖b‖ ď 1u defines an
equivalent norm on A that makes A a unital normed algebra.

A unital Banach algebra is a complete unital normed algebra. A linear map θ : A Ñ B between
algebras is a homomorphism if for all a, b P A θpabq “ θpaq ¨ θpbq. If in addition A and B are unital
with units 1A and 1B and θp1Aq “ 1B , then θ is a unital homomorphism. In the category of
normed algebras, an isomorphism will mean a continuous homomorphism with continuous inverse.
BUT, homomorphisms are not assumed continuous.

Lecture 16 Note: from now on, the scalar field is C.
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Examples 5.1. 1. CpKq, K compact Hausdorff, is a commutative, unital BA with point-
wise multiplication in the uniform norm.

2. Let K be compact, Hausdorff, A uniform algebra on K is a closed sub-algebra of CpKq
that separates points of K and contains the constant functions.

3. The disk algebra Ap∆q “ tf P Cp∆q : f holomorphic on the interior of ∆u,
∆ “ tz P C : |z| ď 1u.

More generally, let K Ď C,K ‰ H compact. We have the following uniform algebras
on K : PpKq Ď RpKq Ď OpKq Ď ApKq Ď CpKq, where PpKq,RpKq,OpKq are
the closures in CpKq of respectively, polynomials, rational functions with no pole in
K, functions holomorphic on some open neighbourhood of K. ApKq “ tf P CpKq :
f holomorphic on intpKqu. Later, RpKq “ OpKq say, RpKq “ RpKq if and only of
CzK is connected. In general ApKq ‰ OpKq, ApKq “ CpKq ðñ intpKq “ H.

4. L1pRq with the L1´norm and convolution f ˚ gpxq “
ż

R

fpyqgpx ´ yqdy is a commu-

tative Banach algebra without a unit (Riemann-Lebesgue lemma).

5. If X is a Banach space, then BpXq with composition an operator norm is a unital
Banach algebra. It is not commutative if dimX ą 1.

special case: if X is a Hilbert space, then BpXq is a C˚´algebra (see later).

5.1 Elementary constructions

1. If A is a unital algebra with unit 1, then a unital sub-algebra is a sub-algebra B of A s.t.
1 P B. If A is a normed algebra, then the closure of a sub-algebra of A is a sub-algebra of A.

2. Unitisation: The unitisation of an algebra A is the vector space direct sum A` “ A
À

C

with multiplication pa, λq ¨ pb, µq “ pab`λb`µa, λ, µq. Then A` is a unital algebra with unit
1 “ p0, 1q.

The ideal tpa, 0q : a P Au is isomorphic to A and will always be identified with A/ We can
write A “ ta ` λ1 : a P A, λ P Cu. If A is a normed algebra, then A` becomes a unital
normed algebra with ‖a` λ1‖ “ ‖a‖` |λ|. Then A is a closed ideal of A`. If A is a Banach
algebra, then A` is a unital Banach algebra.

3. The closure of an ideal of a normed algebra is an ideal. If J is a closed ideal of the normed
algebra of A, then AzJ is a normed algebra in the quotient norm. If A is a unital normed
algebra and J is a proper closed ideal of ApJ ‰ Aq, then AzJ is a unital normed algebra
with 1 ` J (‖1 ` J ‖ ď ‖1‖ “ 1 and ‖1 ` J ‖ ě 1 from an earlier observation).

4. let Ã be the Banach space completion of a normed algebra. Then Ã is a Banach algebra
with the following multiplication: given a, b P Ã, choose sequences panq, pbnq in A s.t. an Ñ
a, bn Ñ b and define a ¨ b “ lim

nÑ8
an ¨ bn.

5. Let A be a unital Banach algebra. Let X “ A thought of as a Banach space. For a P A, define
La : X Ñ X, Lapxq “ a ¨ x. Then La P BpXq and ‖La‖ “ ‖a‖. The map L : A Ñ BpXq,
a ÞÑ La, is an isometric unital HM (homomorphism).

Lemma 5.2. Let A be a unital Banach algebra and a P A. Ift ‖1 ´ a‖ ă 1, then a is
invertible (there exists b P A s.t. ab “ ba “ 1) and

∥

∥a´1
∥

∥ ď 1
1´‖1´a‖ .

Proof. For all n P N, ‖p1 ´ aqn‖ ď ‖1 ´ a‖
n
, so

8ÿ

n“0

‖p1 ´ aqn‖ ă 8. Hence,
8ÿ

n“0

p1 ´ aqn

converges
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(p1 ´ aq0 “ 1).

Let b “
8ÿ

n“0

p1 ´ aqn. Then p1 ´ aqb “ bp1 ´ aq “
8ÿ

n“1

p1 ´ aqn “ b´ 1, and so ab “ ba “ 1. So,

b “ a´1 and
∥

∥a´1
∥

∥ “ ‖b‖ ď Let b “
8ÿ

n“0

p1´aqn. Then p1´aqb “ bp1´aq “
8ÿ

n“1

p1´aqn “ b´1,

and so ab “ ba “ 1. So, b “ a´1 and
∥

∥a´1
∥

∥ “ ‖b‖ ď
8ÿ

n“1

‖p1 ´ aqn‖ ď
8ÿ

n“1

‖1 ´ a‖
n “

1

1 ´ ‖1 ´ a‖
.

Notation: we let GpAq denote the group of invertibles of a unital algebra A.

Corollary 5.3. Let A be a unital Banach algebra.

(i) GpAq is open in A.

(ii) x ÞÑ x´1 is a continuous function on GpAq.

(iii) Assume pxnq Ď GpAq, xn Ñ x P AzGpAq. Then
∥

∥x´1
n

∥

∥ Ñ 8 as n Ñ 8.

(iv) If x P BGpAq “ GpAqzGpAq, then there exists pznq in A s.t. ‖zn‖ “ 1 for all n and
zn ¨x Ñ 0 and x ¨ zn as n Ñ 8. It follows that x has no left or right inverse in A, not
even in any unital algebra B containing A as a (not necessarily unital) sub-algebra.

Proof. (i) Let x P GpAq. If y P A and ‖y ´ x‖ ď 1
‖x´1‖ , then

∥

∥1 ´ x´1y
∥

∥ “
∥

∥x´1px´ yq
∥

∥ ď
∥

∥x´1
∥

∥ ¨‖x´ y‖ ă 1. Hence, by lemma 5.2, x´1y P GpAq, which implies that y “ x ¨x´1y P
GpAq.

(ii) Let us fix x P GpAq. For y P GpAq y´1´x´1 “ y´1px´yqx´1 so
∥

∥y´1 ´ x´1
∥

∥ ď
∥

∥y´1
∥

∥¨
∥

∥x´1
∥

∥ ¨ ‖x´ y‖. If ‖x´ y‖ ă 1
2‖x´1‖ , then |

∥

∥y´1
∥

∥ ´
∥

∥x´1
∥

∥ | ď 2 ¨
∥

∥x´1
∥

∥

2 ¨ ‖x´ y‖ Ñ 0
as y Ñ x.

(iii) From proof of (i), if ‖x´ xn‖ ă 1

x
´1

n

, then x P GpAq, a contradiction. So ‖x´ xn‖ ě
1
xn

. Since, ‖x´ xn‖ Ñ 0, the result follows.

(iv) Given x P BGpAq, there exists a sequence pxnq Ď GpAq, xn Ñ x. By part

(iii) ‖xn‖ Ñ 8, let zn “ x´1

n

‖x´1

n ‖
, for all n P N. Then znx “ znxn ` znpx ´ xnq

“ 1

‖x´1

n ‖
` znpx ´ xnq Ñ 0, by the above and since ‖znpx´ xnq‖ ď ‖zn‖ ¨ ‖x´ xn‖ Ñ 0.

Similarly, xzn Ñ 0.

Assume that B is a unital BA and A is a sub-algebra of B. If y P A and yx “ 1B , then
yxzn “ zn. So ‖zn‖ “ 1 “ ‖yxzn‖ ď ‖y‖ ¨ ‖xzn‖, n Ñ 8, a contradiction. Similarly,
there is no y P B s.t. xy “ 1B .

Definition 5.4.Lecture 17 Let A be an algebra (always complex) and let x P A. The
spectrum σApxq of x in A is defined as follows: if A is unital, then σApxq “ tλ P C :
λ1 ´ x R GpAqu and if A is non-unital then σApxq :“ σA`

pxq.
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Examples 5.5. 1. A “ MnpCq, x P A, σApxq is the set of eigenvalues (evals) of x.

2. A “ CpKq, K compact Hausdorff, f P A, σApfq “ fpKq.

3. X a Banach space, A “ BpXq, T P A, then
σApT q “ tλ P C : λ Id´T not an isomorphismu.

Theorem 5.6. Let A be a Banach algebra, x P A. Then σApxq is a non-empty, compact
subset of tλ P C : |λ| ď ‖x‖u.

Proof. Wlog, A is a unital Banach algebra. If |λ| ą ‖x‖, then ‖x‖ ă 1, so by lemma 5.2,
1 ´ x

λ
P GpAq and so λ1 ´ x “ λp1 ´ x

λ
q P GpAq. Hence, σApxq Ď tλ P C : |λ| ď ‖x‖u. Also,

σApxq is the inverse image of the closed set AzGpAq (corollary 5.3(i)) under the continuous
function λ ÞÑ C Ñ A : λ1 ´ x and hence σApxq is closed. It follows that σApxq is compact.

σApxq is non-empty: consider f : CzσApxq Ñ A, fpλq “ pλ1 ´ xq. By corollary 5.3(ii) f is
continuous and for λ ‰ µ:

fpλq ´ fpµq “ fpλqppµ1 ´ xq ´ pλ1 ´ xqqfpµq
“ fpλqpµ´ λqfpµq
“ pµ´ λqfpλqfpµq.

So fpλq´fpµq
λ´µ

“ ´fpλqfpµq Ñ ´fpµq2 as λ Ñ µ because f is continuous. Thus, f is holomorphic.

If |λ| ą ‖x‖ then λ1´x P GpAq and
∥

∥pλ1 ´ xq´1
∥

∥ “ 1
|λ|

∥

∥

∥

`
1 ´ x

λ

˘´1
∥

∥

∥
ď 1

|λ|
1

1´‖ x
λ‖

“ 1
|λ|´‖x‖ Ñ 0

as |λ| Ñ 8. If σApxq where empty, then f is a bounded entire function, so by vector-valued
Liouville, f is constant, and since fpλq Ñ 0 as |λ| Ñ 8, f ” 0, a contradiction.

Corollary 5.7 (Gelfand-Mazur). A complex unital normed division (GpAq “ Azt0u) algebra
is isometrically isomorphic to C.

Proof. Let us define the map θ : C Ñ A, θpλq. “ λ ¨1. then θ is an isomtric homomorphism. To
show that it is onto, fix any x P A. Let B be the completion of A. Then B is a unital Banach
algebra. Then by Theorem 5.6, σBpxq is non-empty which implies that there exists λ P C s.t.
λ1 ´ x is NOT invertible in B, hence λ1 ´ x is not in GpAq which means that λ1 ´ x “ 0 and
so θpλq “ x.

Definition 5.8 (Spectral radius). Let A be a Banach algebra and x P A. The spectral radius
rApxq of x in A is rApxq “ supt|λ| : λ P σApxqu. From Theorem 5.6, rApxq is well-defined
and rApxq ď ‖x‖.

Note: let x, y be comuting elements of a unital algebra A. Then x ¨ y P GpAq ðñ x P GpAq and
y P GpAq (use the fact that zpxyq “ pxyqz “ 1 gives yzx “ yzx ¨ yxz “ yxz “ 1).

Lemma 5.9 (Spectral Mapping Theorem for polynomials). Let A be a unital Banach

algebra and x P A. Then for a complex polynomial p “
nÿ

k“0

akz
k we have

σApppxqq “ tppλq : λ P σApxqu “ ppσApxqq

where ppxq “
nÿ

k“0

akz
k and x0 “ 1A.
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Proof. Wlog n ‰ 1 and an ‰ 0 (σApλ1q “ tλu). Fix µ P C. Write µ ´ ppzq “ c ¨
nź

k“1

pλk ´ zq

for some c, λ1, . . . , λn P C, c ‰ 0. note that tλ : ppλq “ µu “ tλ1, . . . , λnu. Now µ R σApppxqq

ðñ µ1´ppxq “
nź

k“1

pλk1´xq is invertible ðñ λk ´xλk1´x is invertible (use previous note

on commutativity and invertibility) ðñ there exists no λ P σApxq s.t. ppλq “ µ. The result
now follows.

Theorem 5.10 (Beurling-Gelfand Spectral Radius Formula (SRF)). Let A be a unital
Banach algebra, x P A. Then

rApxq “ lim
nÑ8

‖xn‖
1

n “ inf
nPN

‖xn‖
1

n .

Proof. Wlog A is unital. By lemma 5.9, if λ P σApxq and n P N, then λn P σpxnq. By Theorem

5.6, |λn| ď ‖xn‖ and |λ| ď ‖xn‖
1

n . It thus follows that rApxq ď infnPN ‖xn‖
1

n .

Consider f : CzσApxq Ñ A, fpλq “ pλ1 ´ xq´1, by the proof of Theorem 5.6, f is holo-
morphic. Note that CzσApxq Ě t|λ| ą rApxqu Ě tλ : |λ| ą ‖x‖u. If |λ| ą ‖x‖, then

fpλq “ 1
λ

`
1 ´ x

λ

˘´1 “ 1
λ

8ÿ

n“0

xn

λn
(by the proof of lemma 5.2).

Fix φ P A˚ (Banach space dual). Then φ ˝ f is holomorphic on CzσApxq and if |λ| ą ‖x‖, then

φ ˝ fpλq “ 1
λ

8ÿ

n“0

φpxnq
λn

. This Laurent expansion must also be valid on t|λ| ą rApxqu. So for

|λ| ą rApxq and for φ P A˚, φ
`
xn

λn

˘
Ñ 0 as n Ñ 8. So for |λ| ą rApxq, xn

λn

wÝÑ 0. By proposition

3.10, there exists M ą 0 s.t. for all n P N,
∥

∥

xn

λn

∥

∥ ď M
1

n and so lim sup ‖xn‖
1

n ď |λ|. We have

thus proved that rApxq ď inf
nPN

‖xn‖
1

n ď lim inf
nPN

‖xn‖
1

n ď lim sup
nPN

‖xn‖
1

n ď rApxq.

Theorem 5.11. Let A be a unital Banach algebra and B be a closed, unital sub-algebra of
A. Let x P B. Then, σBpxq Ě σApxq and BσBpxq Ď σApxq. It follows that σBpxq is the
union of σApxq and some of the bounded components of CzσApxq.

Before we proceed with the proof of the above, we prove a topological lemma.

Lemma 5.12. Suppose V and W are open sets in some topological space X s.t. V Ď W
and W contains non boundary points of V. Then V is a union of components of W.

Proof. Let Ω be a component of W that intersects V. Let U be the complement of V. Since
W contains no boundary point of V, Ω is the union of two disjoint open sets Ω X V and Ω X U .
Since Ω is connected, Ω X U is empty and so it follows that Ω Ď V.

Proof of Theorem 5.11. σBpxq Ě σApxq holds since an element invertible in B is also invertible
in A. Let λ P BσBpxq. then, there exist pλnq Ď CzσBpxq s.t. λn Ñ λ. So λn1 ´ x P GpBq and
λn1 ´ x Ñ λ1 ´ x P BzGpBq, which means λ1 ´ x P BGpBq. By corollary 5.3(iv), λ1 ´ x is not
invertible in A, that is λ P σApxq.

To conclude, let ΩA,ΩB be the complements in C of σApxq, σBpxq respectively. The preceding
discussion implies that BΩB Ď σApxq and so can use the topological lemma with V “ ΩB ,W “
ΩA. Thus, ΩB is the union of components of ΩA. This means that σBpxq is the union of σApxq
and some bounded components of ΩA “ σApxqzσApxq.
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(a) σApxq (b) σBpxq

Figure 5: Illustration of Thheorem 5.11 for a sub-algebra B Ď A, x P B.

Proposition 5.13.Lecture 18 Let A be a unital Banach algebra and C a maximal commutative sub-
algebra of A (wrt inclusion). Then C is a unital closed sub-algebra of A. Moreover, for all
x P C, σCpxq “ σApxq.

Proof. C is a commutative sub-algebra of A. C Ě C and by maximality C “ C is closed.
C ` C ¨ 1 is a commutative sub-algebra of A contains C, so by maximality C “ C ` C ¨ 1, i.e.
1 P C. Fix x P C. We know that σCpxq Ě σApxq. Assume λ P CzσApxq/ Let y “ pλ1 ´ xq´1

(in A). Have for all z P C, zpλ1 ´ xq “ pλ1 ´ xqz as C is commutative and hence yz “ zy. It
follows that the sub-algebra generated by C Y tyu is commutative, so by maximality it is in C
and so y P C and λ R σCpxq. Hence, σCpxq Ď σApxq.

Definition 5.14. A non-zero homomorphism φ : A Ñ C on an algebra A is called
a character on A. Let ΦA be the set of all characters on A. If A is unital, then φp1Aq “ 1
for all characters φ.

Lemma 5.15. Let A be a Banach algebra and φ P ΦA. Then φ is continuous and ‖φ‖ ď 1.
Moreover, if A is a unital Banach algebra, then ‖φ‖ “ 1.

Proof. Wlog, A is a unital Banach algebra: can define φ` : A` Ñ C by φ`pa`λ1q “ φpaq `λ.
Then φ` P ΦA`

and φ`|A “ φ. Now assume that A is a unital Banach algebra and φ P ΦA.
Let x P A and assume φpxq ą ‖x‖. By Theorem 5.6, φpxq R σApxq. So φpxq1 ´ x P GpAq. So
1 “ φpxq “ φppφpxq1´xq ¨ pφpxq1´xq´1q “ pφpxq1´xq “ 0, a contradiction. So |φpxq| ď ‖X‖,
giving ‖φ‖ ď 1. In fact ‖φ‖ “ 1 since φp1q “ 1.

Lemma 5.16. Let A be a unital Banach algebra and J be a proper ideal of A. Then J is
also a proper ideal. In particular, maximal ideals are closed.

Proof. Since J is proper, J X GpAq is empty. By corollary 5.3, GpAq is open giving that
J XGpAq is empty, hence J is proper. We have shown that if M is a maximal ideal of A, then
M is proper and hence so is M. By maximality, M “ J is closed.

Notation: For an algebra A, we let MA be the set of all maximal ideals of A.

Theorem 5.17. Let A be a commutative unital Banach algebra. Then the map

ΦA Ñ MA

φ ÞÑ kerφ

is a bijection.
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Proof. Well-defined: let φ P ΦA. Since φ is a homomorphism, kerφ is an ideal of A. Since φ
is a non-zero linear functional, kerφ is a 1´codimensional sub-space. So kerφ is a maximal ideal.

Injective: assume φ, ψ P ΦA and kerφ “ kerψ. For x P A, φpxq1 ´ x P kerφ “ kerψ, which
implies ψpφpxq1 ´ xq “ 0 giving φpxq ¨ ψp1q “ ψpxq “ φpxq.

Surjective: let M P MA. By lemma 5.16, M is closed, so AzM is a unital Banach algebra
in the quotient norm. From algebra, AzM is a field, so a division algebra. By corollary
5.7 (Galfand-Mazur), AzM – C. So the quotient map q : A Ñ AzM ”is” a character and
ker q “ M.

Corollary 5.18. Let A be a commutative unital Banach algebra and x P A. Then

(i) x P GpAq ðñ for all φ P ΦA, φpxq ‰ 0.

(ii) σApxq “ tφpxq : φ P ΦAu.

(iii) rApxq “ supt|φpxq| : φ P ΦAu

Proof. (i) If x P GpAq, then for all characters φ, 1 “ φp1q “ φpx ¨ x´1q “ φpxq ¨ pφpxqq´1

implying that φpxq ‰ 0.
Assume that x R GpAq, then J “ xA “ txa : a P Au is a proper ideal of A, and so is
contained in a maximal ideal which is kerφ for some character φ by Theorem 5.17. So
φpxq “ 0 since x P J Ď kerφ.

(ii) λ P σApxq ðñ pλ1´xq R GpAq ðñ (by (i)) there exists φ P ΦA s.t. φpλ1´xq “ 0,
i.e. λ “ φpxq.

(iii) Is immediate from (ii).

Corollary 5.19. Let x, y be commuting elements of a Banach algebra A. Then

rApx` yq ď rApxq ` rApyq
rApx ¨ yq ď rApxq ¨ rApyq.

Proof. Wlog, A is a commutative unital Banach Algebra. (A Ñ A` if necesary and then replace
A by a maximal commutative sub-algebra containing x, y and use proposition 5.13). Then for
all characters φ, |φpx`yq| ď |φpxq|`|φpyq| ď rApxq`rApyq by corollary 5.18. Taking supremum
over all characters φ gives rApx ` yq ď rApxq ` rApyq. Argue analogously for the remaining
inequality.
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Examples 5.20. 1. A “ CpKq, K compact, Hausdorff. ΦA “ tδk : k P Ku (δkpfq “
fpkq). ”Ě” is easy to check.
”Ď”: let M P MA. Seek k P K s.t. M “ ker δk. Assume there is non such A. Then
for all k P K, there exist fk P M s.t. fkpkq ‰ 0. By continuity, there exists open
neighbourhoods Uk of k s.t. fk|Uk

‰ 0. By compactness, there exist k1, . . . , kn P K s.t.
ď

Ukj
“ K. Then g “

nÿ

j“1

|fkj
|2 ą 0 on K. So 1

g
P CpKq. Also, g “

nÿ

j“1

fkj
¨fkj

P M,

a contradiction.

2. Let K Ď C, K compact and non-empty. Then ΦRpKq “ tδw : w P Ku.

3. ΦAp∆q “ tδw : w P ∆u where Ap∆q is the disc algebra.

4. Wiener algebra: W “ tf P CpS1q :
ÿ

nPZ

| pfn| ă 8u, where S1 “ tz P C : |z| “ 1u,

pfn “ 1
2π

ż π

´π

fpeiθqe´inθdθ. W is a commutative unital Banach algebra with pointwise

operations in the norm ‖f‖1 “
ÿ

nPZ

| pfn|. [It is isometrically isomorphic to ℓ1pZq which

is a Banach algebra in the ℓ1´norm and convolution product. That is for a “ panq, b “
pbnq, pa˚bqn “

ÿ

j`k“n

akbj , n P Z. The isomorphism is given by f ÞÑ p pfnqn P Z]. Have

ΦW “ tδw : w P S1u, so σW pfq “ fpS1q. So if f P CpS1q has absolutely convergence
Fourier series and is nowhere zero, then 1

f
P W and so has an absolutely convergence

Fourier series and is nowhere zero (Wiener’s Theorem).

Definition 5.21.Lecture 19 Let A be a commutative unital Banach algebra. Then

ΦA “ tφ P BA˚ : φpabq “ φpaqφpbq@a, b P A, φp1A “ 1u
“ BA˚ X p pab´ pa ¨ pbq´1pt0uq X 1´1

A pt1uq

is weak-* closed. (Here for x P A, px P A˚˚ is its canonical image in A˚˚). Hence,
ΦA is w˚´compact. The w˚ ´ topology on ΦA is called the Gelfand topology. ΦA

with the Gelfand topology is the spectrum of A OR the character space of A OR the
maximal ideal space of A. For x P A, px|ΦA

is continuous on ΦA wrt the Gelfand topol-
ogy; we denote px|ΦA

by px. So px P CpΦAq-called the Gelfand transform of x. The map

A Ñ CpΦAq
x ÞÑ px

is the Gelfand map.

Theorem 5.22 (Gelfand Representation Theorem). Let A be a commutative unital Banach
algebra, then the Gelfand map is a continuous unital homomorphism A Ñ CpΦAq. For x P A

(i) ‖px‖8 “ rApxq ď ‖x‖.

(ii) σCpΦAqppxq “ σpxq.

(iii) x P GpAq ðñ px P GpCpΦAqq.

Proof. The Gelfand map is linear since x Ñ px : A Ñ A˚˚ is linear.

Homomorphism: for x, y P A xxypφq “ φpxyq “ φpxqφpyq “ px ¨ py for all φ P ΦA, so xxy “ pxpy.

Unital: p1Apφq “ φp1Aq “ 1 for all φ P ΦA, so p1A “ p1ΦA
.
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Continuity: follows once we prove (i).

(i) ‖px‖8 “ supt|pxpφq| : φ P ΦAu Cor5.18piiiq“ rApxq
Thm5.6

ď ‖x‖.

(ii) σCpΦAqppxq “ t
“φpxq

|pxpφq|: φ P ΦAu Cor5.18piiq“ σApxq.

(iii) Immediate.

Note: the Gelfand map need not be injective or surjective. Using Theorem, 5.10 its kernel is

tx P A : σApxq “ t0uu “ tx P A :

quasi-nilpotent“0hkkkkkikkkkkj
lim
nÑ8

‖xn‖
1

n u
“

č

φPΦA

kerφ

“
č

MPMA

M

loooomoooon
Jacobson radical of A,J pAq

.

Say A is semi-simple if J pAq “ t0u.

6 Holomorphic Functional Calculus (HFC)

Recall For a non-empty open set U Ď C, OpUq “ tf : U Ñ C : f holomorphicu is a LCS with the
topology of local uniform convergence induce by the family of semi-nnorms: f ÞÑ ‖f‖K “ sup

K

|f |
for non-empty compact K Ď U . OpUq is also an algebra with pointwise multiplication which is
cotinuous wrt the topology of OpUq [a Fréchet algebra].

Notation: Define e, u P OpUq by epzq “ 1 and upzq “ z for all z P C. OpUq is a untial algebra with
unit e.

Theorem 6.1 (Holomorphic Function Calculus). Let A be a commutative unital Banach al-
gebra, x P A, U Ď C open and σApxq Ď U . Then there exists a unique unital homomorphism
Θx : OpUq Ñ A s.t. Θxpuq “ x. Moreover, φ pΘxpfqq “ fpφpxqq for all φ P ΦA, f P OpUq
and σA pΘxpfqq “ tfpλq : λ P σApxqu.

Note: Think of Θx as ”evaluation as x”-write fpxq for Θxpfq. Then epxq “ 1, upxq “ x. If p is a

polynomial, there exist n P N, a0, . . . , an P C s.t. for all z P C, ppzq “
nÿ

k“0

akz
k, then p “

nÿ

k“0

aku
k.

So Θxppq “ ppzq “
nÿ

k“0

ak pΘxpuqqk “
nÿ

k“0

akx
k “ ppxq as defined in lemma 5.9.

Also, φpfpxqq “ fpφpxqq for all f P OpUq, φ P ΦA and σApfq “ tfpλq : λ P σApxqu “ fpσApxqq.

Theorem 6.2 (Runge’s Approximation Theorem). Let K be non-empty and compact.
Then OpKq “ RpKq, i.e. if f is a function holomorphic on some open neighbourhood of
K then for all ǫ ą 0, there exists ration function r with no poles in K s.t. ‖f ´ r‖K ă ǫ.

More precisely, given a set Λ consisting of one point from each bounded component of CzK,
r can be chosen s.t. all its poles are in Λ. If CzK is connected, then Λ is empty so in fact
we get OpKq “ PpKq.
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6.1 Vector-valued integration

Let a ă b in R, X be a Banach space and f : ra, bs Ñ X continuous. We define ”

ż b

a

fptqdt”.

We choose dissections Dn :“ a “ t
pnq
0 ă t

pnq
1 ă ¨ ¨ ¨ ă t

pnq
kn

“ b s.t. |Dn| “ max
1ďjďkn

ptpnq
j ´ t

pnq
j´1q Ñ 0

as n Ñ 8.

Since f is uniformly continuous, the limit of

knÿ

j“0

fptpnq
j qptpnq

j ´ t
pnq
j´1q

exists and is independent of pDnq. We define

ż b

a

fptqdt to be this limit. It follows that for all

φ P X˚

φ

˜ż b

a

fptqdt
¸

“
ż b

a

φpfptqqdt.

Taking φ to be a norming functional for

ż b

a

fptqdt, we get

∥

∥

∥

∥

∥

ż b

a

fptqdt
∥

∥

∥

∥

∥

ď
ż b

a

‖fptq‖ dt, p‖φ‖ ď 1q.

Let γ be a path in C (continuously differentiable), f : rγs Ñ X be continuous3. Define

ż

γ

fpzqdz “
ż b

a

fpγptqqγ1ptqdt

Given a chain Γ “ pγ1, . . . , γnq4 and continuous f : rγs Ñ X define

ż

Γ

fpzqdz “
nÿ

j“1

ż b

a

fpγptqqγ1ptqdt

and have for all φ P X˚

φ

ˆż

Γ

fpzqdz
˙

“
ż

Γ

φpfpzqqdz.

and
∥

∥

∥

∥

ż

Γ

fpzqdz
∥

∥

∥

∥

ď ℓpΓq ¨ sup
zPrγs

‖fpzq‖ .

Theorem 6.3 (Vector-valued Cauchy’s Theorem). Let U Ď C be open, Γ a cyclea in U ,

s.t. npΓ, wq “ 1
2πi

ż

γ

1

z ´ w
dz “ 0 for all w R U and f : U Ñ X holomorphic. Then

ż

Γ

fpzqdz “ 0.

aa cycle is a chain Γ “ pγ1, . . . , γnq, n P N of paths γj : raj , bjs Ñ C s.t. there exists a permutation
ρ P Sn s.t. γjpbjq “ γρpjqpaρpjqq for all j “ 1, . . . , n.

Proof. For φ P X˚, apply the scalar version of Cauchy’s Theorem to deduce

φ

ˆż

Γ

fpzqdz
˙

“ 0, for all φ P X˚

3rγs denotes the path itself in C.
4any finite collection of paths defined as above.
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and then apply Hahn-Banach to conclude.

Lemma 6.4. Let K be a non-empty compact s.t. K Ď U , U Ď C open. Then there is a
cycle Γ such that

npΓ, wq “
#
1, w P K
0, w R U .

Proof. Note that K being compact means that distpK,CzUq “ δ ą 0. Thus, there exists an
n P N

a, s.t. K is covered by finitely many (by compactness) boxes in the dyadic lattice 2´nZ2

where any adjacent to them boxes are also Ď U , see figure 6. More precisely, A “ tpx, yq P
Z
2 : rx ¨ 2´n, x ¨ 2´n ` 2´ns ˆ ry ¨ 2´n, y ¨ 2´n ` 2´ns X K ‰ Hu. Have |A| ă 8. Now, define

B “ A Y tpx˘ 1, y ˘ 1q P Z
2 : px, yq P Aqu. Let Γ be the boundary of the boxes above, that is

Γ “ B
ď

px,yqPB

rx ¨ 2´n, x ¨ 2´n ` 2´ns ˆ ry ¨ 2´n, y ¨ 2´n ` 2´ns

oriented counter-clockwise (black curve in figure 6), and note that Γ Ď UzK.

Now, for any w P K, w is either in the interior of a box or the interior of the union of boxes
adjacent to it. Regardless, one computes the winding number around such a curve Γ̃ (red in
figure6), which is seen to be the same as the winding number of Γ around w, by homotopy
invariance (Cauchy’s Theorem). One argues similarly for w P CzU to obtain npΓ, wq “ 0.

afor instance, take n P N s.t. 2
?
2 ¨ 2´n ă δ

2
.

Figure 6: Illustration of proof of Lemma 6.4, where n P N, w P K and K,U ,Γ (in black) as in in
the lemma.
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Lemma 6.5.Lecture 20 Let A, x,U be as in Theorem 6.1. K “ σApxq and fix a cycle (guaranteed to
exists by Lemma 6.4) Γ in UzK s.t.

npΓ, wq “
#
1, w P K
0, w R U .

Define the map

Θx : OpKq Ñ A

f ÞÑ Θxpfq “ 1
2πi

ż

Γ

fpzqpz1 ´ xq´1qdz.

Then,

(i) Θx is well-defined, linear, continuous.

(ii) For a rational function r with no poles in U , Θxprq “ rpxq in the usual sense.

(iii) φ pΘxpfqq “ fpφpxqq for all φ P ΦA, f P OpUq and σA pΘxpfqq “ tfpλq : λ P
σApxqu.

Remark. So we can think of the HFC as a Banach algebra valued Cauchy integral formula. Lemma
6.5 almost proves the theorem (6.1). It remains to show that Θx is a homomorphism and it is
unique.

Proof. (i) If z P rΓs then z R K “ σApxq. So z1 ´ x P GpAq. By the proof of Theorem 5.6,
the map z ÞÑ pz1 ´ xq´1 is continuous (indeed, holomorphic). So, Θx is well-defined. It’s
also linear by linearity of integration. We also have the estimate

‖Θxpfq‖ ď 1

2π
ℓpΓq ¨ sup

zPrγs

|fpzq| ¨
∥

∥pz1 ´ xq´1
∥

∥ .

Since the map z ÞÑ
∥

∥pz1 ´ xq´1
∥

∥ is continuous on the compact set rΓs, it is bounded. So
there exists M ą 0 s.t. for all f P OpUq ‖Θxpfq‖ ď M ¨ ‖f‖rΓs.

By Lemma 1.21, Θx is continuous.

(ii) First we show Θxpeq “ 1.

Fix R ą ‖x‖ and let γ be the anticlockwise boundary of Dp0, Rq. Then γ and Γ are
homologous in CzK. So, by Cauchy’s Theorem and the proof of Lemma 5.2,

Θxpeq “ 1
2πi

ż

γ

pz1 ´ xq´1 dz

“ 1
2πi

ż

γ

1

z

8ÿ

n“0

´x
z

¯n

dz

“
8ÿ

n“0

1

2πi

ż

γ

1

z

xn

zn`1
dz

loooooooooooooomoooooooooooooon
sum conv. absolutely and uniformly on γ

“ x0 “ 1.

Let r P OpKq be a rational function. So r “ p
q
, for polynomials p, q s.t. for all z P U ,

qpzq ‰ 0. By Lemma 5.9, σApqpxqq “ tqpλq : λ P
“K

σApxqu and so 0 R σApqpxqq. We define
rpxq “ ppxq¨qpxq´1 (”usual sense”). For z, w P C, rpzq´rpwq “ qpzq´1qpwq´1pqpwqppzq´
qpzqppwqq “ qpzq´1qpwq´1pz´wqspz, wq, where s is a polynomial in z, w. Hence, rpzq1´
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rpxq “ qpzq´1qpwq´1pz1 ´ wqspz, wq and

Θxprq “ 1
2πi

ż

γ

rpzqloomoon
rpzq1´rpxq`rpxq

pz1 ´ xq´1 dz

“ 1
2πi

ż

γ

qpzq´1qpwq´1spz, wqdz
loooooooooooooooomoooooooooooooooon

“0 by Cauchy

` 1
2πi

ż

γ

pz1 ´ xq´1qdz ¨ rpxq

“ rpxq ¨ Θxpeq “ rpxq.

(iii) φ pΘxpfqq “ 1
2πi

ż

γ

fpzqpz1 ´ xq´1 dz “ fpφpxqq by Cauchy’s integral formula. and so

σA pΘxpfqq Cor 5.18“ t
“fpφpxqq

φ pΘxpfqq: φ P ΦAu “ tfpλq : λ P σApxqu.

Proof. Proof of Theorem 6.2 Let A “ RpKq. Let x P A be the element xpzq “ z for all z P K.
σApxq “ tλ P C : λ P σApxqu “ K (for λ R K, 1

λ´z
is the inverse to λ1 ´ x).

Let f be holomorphic on some open set U Ě K. Let Θx : OpUq Ñ A be given by Lemma
6.5. Θxpfqpwq “ δw pΘxpfqq “ fpδwpxqq “ fpwq for all w P K. So Θxpfq “ f|K P RpKq. So
OpKq “ RpKq.

Let us now fix Λ as in the statement of Theorem 6.2. Let B be the closed sub-algebra of A
generated by 1, x, pλ1 ´ xq´1, λ P Λ. So B “ closure in CpKq of rational functions with poles
in Λ. By Theorem 5.11, σBpxq is the union of σApxq and some of the bounded components
of CzK. Since for any such component D there exists λ P Λ X D, so λ ¨ 1 ´ x P GpAq. So
σBpxq “ σApxq. So Θxpfq takes values in B, i.e. f|K P B.

Corollary 6.6. Let Let U Ď C be non-empty and open. Then the algebra RpUq of rational
functions with no poles in U is dense in OpUq.

Proof. Let f P OpUq and V be a neighbourhood of f in OpUq. We need V X RpUq ‰ H.

Wlog, V “ tg P OpUq : ‖g ´ f‖K ă ǫu for some non-empty, compact K Ď U and ǫ ą 0. Let pK
be the union of K and those bounded components D of CzK that are combined in U .

If D is a bounded component of Cz pK, then D is a bounded component of CzK s.t. DzU ‰ H
so we can fix λ0 P DzU . Let Λ be the set of all these λ0’s. By Theorem 6.2, there exists rational
function r s.t. ‖r ´ f‖xK ă ǫ and the poles of r are in Λ. Hence, r P V X RpKq.

Combining the above results, we can now embark on a proof of Theorem 6.1, which we started
this section with.

Proof. Let Θx be as in lemma 6.5. Then for all f, g P RpUq, Θxpfgq Lemma6.5piiq“ pf ¨ gqpxq
“ fpxqgpxq “ Θxpfq ¨ Θxpgq and conclude by density of RpUq in OpUq and continuity that Θx

is a homomorphism.

For uniqueness, assume Ψ : OpUq Ñ A is a continuous unital homomorphism and ψpxq “ x.
Then for all polynomials p, Ψppq “ ppxq “ Θxppq and so for all rational r P RpUq Ψprq “ rpxq “
Θxprq and hence Ψ ” Θx by density and continuity.

7 C˚´algebras

A C˚´ algebra is a complex algebra A with an involution: a map A Ñ A, x ÞÑ x˚ s.t.

(i) pλx` µyq˚ “ λx˚ ` µy˚
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(ii) pxyq˚ “ y˚x˚

(iii) x˚˚ “ x

for all x, y P A, λ, µ P C. If A is unital, then 1˚ “ 1. A C˚´algebra is a Banach algebra with an
involution s.t. the C˚-equation holds:

‖x˚x‖ “ ‖x‖
2
, for all x P A.

A complete algebra norm on a *-algebra that satisfies the C˚´equation is a C˚´norm. So a
C˚´algebra is a *-algebra with a C˚´norm on it.

Remark.Lecture 21

1. If A is a C˚´algebra, and x P A, then ‖x˚‖ “ ‖x‖ (‖x‖
2 “ ‖x˚x‖ ď ‖x˚‖ ¨‖x‖ so ‖x‖ ď ‖x˚‖

and hence ‖x˚‖ ď ‖x˚˚‖ “ ‖x‖). So the involution is continuous.

A Banach algebra with an involution s.t. ‖x˚‖ “ ‖x‖ for all x.

2. If A is a C˚´algebra and if A has a multiplicative identity 1 ‰ 0, then automatically A is a
unital C˚´agebra, ‖1‖ “ 1 p‖1‖2 “ ‖1˚1‖ “ ‖1‖q.

Definition 7.1. A *-sub-algebra of a *-algebra A is a sub-algebra B of A s.t. for all x P B,
x˚ P B. A C˚´sub-algebra of a C˚´algebra is a closed *-algebra. So a C˚´sub-algebra
of a C˚´algebra is a C˚´algebra. The closure of a *-algebra of a C˚´algebra is a
*-sub-algebra, so a C˚´algebra.

A *-homomorphism between *-algebras is a homomorphism θ : A Ñ B s.t. θpx˚q “ θpxq˚

for all x P A. A *-isomorphism is a bijective *-homomorphism.

Examples 7.2. 1. CpKq, K compact Hausdorff, is a commutative, unital C˚´algebra
with involution f ÞÑ f˚, where f˚pkq “ fpkq for all k P K, f P CpKq.

2. BpHq, H Hilbert space is a unital C˚´algebra with involution T ÞÑ T˚ where T˚ is
the adjoint.

3. Any C˚´sub-algebra of BpHq, (H any Hilbert space) is a C˚´algebra.
. . .And that’s all folks!

Remark. the Gelfand-Naimark Theorem says that if A is a C˚´algebra then there exists a Hilbert
space H s.t. A is isometrically *-isomorphic to some C˚´sub-algebra of BpHq. We will prove the
commutative version.

Definition 7.3. Let A be a C˚´algebra and x P A. We say x is

(i) hermitian or self-adjoint if x˚ “ x

(ii) unitary if (A is unital and) x˚x “ xx˚ “ 1

(iii) normal if x˚x “ xx˚

Examples 7.4. 1. 1 is both hermitian and unitary. In general, hermitian and unitary
are normal.

2. f P CpKq is Hermitian ðñ fpKq Ď R and unitary ðñ fpKq Ď S1. (Recall:
fpKq “ σCpKqpfq).

Remark. 1. If A is a C˚´algebra and x P A. Then there exist unique hermitian h, k P A s.t.

x “ h ` ik. [If x “ h ` ik then x˚ “ h ´ ik, so h “ x`x˚

2
, k “ x´x˚

2i
and conversely, this

choice for h, k works].
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2. If A is a unital C˚´algebra and x P A, then x P GpAq ðñ x˚ P GpAq and in this case
px˚q´1 “ px´1q˚.
It follows that σApx˚q “ tλ : λ P σApxqu (λ1´x P GpAq ðñ pλ1´xq˚ “ λ ¨1´x˚ P GpAq)
so σApx˚q “ σApxq.

Lemma 7.5. Let A be a C˚´algebra and x P A. Then rApxq “ ‖x‖ provided x is normal.

Proof. Assume x is hermitian. Then ‖x‖
2 “

∥

∥x2
∥

∥ and inductively, ‖x‖
2n “

∥

∥x2
n∥

∥ for all n. By

the spectral radius formula (Theorem 5.10), rApxq “ lim
nÑ8

∥

∥

∥
x2

n
∥

∥

∥

1

2n “ ‖x‖.

If x is normal, then ‖x˚x‖ “ rApx˚xq because x˚x is hermitian.

Now, rApx˚xq ď rApx˚qrApxq
pCor5.19q

ď ‖x˚‖ ¨ ‖x‖. But ‖x‖
2 “ ‖x˚x‖. So we have equality

throughout and so ‖x‖ “ rApxq.

Lemma 7.6. Let A be a unital C˚´algebra and x P A. Then φpx˚q “ φpxq for all φ P ΦA.

Proof. Wlog we can assume that x is hermitian. [For general x, write x “ h ` ik, h, k
hermitian. Then φpx˚q “ φph´ ikq “ φphq ´ iφpkq “ φpxq (φphq, φpkq real)]. Now assume x is
hermitian φ P ΦA and write φpxq “ a` ib, a, b P R.

Need: For t P R,

|φpx` it1q|2 “ |a` ipb` tq|2
“ a2 ` pb` tq2 “ a2 ` b2 ` 2bt` t2

ď ‖x` it1‖
2 “ ‖px` itq˚px` itq‖

“ ‖px´ itq˚px` itq‖ “
∥

∥x2 ` t21
∥

∥ ď
∥

∥x2
∥

∥ ` t2.

Hence, b “ 0.

Corollary 7.7. Let A be a unital C˚´algebra.

(i) If x P A is hermitian, then σApxq Ď R.

(ii) If x P A is unitary, then σApxq Ď S1.

(iii) If B is a unital C˚´sub-algebra of A and x P B is normal then σBpxq “ σApxq.

Proof. (i) Let B “ C˚´algebra generated by 1, x (check *-sub-alg) ppxq : p poly . B is
commutative, so σqBpxq “ tφpxq : φ P ΦBu. By Lemma 7.6, σApxq Ď σBpxq Ď R.

(ii) Let B “ C˚´algebra generated by by 1, x, x˚ “ tppx, x˚q : p poly in two variables u.
B is commutative, so σBpxq “ tφpxq : φ P ΦBu. By Lemma 7.6, 1 “ φp1q “ φpx˚xq “
φpxqφpxq, hence |φpxq|2 “ 1. So σApxq Ď σBpxq Ď S1.

(iii) For the last part, assume x P B is hermitian. Then σApxq Ď R, so CzσApxq is
connected. So it follows by Theorem 5.11 that σApxq “ σBpxq.

Now assume x P B is normal. Then for λ P C we have

λ1 ´ x P GpAq ðñ λ1 ´ x P GpAq & pλ1 ´ xq˚ P GpAq
commuting elementsðñ pλ1 ´ xqpλ1 ´ xq˚ P GpAq
hermitianðñ pλ1 ´ xqpλ1 ´ xq˚ P GpBq
commuting elementsðñ λ1 ´ x P GpBq & pλ1 ´ xq˚ P GpBq
ðñ λ1 ´ x P GpBq.

47



Functional Analysis Pantelis Tassopoulos

Remark. T P BpHq, T hermitian or unitary, then σpT q “ BσpT q Ď σappT q “ set of approximate
evals. So σpT q “ σappT q (also holds for normal operators).

Theorem 7.8.Lecture 22 Let A be a commutative unital C˚´algebra. Then there exists compact,
Hausdorff K s.t. A is isometrically isomorphic to CpKq. In particular, the Gelfand map

A Ñ CpΦAq
x ÞÑ px

is an isometric *-isomorphism.

Proof. By Theorem 5.22, the Gelfand map G : A Ñ CpΦAq where Gpxq “ px|ΦA
, is a unital

homomorphism. It remains to check the following three properties:

G is a *-homomorphism: xx˚pφq “ φpx˚q Lemma7.6“ φpxq “ pxpφq “ ppxq˚pφq for all φ P PhiA.

G is isometric: ‖Gpxq‖ “ ‖px‖8

Thm5.22piq“ rApxq A commutative Lemma 7.5“ for all x P A.

G is surjective: let pA be the image of G. So pA “ tpx : x P Au. SInce G is an isometric unital

*-homomorphism, it follows that pA is a closed sub-algebra of CpΦAq containing the constant

functions and closed under conjugation. Also pA separates points of ΦA: if φ ‰ ψ in ΦA, then
there exists x P A s.t. φpxq ‰ ψpxq, i.e. pxpφq ‰ pxpψq. By Stone-Weierstrass, pA “ CpΦAq.

Applications:

1. Let A be a unital C˚´algebra and let x P A. Say x is positive if x is hermitain and

σApxq Ď r0,8q. We show there exists a unique positive y P A s.t. y2 “ x, called the square

root of x, denoted x
1

2 .

Existence: B “ C˚´sub-algebra generated by by 1, x “ tppxq : p poly u. B is a commutative
unital C˚´algebra. By Theorem 7.8, the Gelfand map

B Ñ CpΦBq
w ÞÑ pw

is an *-isomorphism. Now, we compute σCpΦBqppxq Cor5.18piiq“ σBpxq Cor7.7“ σApxq Ď r0,8q.

The map φ P ΦB , φ ÞÑ
a

pxpφq P CpΦBq, so there exists a y P B s.t. pypφq “
a

pxpφq for all

φ P ΦB . xy˚ “ ppyq˚ “
?

px “
?

px “ py.The Gelfand map is injective, so y˚ “ y, i.e. y is hermi-

tian. Now, σApyq “ σBpyq “ σCpΦBqppyq Ď r0,8q, so y is positive. Finally, py2 “ ppyq2 “ px, so
y2 “ x. Note that y is a limit of sequence of polynomials in x.

Uniqueness: Assume z P A is positive and z2 “ x. Have zx “ xz “ z3, so zppxq “ ppxqz for

all polynomials p, so yz “ zy. Let B̃ “ C˚´sub-algebra generated by 1, y, z. Then B̃ is a

commutative unital C˚´algebra containing y, z, x “ y2 “ z2. Theorem 7.8 gives that the

B̃ Ñ CpΦB̃q
w ÞÑ pw

is an isometric *-isomorphism. σCpΦB̃qppyq “ σB̃pyq “ σApyq Ď r0,8q. Also, pz2 “ pz2 “ px “
py2 “ py2 and hence py “ pz and thus y “ z.

This applies to a positive operator T P BpHq, where H is a Hilbert space (T is positive ðñ
for all x P HxTx, xy ě 0).
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2. Polar decomposition: let H be a Hilbert space, and T P BpHq invertible. Then there exists
unique operators R,U s.t. R is positive, U is unitary and T “ RU .

Existence: TT˚ is positive (xTT˚x, xy “ ‖T˚x‖
2 ě 0). Let R “ pTT˚q 1

2 . So R2 “ TT˚ is in-
vertible, and hence so isR (being the product ofR,R, commuting elements is invertible ðñ

R). Let U “ R´1T . Then U is invertible and UU˚ “ R´1TT˚pR´1q˚ R´1
R2

TT˚ R´1 “ Id.

Uniqueness: if T “ RU , R positive, U unitary, then TT˚ “ RUU˚R “ R2 so R “
?
TT˚

and U “ R´1T .

8 Borel Functional Calculus and Spectral Theory

Throughout we fix:

H non-zero, complex Hilbert space.

BpHq a bounded linear operator on H.

K compact, Hausdorff.

B Borel σ´field on K.

8.1 Operator-valued measures

Definition 8.1 (A resolution of the identity of H over K). A resolution of the identity
of H over K (roti of H over K) is a map P : B Ñ BpHq s.t.

(i) P pHq “ 0 and P pKq “ Id.

(ii) For all E P B P pEq is an orthogonal projection.

(iii) For all E,F P B P pE X F q “ P pEq ˝ P pF q “ P pF q ˝ P pEq.

(iv) For all E,F “ H. Then, P pE Y F q “ P pEq ` P pF q.

(v) For all x, y P H the map Px,y : B Ñ C defined by Px,ypEq “ xP pEqx, yy, E P B, is
a regular complex Borel measure.

Examples 8.2. Example: H “ L2r0, 1s, K “ r0, 1s, P pEqf “ 1Ef .

Simple Properties:

(i) For all E,F P B P pE X Eq, P pF q commute (directly follows from (ii) above).

(ii) If E X F “ H, then P pEqpHq K P pF qpHq. That is for all x, y P H xP pEqx, P pF qyy “

xP pF q ¨ P pEqx, yyxP
“H

pE X F q x, yy “ 0.

(iii) For x P H, Px,x is a positive measure of total mass Px,xpKq “ ‖x‖
2
. (Px,xpEq “ xP pEqx, xy “

xP pEq2x, xy xP pEqx, P pEqxy “ ‖P pEqx‖2 ě 0, which equals ‖x‖
2
if E “ K).

(iv) p is finitely additive and for x P H, E ÞÑ P pEqx : B Ñ H is countably additive. That is, for
En P B, n P N, En X Em “ H for all m ‰ n,

C ÿ

nPN

P pEnqx, y
G

“
ÿ

nPN

xP pEnqx, yy “
ÿ

nPN

Px,ypEnq

“ Px,y

˜ ď

nPN

En

¸
“

C
P

˜ ď

nPN

En

¸
x, y

G
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for all y P H so
ÿ

nPN

P pEnqx “ P

˜ ď

nPN

En

¸
x.

Note that
ÿ

nPN

‖P pEnq‖2 ď ‖x‖
2
be Bessel’s inequality since

˜
P

˜ ď

nPN

En

¸
x

¸

nPN

are pairwise

orthogonal.

(v) P need not be countably additive, but if P pEnq “ 0 for all n P N then P

˜ ď

nPN

En

¸
“ 0.

(vi) For pEnqnPN Ď B, consider the sequence F1 “ E1, Fn “ Enz
n´1ď

i“1

Ei, for n ą 1, then

P

˜ ď

nPN

En

¸
x “ P

˜ ď

nPN

Fn

¸
x “

ÿ

nPN

P pFnqx “ 0, for all x P H.

Definition 8.3 (The algebra L8pP q).Lecture 23 Let P be a resolution of H over K. Say a Borel
function f : K Ñ C is called P´essentially bounded if there exists E P B s.t. P pEq “ 0
and f bounded on KzE.
Then define

‖f‖8 “ inft‖f‖KzE : E P B, P pEq “ 0u,

which is attained (check!).
Let L8pP q be the set of all P´essentially bounded Borel functions f : K Ñ C. This is a
commutative, unital C˚´algebra with pointwise operations and ‖¨‖8 [As usual, we identify
f, g P L8pP q P´a.e., if there exists E P B s.t. P pEq “ 0, f “ g on KzE].

Lemma 8.4. Let P be as above. Then there exists an isometric, unital *-homomorphism
Φ : L8pP q Ñ BpHq s.t.

(i) xΦpfqx, yy “
ż

K

fdPx,y for all f P L8pP q for all x, y P H.

(ii) ‖Φpfqx‖2 “
ż

K

|f |2dPx,x for all f P L8pP q for all x, y P H.

(iii) For S P BpHq, S commutes with all Φpfq, f P L8pP q ðñ S commutes with all
P pEq, E P B.

Note: Φpfq is uniquely determined by (i). We denote Φpfq by

ż

K

fdP . So it says

Bż

K

fdPx, y

F
“

ż

K

fdPx,y.

Proof. Sketch Define Φp1Eq “
ş
K
1EdP “ P pEq.

For simple functions s “
nÿ

j“1

aj1Ej
, Φpsq “

ż

K

sdP “
nÿ

j“1

ajP pEjq.

Φ is an isometric *-isomorphism, unital, on simple functions. Extend by density.

Definition 8.5. let L8pKq be the set of all bounded Borel functions f : K Ñ C. This
is a commutative unital C˚´algebra with pointwise operations and the sup-norm ‖f‖K “
sup
zPK

|fpzq|. If P is a resolution of the identity of H over K, then L8pKq Ď L8pP q and the

inclusion is a norm decreasing unital *-homomorphism.
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Theorem 8.6 (Spectral Theorem for commutative C˚´algebras). Let A Ď BpHq be a com-
mutative unital C˚´algebra of BpHq. Let K “ ΦA. Then there exists a unique resolution
of the identity of H over K, s.t.

ż

K

pTdP “ T, for all T P A.

Moreover,

(i) P pUq ‰ H for any ‰ H, open U Ď K.

(ii) S P BpHq commutes with all T P A ðñ S commutes with all P pEq, E P B.

Proof. By Theorem 7.8 the Gelfand map

A Ñ CpKq
x ÞÑ px

is an isometric *-isomorphism and hence so is its inverse

G´1 : CpKq Ñ A
pT ÞÑ T.

We see a roti P over K which represents G´1 : G´1p pT q “
ż

K

pTdP .

This is an operator version of the Riesz Representation Theorem, Theorem 2.11.

Uniqueness: T “
ż

K

pTdP for all T means

xTx, yy “
ż

K

pTdPx,y, for all T P A, x, y P H.

By uniqueness in the Riesz Representation Theorem (RRT), Px,y is uniquely determined for
all x, y P H. Since Px,ypEq “ xP pEqx, yy, P pEq is uniquely determined for all E P B.

Existence: For x, y P H, pT ÞÑ xTx, yy : CpKq Ñ C is in MpKq “ CpKq˚ with norm at most
‖x‖ ¨ ‖y‖. By RRT, there exists a unique µx,y P MpKq s.t.

xTx, yy “
ż

K

pTdµx,y, for all T P A.

‖µx,y‖1 ď ‖x‖ ¨ ‖y‖. Now, by linearity

“ λ

ż

K

pTdµx,z `
ż

K

pTdµy,z.

By uniqueness in the RRT, µλx`y,z “ λµx,z ` µy,z. If pT is real-valued, then T is hermitian, so

ż

K

pTdµx,y “ xTy, xy “ xTx, yy “
ż

K

pTdµx,y.

By uniqueness in the RRT, µy,x “ µx,y.

Fix f P L8pKq. Then Θ : H ˆ H ˆ C, Θpx, yq “
ż

K

fdµx,y is a sesquilinear form

and |Θpx, yq| ď ‖f‖8 ¨ ‖µx,y‖1 ď ‖f‖8 ¨ ‖x‖ ¨ ‖y‖. So there exists Ψpfq P BpHq s.t.

xψpfqx, yy “ Θpx, yq “
ż

K

fdµx,y and ‖Ψpfq‖ “ ‖Θ‖ ď ‖f‖K .

We now have a map Ψ : L8pKq Ñ BpHq s.t.

Ψ is linear: clear by the linearity of

ż

K

fdµx,y.
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Ψ is bounded: ‖Ψpfq‖ ď ‖f‖K .

Ψ is a *-map:

xΨpfqx, yy “
ż

K

fdµx,y “
ż

K

fdµy,x

“ xΨpfqy, xy “ xx,Ψpfqyy
“ xΨ˚pfqx, yy, for allx, y P H.

So Ψppfqq “ Ψpfq˚.

Ψ|CpKq “ G´1: have xΨp pT qx, yy “
ż

K

pTdµx,y “ xTx, yy for all x, y. So Ψp pT q “ T “ G´1.

Ψ is multiplicative: for S, T P A.
ż

K

pS ¨ pTdµx,y “
ż

K

xSTdµx,y

“ xSTx, yy
“

ż

K

pSdµTx,y, S P A.

By uniqueness in RRT, pTdµx,y “ dµTx,y as measures. Hence,
ż

K

f pTdµx,y “
ż

K

fdµTx,y “ xΨpfqTx, yy

“ xTx,Ψpfq˚yy “
ż

K

pTdµx,Ψpfq˚y, for all T P A, f P L8pKq.

By uniqueness in RRT, fdµx,y “ dµx,Ψpfq˚y. Finally, for g P L8pKq,
ż

K

gfdµx,y

“
ż

K

gdµx,Ψpfq˚y

“ xΨpgfqx, yy
“ xΨpgqx,Ψpfq˚yy
“ xΨpfqΨpgqx, yy, for all x, y P H.

So Ψpfgq “ Ψpfq ¨ Ψpgq.

Define P pEq “ Ψp1Eq. Easy to check P is a roti of H over K. Px,xpEq “ xP pEqx, yy “ż

K

1Edµx,y “ µx,ypEq for all E P B. So Px,y “ µx,y. Also,

Bż

K

pTdPx,y

F
“

ż

K

pTdPx,y

“ xΨp pT qx, yy
“ xTx, yy.

So

ż

K

pTdP “ T . (Without Lemma 8.4, could define

ż

K

fdP “ Ψpfq for f P L8pKq).

(i) Fix U Ď K, U open. By Urysohn, there exists f : K Ñ r0, 1s continuous, s.t. supp f Ď
U , f ‰ 0.
There exists T P A,

?
f “ pT . Then T ‰ 0 so there exists x P H s.t. Tx ‰ 0. 0 ă ‖Tx‖

2 “
xT 2x, xy “

ż

K

xT 2dPx,x “
ż

K

fdPx,x ď Px,xpUq “ xP pUxq, xy. So P pUq ‰ 0.

(ii) Let S P BpHq. xSTx, yy “ xTx,S˚yy “
ż

K

pTdPx,S˚y and xTSx, yy “
ż

K

pTdPSx,y.

So

ST “ TS for all T P A ðñ Px,S˚y “ PSx,y for all x, y P H.
ðñ xP pEqx,S˚yy “ xP pEqSx, yy for all x, y P H,E P B.
ðñ SP pEq “ P pEqS for all E P B.
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Lecture 24
Let A be a united Banach algebra and x P A. We define ex “

8ÿ

n“0

xn

n!
(x0 “ 1) (converges

absolutely, so converges in A). If xy “ yx in A, then ex`y “ ex ¨ ey.

Lemma 8.7 (Fugledo-Putman-Rosenblum). Let A be a unital C˚´algebra, x, y, z P A with
x, y normal. If xz “ zy, then x˚z “ zy˚.

Proof. None given.

Theorem 8.8 (Spectral Theorem for normal operators). Let T P BpHq be normal. Then
there exists a unique resolution of the identity of H over σpT q “ σBpHqpT q, P s.t. T “ż

σpT q

λdP (i.e. the spectral decomposition of T ). Moreover, S P BpHq commutes with T

ðñ S commutes with all
spectral projections

P pEq , E P B.

Proof. Let A be the unital C˚´sub-algebra of BpHq generated by T .
So A “ tppT, T˚q : p poly in two variablesu. T normal implies that A is a commutative
C˚´sub-algebra. σApT q “ σpT q by Corollary 7.7. By Lemma 7.6, every φ P ΦA is uniquely
determined by φpT q. [φpT˚q “ φpT q, φpppT, T˚qq “ ppφpT q, φpT˚qq]. Thus, the map

ΦA Ñ σpT q
φ ÞÑ φpT q

is a continuous bijection (Corollary 5.18) and thus a homeomorphism. pT , xT˚ in CpΦAq
correspond to λ ÞÑ λ, λ ÞÑ λ in CpσpT qq respectively.

Existence of P : follows from Theorem 8.6.

Uniqueness: if T “
ż

σpT q

λdP , then ppT, T˚q “
ż

σpT q

ppλ, λqdP (Lemma 8.4). So

xppT, T˚qx, yy “
ż

σpT q

ppλ, λqdPx,y. Since, λ ÞÑ ppλ, λq are dense in CpσpT qq, by unique-

ness in RRT, Px,y are uniquely determined and hence so is P .

If ST “ TS, then ST˚ “ T˚S by Lemma 8.7. Finally, ST “ TS ðñ S commutes with all
elements of A, ðñ S commutes with P pEq, for all in E P B (Theorem 8.6).

Theorem 8.9 (Borel Functional Calculus). Let T be a normal operator, let K “ σpT q and
P be the roti of H over K given by Theorem 8.8. The map

L8pKq Ñ BpHq
f ÞÑ fpT q –

ż

σpT q

fpλqdP

has the following properties:

(i) it is a unital *-homomorphism s.t. zpT q “ T (where zpλq “ λ for all λ P K).

(ii) ‖fpT q‖ ď ‖f‖K for all f P L8pKq with equality if f P CpKq.

(iii) For S P BpHq, ST “ TS ðñ SfpT q “ fpT qS for all f P L8pKq.

(iv) σpfpT qq Ď fpKq for all f P L8pKq.
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Proof. Everything follows from Lemma 8.4, Theorems 8.6 and 8.9. (Note that fpT q “ Ψpfq
from Theorem8.6). For (iv), σpfpT qq Ď σL8pKqpfq “ fpKq.

Theorem 8.10 (Polar Decomposition). Let T P BpHq be normal. Then, there exists a
positive operator R, unitary U s.t. T “ RU . Also, T,R,U pointwise commute.

Proof. Define r, u on σpT q:

rpλq “ |λ|, upλq “
#

λ
|λ| , λ ‰ 0

1, if λ “ 0 P σpT q.

Then, r, u P L8pσpT qq and ru “ z (zpλq “ λ for all λ P σpT q) let R “ rpT q,U . Then
T “ ZpT q “ RU . r is positive, u is unitary in L8pσpT qq and hence R is positive, U is unitary
in BpHq. Since L8pKq is commutative, R,U , T must commute.

Theorem 8.11 (Unitaries as exponentials). Let U P BpHq be unitary. Then there exists
hermitian Q s.t. U “ eiQ.

Proof. By Corollary 7.7, σpuq Ď S1. Let f : S1 Ñ R be in L8pS1q s.t. eifptq “ t for all t P S1.
Let Q “ fpUq. Then Q is hermitian since f is hermitian in L8pKq.

nÿ

k“0

pifptqqk
k!

Ñ t, uniformly on S1.

nÿ

k“0

piQqk
k!

Ñ U ,

i.e. U “ eiQ.

Theorem 8.12 (Connectedness of GpBpHqq). Fix T P GpBpHqq. T “ RU , R positive, U
unitary (Theorem 8.10) where R,U P GpBpHqq.

Proof. Since R is invertible, σpRq Ď p0,8q. Let S “ logpRq “
ż

σpRq

log λdP (P is a roti of H

over K).

eS “ lim
nÑ8

nÿ

k“0

pSqk
k!

“ lim
nÑ8

Ñ uniformly on σpRqhkkkkkkikkkkkkj
nÿ

k“0

plog λqk
k!

pRq “ zpRq “ R.

So T “ eS¨eiQ . The map r0, 1s Ñ GpBpHqq : t ÞÑ etS ¨ eitQ is a continuous path from Id to T .
Hence GpBpHqq is connected.

End of lecture course.
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