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1 Conditional Expectation
Lecture 1 1.1 Basic definitions

Let (Ω,F ,P) be a probability space. Remember the following definitions

Definition 1.1 (Sigma algebra). F is a sigma algebra if and only if: (F ∈ PΩ)

• Ω ∈ F

• A ∈ F =⇒ Ac ∈ F

• (An)n∈N ⊆ F =⇒
⋃

n∈N
An ∈ F

Definition 1.2 (Probability measure). P is a probability measure if

• P : F → [0, 1] (i.e. a set function)

• P(Ω) = 1, and P(∅) = 0

• (An)n∈N pairwise disjoint =⇒ P

(⋃
n∈N

An

)
=

∞∑
n=1

P(An).

Definition 1.3 (Random Variable). X : Ω → R is a random variable if for all B open in R,
X−1(B) ∈ F .

Remark. Observe that the sigma algebra G = {B ⊆ R : X(B) ∈ F} ⊇ O =⇒ G ⊇ B(R), the former being
the collection of open sets in R and the latter the Borel sigma algebra on R with the usual topology, namely,
σ(O) (see below for the notation).

Let A be a collection of subsets of Ω. We define

σ(A) = smallest sigma algebra containing A
=
⋂

{T : T sigma algebra containing A}.

Definition 1.4 (Borel sigma algebra on R). Let O = {open setsR}. Then, the Borel sigma algebra
B(R)(:= B) is defined as above, namely,

B(R) := σ(O).

Let (Xi)i∈I be a family of random variables, then σ(Xi : i ∈ I) = the smallest sigma algebra that makes
them all measurable. We also have the characterisation
σ(Xi : i ∈ I) = σ({{ω ∈ Ω : Xi(ω) ∈ B}︸ ︷︷ ︸

X−1
i

(B)

, i ∈ I,B ∈ B(R)}).

1.2 Expectation

Note we use the following for the indicator function on some event A

1(A)(x) = 1(x ∈ A) := 1, x ∈ A
0, x /∈ A

}
, A ∈ F .

3



We now begin the construction of the expectation of generic random variables.

Positive simple random variables: X =
n∑

i=1
1(Ai), ci ≥ 0, Ai ∈ F ..

E[X] :=
n∑

i=1
ciP(Ai).

Non-negative random variables: (X ≥ 0). We proceed by approximation. Namely, let
Xn(ω) := 2−n⌊2−n ·X(ω)⌋ ∧ n ↑ X(ω), n → ∞. Now, by monotone convergence,

E[X] :=↑ lim
n→∞

E[Xn] = supE[X].

General random variables: Have the decomposition X = X+ −X−, where X+ = X ∨ 0, X− = −X ∧ 0.
If one of E[X+],E[X−] < ∞ then set

E[X] := E[X+] − E[X−].

Definition 1.5. X is called integrable if E[|X|] < ∞.

Definition 1.6. Let B ∈ F with P(B) > 0. Then for all A ∈ F , set

P(A|B) := P(A ∩B)
P(B)

Now for an integer-valued random variable X, we set:

E[X|B] := E[X · 1B ]
P(B)

1.3 Conditional expectation with respect to countably generated sigma
algebras

Lecture 2 We now extend the definition of the conditional expectation for a countably generated sigma algebra. Let
(Ω,F ,P) be a probability space. We call the sigma algebra G countably generated if there exists a collection
(Bn)n∈N of pairwise disjoint events such that

⋃
n∈I

Bn = Ω with (I countable) and G = σ(Bi : i ∈ I).

Let X be an integrable random variable. We want to define E[X|G].
Define X ′(ω) = E[X|Bi], whenever w ∈ Bi, i.e.

X ′ =
∑
i∈I

1(Bi) · E[X|Bi].

We make the convention that E[X|Bi] = 0 if P(Bi) = 0. It is easy to check that X ′ is G−measurable.
We also have that

G =

⋃
j∈
Bj : J ⊆ I


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and X ′ satisfies for all G ∈ G:E[X · 1G] = E[X ′ · 1G] and

E[|X ′|] ≤ E

[∑
i∈I

|E[X|Bi]1(Bi)
]

=
∑
i∈I

P(Bi) · |E[X|Bi]|

≤
∑
i∈I

P(Bi) · E[X · 1(Bi)]︸ ︷︷ ︸
P(Bi)

= E[|X|] < ∞.

1.4 General case

We say A ∈ F happens a.s. if P(A) = 1. Recall (from measure theory and basic functional analysis):

Theorem 1.7 (Monotone Convergence Theorem (MCT)). Let (Xn)n∈N be such that Xn ≥ 0, X be
random variables such that Xn ↑ X as n → ∞. Then, E[Xn] ↑ E[X] as n → ∞.

Theorem 1.8 (Dominanted Convergenec Theorem (DCT)). Let (Xn)n∈N be random variables such
that Xn → X a.s. as n → ∞ and |Xn| ≤ Y a.s. for all n ∈ N, where Y is integrable, then
E[Xn] → E[X], as n → ∞.

Let 1 ≤ p < ∞ and f a measurable function, then set ∥f∥p := (E[∥f∥p])
1
p . If p = ∞, then set

∥f∥∞ := inf{λ : |f | ≤ λ a.s.}. Recall for all p, the Lebesgue spaces, Lp(Ω,F ,P) = {f : ∥f∥p < ∞}.

Theorem 1.9. L2(Ω,F ,P) is a Hilbert space, with inner product ⟨u, v⟩2 = E[u · v]. Furthermore, for
any closed subspace H, if f ∈ L2, there exists a unique g ∈ H s.t. ∥f − g∥L2 = inf

h∈H
∥f − h∥L2 and

⟨f − g, h⟩ = 0, for all h ∈ H. We say that g is the orthogonal projection of f in H.

We now construct the conditional expectation in the general case, for any integrably random variable
with respect to an arbitrary sigma algebras.

Theorem 1.10 (Conditional Expectation). Let (Ω,F ,P) be a probability space, G ⊆ F a sub-sigma
algebra, X ∈ L1(Ω,F ,P). Then there exists an integrable random variable Y satisfying:

• Y is G−measurable

• for all G ∈ G,E[X · 1(G)] = E[Y · 1(G)].

Moreover, Y unique in the sense that if Y ′ also satisfies the above 1), 2), then Y = Y ′ a.s.. We call
Y a version of the conditional expectation of X given G. We write Y = E[XG] a.s. If G = σ(Z),
where Z is a random variable, then we write E[Z] = E[X|G].

Remark. 2) could be replaced by E[X · Z] = E[Y · Z] for all Z bounded G−measurable random variables.

We now state and prove the main theorem of this section:

Proof. (Theorem 1.10) Uniqueness: Let Y, Y ′ satisfy 1), 2). Let A = {Y > Y ′} ∈ G. Then 2)

=⇒ E[Y · 1(A)] = E[Y ′ · 1(A)] = E[X · 1(A)]
=⇒ E[(Y − Y ′) · 1(A)] = 0
=⇒ P(A) = P(Y > Y ′) = 0
=⇒ Y ≤ Y ′ a.s..
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We similarly obtain Y ≥ Y ′ a.s., hence we deduce that Y = Y ′ a.s.
Existence: three steps.

• Assume that X ∈ L2(Ω,F ,P). Observe that L2(Ω,G,P) is a closed subspace of L2(Ω,F ,P). Hence,
Theorem 1.9, we have the decomposition L2(Ω,F ,P) = L2(Ω,G,P) ⊕ L2(Ω,G,P)⊥. Then, we
have the corresponding decomposition X = Y + Z, where Y ∈ L2(Ω,G,P) and Z ∈ L2(Ω,G,P)
respectively. Define E[XG] := Y , Y is G−measurable and for all A ∈ G, E[X · 1(A)]E[Y · 1(A)] =
E[Z · 1(A)] since Z ∈ L2(Ω,G,P)⊥.
Claim: If X ≥ 0, a.s. then Y ≥ 0 a.s. Indeed, let A = {Y < 0} ∈ G. Then observe that
0 ≤ E[X · 1(A)] = E[Y · 1(A)] ≤ 0. Hence E[Y · 1(A)] = 0 and so P(A) = 0, gibing Y = 0 a.s.

• Assume X ≥ 0.
Define Xn = X ∧ n ≤ n, meaning Xn is bounded for all n ∈ N. So Xn ∈ L2(Ω,F ,P). Let
Yn = E[Xn] a.s.. (Xn)n∈N is an increasing sequence. By the claim above, so is (Yn)n∈N a.s.
Define Y = lim sup

n
Yn meaning Y is G−measurable and Y =↑ lim

n→∞
Yn a.s. Now, we have that for all

A ∈ G, E[Xn ·1(A)] = E[Yn ·1(A)]. Thus, by theorem 1.7 (MCT), E[X ·1(A)] = lim
n→∞

E[Xn ·1(A)] =
lim

n→∞
E[Yn · 1(A)] = E[Y · 1(A)].

• X general in L1.
Decompose as before X = X+ −X−. Define, E[XG] = E[X+|G] − E[X−|G].

Lecture 3

Remark. From the second step of the proof of Theorem 1.10 we see that we can define E[X|G] for all
X ≥ 0, not necessarily integrable. It satisfies all conditions 1), 2) except for the integrability one.

Definition 1.11. G1,G2, . . .︸ ︷︷ ︸
sigma algebras

⊂ F . We call them independent if whenever Gi ∈ Gi and i1 < . . . ik

for some k ∈ N, then P(Gi1 ∩ · · · ∩Gik
) =

k∏
j=1

P(Gij ).

Moreover, let X be a random variable and G a sigma algebra, then they are said to be int if σ(X) is
independent of G.

Properties of conditional expectations: Fix X, y ∈ L1, G ∈ F .

• E[E[XG]] = E[X] (take A = Ω)

• If X is G−measurable, then E[XG] = X a.s.

• If X is independent of G, then E[XG] = E[X]

• If X ≥ 0 a.s., then E[XG] ≥ 0 a.s.

• For α, β ∈ R E[αX + βY |G] = αE[X] + βE[Y ]

• E[X|G]| ≤ E[|X||G] a.s.

Below we proved:we expansions of useful measure theoretic results for the expectation to their
corresponding conditional counterparts. First recall:

Lemma 1.12 (Fatou’s Lemma). Let Xn ≥ 0 for all n ∈ N. Then

E[lim inf
n

Xn] ≤ lim inf
n

E[Xn] a.s
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Theorem 1.13 (Jensen’s Inequality). If X is integrable and ϕ : R → R is a convex function, then

ϕ(E[X]) ≤ E[ϕ(X)] a.s.

Now the results themselves:

Theorem 1.14 (Conditional Monotone Convergence theorem (MCT)). Let G ⊂ F be sigma algebras,
Xn ≥ 0 a.a. and Xn ↑ X, as n → ∞ a.s. Then

E[Xn|G] ↑ E[X|G] a.s.

Proof. Theorem 1.14 Set Yn = E[XnG] a.s. Observe that Yn is a.s. increasing. Set Y = lim sup
n

Yn. Yn is
G−measurable, hence, so is Y (as a lim sup of G−measurable random variables) is also G−measurable.
Also, Y = lim

n→∞
Yn a.s.

Need to show: E[Y · 1(A)]E[X · 1(A)] for all A ∈ G. Indeed,

E[Y · 1(A)] = E[ lim
n→∞

Yn · 1(A)] MCT= lim
n→∞

E[Yn · 1(A)]
= lim

n→∞
E[Xn · 1(A)] = E[X · 1(A)].

Proof. Theorem 1.12 lim inf
n

Xn = lim
n→∞

(
inf
k≥n

Xk

)
, the limit of an increasing sequence. By Theorem 1.7,

we have
lim

n→∞
E[ inf

k≥n
Xn|G] = E[lim inf

n
Xn|G]

and
E[ inf

k≥n
Xk|G]

a.s.
≤ inf

k≥n
E[Xk|G]a

which gives the result
E[lim inf

n
Xn] ≤ lim inf

n
E[Xn] a.s.

acan take the infinum due to countability that preserves a.s.

Theorem 1.15 (Conditional Dominated Convergence Theorem). SUppose Xn → X a.s. n → ∞
and |Xn| ≤ Y a.s. for all n ∈ N with Y integrable. Then E[XnG] → E[XG] a.s. as n → ∞.

Proof. From −Y ≤ Xn ≤ Y , we have Xn + Y ≥ 0 for all n ∈ N and Y −Xn ≥ 0a.s. By Theorem 1.12,

E[X + Y G] = E[lim inf
n

(Xn + Y )|G]
≤ lim inf

n
E[Xn + Y |G] = lim inf

n
E[XnG] + E[X]

Thus,
E[|X − Y ||G] = E[Y − lim inf

n
Xn|G]

≤ E[Y ] + lim inf
n

E[Xn|G]

Hence,
lim sup

n
E[Xn|G] ≤ E[X|G]
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and
lim inf

n
E[Xn|G] ≥ E[X|G]

a.s., concluding the proof.

Theorem 1.16 (Conditional Jensen). Let X ∈ L1(Ω,F ,P), ϕ : R → R be a convex function s.t.
ϕ(X) is integrable or ϕ(X) ≥ 0

ϕ(E[X|G]) ≤ E[ϕ(X)|G] a.s.

Proof. Claim: (true for any convex function, no proof given) ϕ(x) = sup
i∈N

(aix+ bi), aibi ∈ R. Thus,

E[ϕ(X)|G] ≥ aiE[X|G] + bi for all i ∈ N.

Taking the supremum gives a

E[ϕ(X)|G] ≥ sup
i∈N

(aiE[X|G] + bi)

= ϕ(E[X|G]) a.s.

acan take the supremum due to countability which again preserves a.s.

Corollary 1.17. For all 1 ≤ p < ∞ ∥E[X|G]∥p ≤ ∥X∥p.

Proof. Apply conditional Jensen.

Proposition 1.18 (Tower Property). Let X be integrable and H ⊆ G sigma algebras. Then

E[E[X|G]|H] = E[X|H] a.s.

Proof. (1) E[X|H] is H−measurable.

(2) For all A ∈ H NTS:
E[E[X|G] · 1(A)] = E[E[X|H] · 1(A)]

Indeed, both terms above are equal to E[X · 1(A)] since A ∈ G ⊆ H.

Proposition 1.19. Let X ∈ L1, G ⊆ F , Y bounded G−measurable. Then

E[X · Y |G] = Y · E[X|G].

Proof. (1) RHS is clearly G−measurable.

(2) For all A ∈ G:
E[X · Y · 1(A)] = E[Y · E[XG] · 1(A)]
E[X · (Y · 1(A)︸ ︷︷ ︸
G-meas. and bounded

)] = E[E[X|G] · Y · 1(A)] = RHS.

(Also observe that by a monotone class argument, we have for any integrable function f : Ω → R,
E[X · f ] = E[E[X|G] · f ]).

Lecture 4 We are building towards the Theorem
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Theorem 1.20. X ∈ L1,G,H ⊆ F . Assume σ(G,H) ⊥ H, Then

E[X|σ(G,H)] = E[X|G] a.s.

We begin with a definition

Definition 1.21. Let A be a collection of sts. It is called a π−system if for all A,B ∈ A, we also
have A ∩B ∈ A.

Theorem 1.22 (Uniquenes of extension). Let (E, ξ)be a measurable space and let A be a π−system
generating the sigma algebra ξ. Let µ, ν be two measures on (E, ξ) with µ(E) = ν(E) < ∞. If µ = ν
on A, then µ = ν on ξ.

Proof. (Theorem 1.20) NTS: for all F ∈ σ(G,H)

E[X · 1F ] = E[E[X|G] · 1F ]

Now, set A = {A ∩ B : A ∈ G, B ∈ H}. It is easy to check that A is a π−system generating σ(G,H). If
F = A ∩B for some A ∈ G and B ∈ H, Then

E[X · 1(A ∩B)] = E[X · 1(A) · 1(B)]
= E[X · 1(A)] · E[1(B)] H⊥σ(G,H)= E[E[X|G] · 1(A ∩B)].

Now assume X ≥ 0; in the general case, decompose X = X+ − X− and apply same argument to both
X±. Define the measures µ(F ) = E[X · 1(F )] and ν(F ) = E[X · 1(F )] for all F ∈ σ(G,H). Observe that
µ(Ω) = ν(Ω) = E[X] < ∞ and we have shown that µ = ν on A. Thus, µ = ν on σ(G,H) which finally
implies the result

E[X|σ(G,H)] = E[X|G] a.s.
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Examples 1.23. • A stochastic process (more on that later) (Xt)t≥0 is a Gaussian process if for
all t1 < t2 < · · · tn the vector (Xt1 , Xt2 , · · · , Xtn

) is Gaussian.
Recall the definition of Gaussian vectors.

Definition 1.24 (Gaussian). (X1, X2, · · · , Xn) ∈ Rn has the Gaussian distribution
if and only if for all scalars a1, a2, · · · , an ∈ R, a1X1 + · · · anXn has the Gaussian
distribution in R.

Let (X,Y ) be a Gaussian vector in R2. We compute E[X|Y ].
Let X ′ = E[X|Y ]. Looking for f a Borel measurable function s.t. E[X|Y ] = f(Y )
a.s. Let f(y) = ay + b for some a, b ∈ R to be determined. Now, X ′ = aY + b,
E[X ′] = E[X] = aE[Y ] + b and E[X ′ · Y ] = E[X · Y ] =⇒ E[(X − X ′) · Y ] = 0. Thus
Cov(X −X ′, Y ) = 0 =⇒ Cov(X,Y ) = a2Var(Y ).

Need to check: that for all Z bounded σ(Y )−measurable, E[(X −X ′) · Z] = 0.
Indeed, observe that (X − X ′, Y ) is a Gaussian vector and since Cov(X − X ′, Y ) = 0 =⇒
X −X ′ ⊥ Y =⇒ (X −X ′) ⊥ Z.

• Let (X,Y ) be a random vector with density in R2 with joint density function fX,Y : R2 → R.
Let h : R → R be a Borel function such that h(X) is integrable. We now compute E[h(X)|Y ].
We have for all g bounded σY−measurable functions.∫

R2
h(x)g(y)fX,Y (x, y) dxdy = E[h(X)g(Y )]

= E[E[h(X)|Y ]g(Y )] = E[ϕ(Y )g(Y )]
=
∫
R2
ϕ(y)g(y)fY (y) dy

where fY (y) =
∫
R fX,Y (x, y) dx and ϕ : R → R is some Borel measurable function. Hence,

ϕ(y) =


∫
R
h(x)fX,Y (x, y)

fY (y) ddx, fY (y) > 0

0, otherwise

can be seen to work. Thus, we obtain

E[h(X)|Y ] = ϕ(Y ) a.s.

2 Discrete Time Martingales

Definition 2.1 (Filtration). Let (Ω,F ,P) be a probability space. A filtration is a sequences of
increasing sigma sub-algebras of F , (Fn)n∈N, Fn ⊆ Fn+1 for all n ∈ N. We call (Ω,F , (Fn)n∈N) a
filtered probability space.

Let X = (Xn)n∈N be a sequence of random variables/a stochastic process. Then it induces (FX
n )n∈N ,

where FX
n := σ(X:k≤n) for all n ∈ N: the canonical filtration associated to X. We call X adapted to

a filtration (Fn)n∈N if Xis Fn−measurable for all n ∈ N.X is called integrable if Xn is integrable for
all n ∈ N.
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Definition 2.2 (Martingale discrete time). Let (Ω,F , (Fn)n∈N,P) be a filtered probability space. Let
X = (Xn)n∈Nbe an integrable and adapted process.

• X is called a martingale if E[Xn|Fm] = Xm a.s. for all n ≥ m.

• X is called a super-martingale if E[Xn|Fm] ≤ Xm a.s. for all n ≥ m.

• X is called a sub-martingale if E[Xn|Fm] ≥ Xm a.s. for all n ≥ m.

Remark. If X is a (super/sub)martingale with respect to (Fn)n∈N, then it is also a martingale with
respect to (FX

n )n∈N. To see this, one has to use the tower property 1.18: FX
n ⊆ Fn for all n ∈ N implies

E[Xn|FX
m ] = E[E[Xn|Fm]|FX

m ] (since E[Xn|Fm] a.s.).

Examples.

• Let (ξi)i∈N be iid. s.t. E[ξi] = 0 for all i ∈ N and define X = (Xn)n∈N by Xn = ξ1 + · · · + ξn for all
n ∈ N, X0 = 0. X is a martingales with respect to (Fξ

n)n∈N.

• Let (ξi)i∈N be iid. s.t. E[ξi] = 1 for all i ∈ N and define X = (Xn)n∈N by Xn =
n∏

i=1
ξi for all n ∈ N,

X0 = 1. X is again a martingales with respect to (Fξ
n)n∈N.

Lecture 5 Let (Ω,F , (Fn)n∈N,P) be a filtered probability space.

Definition 2.3 (Stopping time discrete time). A stopping time T is a random variable T : Ω →
Z+ ∪ {∞} s.t. {T ≤ n} ∈ Fn for all n ∈ N. Equivalently, if {f = n} ∈ Fn for all n ∈ N since

{T = n} = {T ≤ n}︸ ︷︷ ︸
Fn

\ {T ≤ n− 1}︸ ︷︷ ︸
Fn−1⊂Fn

∈ Fn.

and

{T ≤ n} =
n⋃

k=1
{T = k} ∈ Fk ⊂ Fn.

Examples.

• Constant time are trivially stopping times.

• Let X = (Xn)n∈N be a stochastic process taking values in R and A ∈ B(R) (X adapted). Define

TA = {n ≥ 0 : Xn∈A}.

Then {TA ≤ n} =
n⋃

k=0
{Xk∈A} ∈ Fn for all n ∈ N (with convention inf ∅ = ∞).

• LA = sup{n ≥ 0 : Xn∈A} is NOT a stopping time.

Properties: S, T, (Tn)n∈N stopping times. Then S ∧ T, S ∨ T , inf
n
Tn, sup

n
Tn, lim inf

n
Tn, lim sup

n
Tn are also

stopping times.

Definition 2.4 (Stopping time sigma algerbra). It T is a stopping time, define

FT = {A ∈ F : A ∩ {T ≤ t} ∈ Ft}

Let (Xn)n≥0 be a process. Write XT (ω) = XT (ω)(ω) for ω ∈ Ω whenever T (ω) < ∞. Define the
stopped process: XT

t := XT ∧t.
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Proposition 2.5. Let S and T be stopping times, and let X be an adapted process, then:

• If S ≤ T , then FS ⊆ FT .

• XT · is FT −measurable.

• XT is adapted.

• If X is integrable, then the stopped process iss integrable.

Proof. • Immediate from definition.

• Let A ∈ B(R). Need to show:

{XT 1(T < ∞)} ∩ {T ≤ t} ∈ A, for all t ≥ 0.

Indeed, we have that

{XT 1(T < ∞)} =
t⋃

s=0
{Xs ∈ A}︸ ︷︷ ︸

Fs⊆Ft

∩ {T = s}︸ ︷︷ ︸
Fs

∈ Ft.

• XT
t = XT ∧t, this being FT ∧t−measurable ⊆ Ft−measurable by 1), so we conclude it is

Ft−measurable.

•
E[|XT

t |] = E[|XT ∧t|]

=
t−1∑
s=0

E[|Xs| · 1(T = s)] + E[|Xt| · 1(T ≥ t)]

≤
t∑

s=0
E[|Xs|] < ∞︸︷︷︸

Xt is integrable

.

We now state and prove a fundamental theorem in Martingale theory:

Theorem 2.6 (Optional Stopping Theorem discrete time). Let (Xn be a martingale.

• If T is a stopping time, then the stopped process XT is also a martingale. In particular for all
t ≥ 0:

E[XT ∧t] = E[X0].

• It S ≤ T are bounded stopping times, then

E[XT |FS ] = XT , a.s.

and hence E[XT ]E[XS ].

• It there exists an integrable random variable Y such that |Xn ≤ Y | for all n ≥ 0 and T is finite,
then E[XT ] = E[X0].

• If there exists M ≥ 0 such that |Xn+1 −Xn| ≤ M for all n ∈ N and T is a stopping time with
E[T ] < ∞, then E[XT ] = E[X0].

12



Proof. • NTS: for all t ≥ 0, E[XT ∧t|Ft−1] = XT ∧t a.s. Indeed,

E[XT ∧t|Ft−1] =
t−1∑
s=0

E[Xs · 1(T = s)|Ft−1]E[X − −t] · 1(T ≥ t)|Ft−1]

=
t−1∑
s=0

1(T = s) ·Xs +Xt−1 · 1(T ≥ t) a.s.

=
t−2∑
s=0

1(T = s) ·Xs +Xt−1 · 1(T ≥ t− 1) a.s.

= XT ∧t−1 a.s.

• S ≤ T ≤ n, n ∈ N fixed. Let A ∈ FS . NTS: E[XT · 1(A)] = [Xs · 1(A)]. We compute

XT −XS = (XT −XT −1) + · · · + (XS+1 −XS)

=
n−1∑
k=0

(Xk+1 −Xk) · 1(S ≤ k < T ).

Thus,

E[XT · 1(A)] (A∈FS)= E[XS · 1(A)] +
n−1∑
k=0

E[(Xk+1 −Xk) · 1(S ≤ k < T ) · 1(A)]

Have, A ∩ {S ≤ k} ∈ Fk and A ∩ {T > k} ∈ Fk. Thus, 1(S ≤ k < T ) · 1(A) is Fk−measurable.
Using E[Xk+1|Fk] = Xk a.s. we deduce that

E[(Xk+1 −Xk) · 1(S ≤ k < T ] · 1(A)] = E[
���������: 0

E[(Xk+1 −Xk)|Fk] · 1(S ≤ k < T ] · 1(A)]
= 0

Thus, E[XT |FS ] = XS a.s.

• By the Optional Stopping Theorem applied to (XT ∧n)n≥0, we have

E[XT ∧n] = E[X0] for all n ≥ 0.

Now, T being finite a.s. implies that XT = lim
n→∞

XT ∧n a.s. By assumption, have |XT ∧n| ≤ Y a.s.
for all n ∈ N and so can apply DCT to conclude.

• Observe that for all n ≥ 1

XT ∧n −X0 =
n−1∑
k=0

(Xk −X0) · 1(T = k) + (Xn −X0)1(T ≥ n)

Hence, we have the bound (using that |Xk+1 −Xk| ≤ M a.s. for all k ≥ 0)

|XT ∧n −X0| ≤ M

n−1∑
k=0

k1(T = k) + n1(T ≥ n)

≤ E[T ] < ∞ a.s.

Now, E[T ] < ∞ gives T < ∞ a.s. and so can deduce as before that XT = lim
n→∞

XT ∧n and use the
DCT to conclude the argument.

13



Corollary 2.7. Let X be a positive superartingale, T a stopping time such that T < ∞ a.s., then

E[XT ] ≤ E[X0].

Proof. Use Fatou 1.12: E[lim inf
t↑∞

XT ∧t] ≤ lim inf
t↑∞

E[XT ∧t] ≤ E[X0].

Examples.Simple random walk on Z Let (ξi)i≥0 be iid Bernoulli random variables with success
probability 1/2. Define the process (Xn)n≥0 by setting Xn = ξ1 + · · · + ξn for all n ≥ 1 and X0 = 0.
Furthermore, let T = inf{n ≥ 0 : Xn = 1}. Using the analysis below, we will see that P(T < ∞) = 1. The
Optional Stopping Theorem gives E[XT ∧t] = 0 for all t ≥ 0. Yet, 1 = E[X)T ] ̸= 0. We thus see that the
condition E[T ] < ∞ in 4) is necessary, since E[T ] = ∞.

1/21/2

10-1-2-3 2 3

Figure 1: Illustration of simple random walk (first step) on Z.

Lecture 6 We consider again the example of the simple random walk 2 (Xn)n∈N and define the stopping times

Tc = inf n ≥ 0 : Xn=c, c ∈ Z

Set T = T−a ∧ Tb for ab ∈ Z. We now ask what is P(T−a ∧ Tb)?
To answer this, note first that XT

n = XT ∧n is a martingale by the Optional Stopping Theorem and we
also have the bounded differences |Xn+1 −Xn| ≤ 1 for all n ≥ 1.

Claim: E[T ] < ∞.
To show this, we will stochastically dominate T be a geometric random variable, which automatically

has a finite expectation and then conclude using the non-negativity of T . Now we have that for the
sequence ξ1, ξ2, · · · , ξa+b the probability that they all are either +1 or −1 is 2 · 2−(a+b) by independence,
call this event A1. The same is true for the shifted sequence ξk(a+b)+1 · · · ξ(k+1)(a+b) for all k ∈ N, where we
call the corresponding event Ak.

Thus, we can bound T by the random variable

Z(ω) = inf{n ≥ 0 : ω ∈ An}

which has the distribution Z ∼ Geom(2 · 2−(a+b)). Thus, E[T ] < E[Z] ≤ (a+ b) · 2a+b−1 < ∞. Thus, we
conclude by the OST that E[XT ] = E[X0] = 0. Hence, −aP(Ta < Tb) + bP(Tb < T−a) = 0 and so a quick
computation yields that P(T−a < Tb) = b

a+b .

3 Martingale Convergence Theorem

Theorem 3.1 (Almost sure martingale convergence theorem). Let X be a supermartingale bounded
in L1, i.e. satisfying sup

n
E[|Xn|] < ∞. Then, there exists X∞ ∈ L1(F∞),F∞ = σ(Fn : n ≥ 0) such

that Xn
n→∞−→ X∞, a.s.

Before we embark on the proof of this theorem, we need so me supporting results. First we have a result
from analysis and we set up some notation. Let x = (xn)n∈N be a real sequence and let a < b be reals. We

14



proceed to define the number of upcrossings of the sequence before time n ∈ N. We c construct recursively
the sequence of times:

T0(x) = 0
Sk+1(x) = inf{n ≥ Tk(x) : xn ≤ a}
Tk+1(x) = inf{n ≥ Sk+1(x) : xn ≥ b}

and
Nn([a, b], X) = sup{k ≥ 0 : Tk(x) ≤ n}

Observe that as n → ∞, Nn([a, b], x) ↑ N([a, b], x) = sup{kgeq0 : Tk(x) < ∞} (see figure 2 for an
illustration).

Lemma 3.2. Let X = (Xn) be a real sequence. Then X converges in R = R ∪ {±∞} if and on ly if
for all a < b, a, b ∈ Q, N([a, b], X) < ∞.

Proof. =⇒ : Suppose x converges, if a < b such that N([a, b], x) = ∞, then lim inf
n

xn ≤ a < b ≤
lim sup

n
xn, a contradiction.

⇐= : if not, then lim inf
n

xn < lim sup
n

xn which implies that there exists a < b in Q with lim inf
n

xn < a <

b < lim sup
n

xn, and hence N([a, n], x) = ∞, a contradiction.

Now we state it Doob’s upcrossing Inequality

Lemma 3.3 (Doob’s upcrossing inequality). Let X be a supermartingale, then for all n ∈ N:

(b− a) · E[Nn([a, b], X)] ≤ E[(Xn − a)−]

Proof. It is not hard to check that the sequences of times in 3 are stopping times. Now we have:
n∑

k=1
(XTk∧n −XSk∧n)

=
Nn∑
k=1

(XTk
−XSk

)︸ ︷︷ ︸
≥Nn·(b−a)

+(Xn −XSNn+1)1(SNn+1 ≤ n)

Since Tk∧n ≥ Sk∧n, the OST gives E[XTk∧n] ≤ E[XSk∧n]. Note:

Xn −XSNn +1︸ ︷︷ ︸
≥(Xn−a)∧0=−(Xn−a)−

1(SNn+1 ≤ n).

Thus, taking expectations on both sides gives:

0 ≥ (b− a) · E[Nn] − E[(Xn − a)−].

thus concluding the proof.
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0

Figure 2: Illustration of upcrossings for the process (Xn)n∈N.

Now we proceed to the proof of the martingale convergence theorem:

Proof. (Theorem 3.1) Fix a < b, in Q. Have

E[Nn([a,b],X)] ≤ (b− a)− E[(Xn − a)−]︸ ︷︷ ︸
≤E[|Xn|+a]

≤ (b− a)−

sup
n≥0

E[|Xn|]︸ ︷︷ ︸
<∞

+a


Also have Nn([a, b], X) ↑ N([a, b], X) as n → ∞. By monotone convergence: E[N([a, b], X)] < ∞. Set

Ω0 =
⋂

a<b,a,b,∈Q
{N([a, b], X) < ∞} ∈ F∞

and P(Ω0) = 1. On Ω0, X converges. set

X∞ =
{

lim
n→∞

Xn on Ω0

0, on Ω \ Ω0.

So, X∞ is F∞−measurable, Xn
n→∞−→ X∞ a.s. and

E[|X∞|] = E[lim inf
n

|Xn|] ≤ lim inf
E[Xn]

< ∞.

Corollary 3.4. Let B be a upermaartingale. Then, X converges a.s.

Proof. E[|Xn|] = E[Xn] ≤ E[X0]. Apply the martingale convergence theorem to conclude.

Lecture 7
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4 Doob’s inequalities

Theorem 4.1 (Doob’s maximal inequality). Let X be a non-negative submartingale and set X∗
n =

sup
0≤k≤n

Xk . Then for all λ ≥ 0,

λ · P(X∗
n ≥ λ) ≤ E[Xn · 1(X∗

n ≥ λ)]
≤ E[Xn].

Proof. Let T = inf{k ≥ 0 : Xk ≥ λ} (it is a stopping time). Then {X∗
n ≥ λ} = {T ≤ n}. Also have that

XT ∧n is a submartingale by the OST. Then E[XT ∧n] ≤ E[Xn]. Now,

E[XT ∧n] = E[XT · 1(T ≤ n)]
+E[Xn · 1(T > n)]
≥ λ · P(T ≤ n) + E[Xn · 1(T > n)]

=⇒ λ · P(T ≤ n) ≤ E

Xn · 1( T ≤ n︸ ︷︷ ︸
={X∗

n≥λ}

)


≤ E [Xn]

Theorem 4.2 (Doob’s L1 inequality). Lte p > 1 and let X be a martingale or a non-negative
submartingale. Set X∗

n = sup
0≤k≤n

|Xk|. Then∥∥X8
n

∥∥
p

≤ p

p− 1 ∥Xn∥p .

Proof. By Jensen, it is enough to prove 4.2 for a non-negative submartingale. Now, observe that

= b

(y ∧ k)p =
∫ 0

k

pxp−11(y ≥ x) dx = E[
∫ k

0
[xp−11(X8

n) dx]

Fubini=
∫ k

0
pxp−1P(X∗

n ≥ x)
≤ 1

xE[Xn·1(X∗
n≥x)]

dx

≤ E

[∫ k

0
pxp−2 · 1(X∗

n ≥ x) dx ·Xn

]
= E

[
p

p−1 (X∗
n ∧ k)p−1 ·Xn

]
Hölder

≤ p
p−1 · ∥Xn∥p · ∥X∗

n ∧ k∥p−1
p .

So we proved ∥X∗
n ∧ k∥p

p ≤ p
p−1 ∥Xn∥p · ∥X∗

n ∧ k∥p−1
p , which implies ∥X∗

n ∧ k∥p ≤ p
p−1 · ∥Xn∥p. Now take

k → ∞ and use monotone convergence to conclude the argument.

Theorem 4.3 (Lp-convergence theorem). Let X be a martingale and 1 < p < ∞, then the following
are equivalent:

• X is bounded in L
√

, i.e. sup
n≥0

∥Xn∥p < ∞.

• X converges ’underlinealmost surely and in Lp to a limit X∞ ∈ Lp.

• There exists Z ∈ Lp s.t. Xn = E [Z|Fn] a.s.

17



Proof. 1) =⇒ 2): X bounded in Lp implies X is bounded in L1. So there exists X∞ such that
Xn

n→∞−→ X∞ a.s.
Also, E [|X∞|p] = E

[
lim inf

n
|Xn|p

] Fatou
≤ lim inf

E[|Xn|p]
< ∞. Thus, X∞ ∈ Lp.

Now, let X∗
n = sup

0≤k≤n
|Xk|, X∗

∞ = sup
k∈N

|Xk|. Thus,

|Xn −X∞| ≤ 2X∗
∞

for all n ∈ N. Thus, it is enough to show by DCT that X∗
∞ ∈ Lp. By Doob’s Lp−inequality, ∥X∗

n∥p =
p

p−1 · sup
n∈N

∥Xn∥p < ∞ By MCT (X∗
n ↑ X∗

∞): ∥X∗
∞∥p ≤ p

p−1 sup
n∈N

∥Xn∥p < ∞ Thus, X∗
∞ ∈ Lp.

2) =⇒ 3): Xn
n→∞−→ X∞ a.s. and in Lp. Set Z = X∞. Need to show: Xn = E [X∞|Fn] for all n ∈ N.

∥Xn − E [Xoo|Fn]∥p

m≥n= ∥E [Xm −X∞|Fn]∥p
contraction (Jensen)

≤ ∥Xm −X∞∥p → 0, m → ∞.

3) =⇒ 1): By conditional Jensen, we can conclude.

Definition 4.4. A martingale of the form Xn = E [Z|Fn], Z ∈ Lp is called a martingale closed in Lp.

Corollary 4.5. Let Z ∈ Lp, Xn = E [Z|Fn] a.s. Then Xn
n→∞−→ E [Z|F∞] a.s. and in Lp where

F∞ = σ(Xn, n ≥ 0).

Proof. By theorem 4.3, we have Xn
n→∞−→ X∞ a.s. And in Lp. Now, we need to show:

X∞ = E [Z|F∞] a.s.

Now, we have that X∞ is F∞−measurable (being the point wise limit of Xn, n ≥ 0) and for all A ∈ F∞,
E [Z · 1(A)] = E [X∞ · 1(A)]. Fix A ∈

⋃
n≥0

Fn, a π−system generating F∞. There exists N ∈ N such that

A ∈ FN . Let n ≥ N , now

E [Z · 1(A)] = E [Xn · 1(A)] n→∞−→ E [X∞ · 1(A)] .

Definition 4.6 (Uniform integrability). A collection of variables (Xi)i∈I is called uniformly integrable
(UI) if

sup
i∈I

E [|Xi| · 1(|Xi| > M)] M→∞−→ 0.

Equivalently, (Xi)i∈I is UI if (Xi) is bounded in L1 and for all ϵ > 0, there exists δ > 0 such that for all
A ∈ F with P(A) < δ,

sup
i∈I

E [|Xi| · 1(Ai)] < ϵ.

• A UI family is bounded in L1.

• If a family (Xi) is bounded in Lp, p > 1, then it is also UI.

18



Lemma 4.7. Let (Xn)n∈N, X be in L1 and Xn
n→∞−→ X a.s. Then Xn

n→∞−→ in L1 if and only if
(Xn)n∈N is UI.

Theorem 4.8. Let X ∈ L1. The family {E [X|G : G ⊂ F ]} is uniformly integrable (UI).

Proof. Need to show for all ϵ > 0, there exists λ large enough such that for all G ⊂ F

E [||E [XG] · 1(|E [XG] | > λ)] < ϵ
≤ E [E [|X||G] · 1(| E [X|G|]︸ ︷︷ ︸

G−measurable

| > λ)] .

Since X ∈ L1, for all ϵ > 0, there exists mδ > 0 such that if A ∈ F , P(A) < δ, then E [|X| · 1(A)] < ϵ.
Now,

P(|E [XG] | > λ)
Markov

≤ E[|E[XG]|]
λ

≤ E[E[|X|G]]
λ = E[|X|]

λ .

Take λ = E[|X|]
λ , then we are done.

Definition 4.9. X = (Xn)n∈N is called UI (super/sub) martingale if it is a (super/sub) martingale
and (Xn)n≥0 is UI.

Examples.Examples: Let X1, X2, · · · be an iid sequence with P(X1 = 0) = P(X1 = 2) = 1/2. Set
Yn = X1 ·X2 · · · · ·Xn, which can be seen to be a martingale. Also have E [Yn] = 1 for all n ∈ N and
Yn

n∈N−→ Y∞ = 0 a.s. by the martingale convergence theorem, not not in L1 (because it is not UI).

Theorem 4.10. Let X be a martingale. Then the following are equivalent:

• X is UI.

• X converges a.s. and in L1 to X∞ as n → ∞.

• There exists Z ∈ L1 such that Xn = E [Z|Fn] for all n ≥ 0.

Proof. 1) =⇒ 2): X is bounded in L1 implies (by the martingale convergence theorem), Xn → a.s.
Since Xn is UI, then Xn → X∞ in L1.

2) =⇒ 3): Set Z = X∞. Need to show: Xn = E [X∞|Fn] a.s. Indeed,

∥Xn − E [X∞|Fn]∥1
m≥n= ∥E [Xm −X∞|Fn]∥1
≤ ∥Xm −X∞∥1

m→∞−→ 0.

3) =⇒ 1): The tower property implies (Xn)n∈N is a martingale and the previous theorem implies that
(Xn)n∈N is UI.

Remark. • We get as before, X∞ = E [Z|Finf t] a.s., where F∞ = σ(Xn : n ≥ 0).

• It X were a UI super/sub martingale, then we would get E [X∞|Fn]
≥sub
≤ Xn (check!).

X is UI implies Xn → X∞ in L1 and a.s. Now let T be a stopping time. We can then define

XT =
∞∑

n=0
Xn · 1(T = n) +X∞ · 1(T = ∞).
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Theorem 4.11 (Optional stopping theorem for UI martingales). Let X be a UI martingale and let
S, T be stopping times with S ≤ T . Then

E [XT |FS ] = XS a.s.

Proof. We know that Xn = E [X∞Fn] a.s. since X is UI. It suffices to prove that for any stopping times
T , E [X∞|FT ] = XT a.s. Indeed, E [XT |FS ] = E [E [X∞|FT ] |FS ] and since S ≤ Twe have FS ⊆ FT and
hence the tower property would give:

E [XT |FS ] = E [X∞|FS ] = XS

a.s. Thus, we need to show: for all T stopping times, E [X∞|FT ] = XT a.s.

• NTS: XT ∈ L1:

E [|XT |] =
∞∑

n=0
E [|Xn · 1(T = n)|] + E [|X∞| · 1(T = ∞)]

have Xn = E [X∞|Fn]
≤

∞∑
n=0

E

E [|X∞Fn|] ·
1(T =n)︷ ︸︸ ︷
∈ Fn


+E [|X∞ · 1(T = ∞)|]

=
∞∑

n=0
E [|X∞| · 1(T = n)] + E [|X∞ · 1(T = ∞)|]

= E [|X∞|] < ∞

as X∞ ∈ L1. It is also not hard to check that XT is FT −measurable.

• NTS: for all B ∈ FT : E [X∞ · 1(B)] = E [XT · 1(B)]

E [XT · 1(B)] =
∞∑

n=0
E

Xn · 1(T = n) · 1(B)︸ ︷︷ ︸
∈Fn


+E [X∞ · 1(T = ∞) · 1(B)]

=
∞∑

n=0
E [X∞ · 1(T = n) · 1(B)]

= E [X∞ · 1(B)]

Definition 4.12 (Backwards martinagles). Let · · · ⊆ G−2 ⊆ G−1 ⊆ G0 be a decreasing family of sub
sigma algebras of F . We call X = (Xn)n≤0 a backwards martingale if Xo ∈ L1 and for all n ≤ −1
E [Xn+1|Gn] = Xn a.s. By the tower property, E [X0|Gn] = Xn for all n ≤ 0. Since X0 ∈ L1, a
backwards martingale is automatically UI.

Theorem 4.13 ( Lp/a.s. backwards martingale convergence theorem). Let X be a backwards
martingale with X0 ∈ Lp, 1 ≤ p < ∞. Then Xn → X−∞ as m → −∞ a.s. and in Lp and
X−∞ = E [Xo|G−∞] a.s., where G−∞ =

⋂
n≤0

Gn.
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Proof. Set Fk = G−n+k, 0 ≤ k ≤ n. This is an increasing filtration and (X−n+k)0≤k≤n is Fk−martingale.
Let N−n([a, b], X) be the number of upcrossings of the interval [a, b] between −n and 0. Doob’s upcrossing
inequality gives:

(b− a) · E [N−n([a, b], X)] ≤ E
[
(Xn − a)−] .

As before, we get that Xn → X−∞ as n → −∞ a.s. We also have X−∞is G−∞−measurable. Also
observe that nXo ∈ Lp implies Xn ∈ Lp for all n ≤ 0.

Lecture 9 Xn = E [Xn|Gn] a.s. (backwards martingale). If Xn ∈ Lp, p ∈ [1,∞) Xn→X−∞ a.s. n → −∞ a.s. and
X−∞ is G−∞ =

⋂
n≤0

Gn−measurable.

Observe we have that Xn ∈ Lp by conditional Jensen and using Fatou, we obtain X−∞ ∈ Lp. Now we
need to show that Xn → X−∞ in Lp. Indeed,

|Xn −X−∞|p = |E [X0|Gn] − E
[
X−∞|G\

]
|p

= |E
[
X0]−X−∞|Gn

]
|p

Jensen
≤ E [|X0 −X−∞|p|Gn]︸ ︷︷ ︸

UI family

.

Hence, (|Xn −X−∞|p)n≤0 is UI, hence giving L1 convergence.
NTS: X−∞ = E [Xo|G−∞] a.s.
Let A ∈ G−∞ =

⋂
n≥0

Gn implies that A ∈ Gn for all n ≤ 0. Hence, E [Xn · 1(A)] = E [X0 · 1(A)], for all

n ≤ 0. Take n → −∞ and use L1 convergence to get E [X−∞ · 1(A)] = E [X0 · 1(A)] to conclude.

5 Applications of martingales

Theorem 5.1 (Kolmogorov’s 0 − 1 law). Let (Xi) be iid and for all n ∈ N, Fn = σ(Xk : k ≥ n),
F∞ =

⋂
n≥0

Fn. Then, F∞ is trivial, i.e. for all A′in′F∞, P(A) ∈ {0, 1}.

Proof. Let A ∈ F∞. Define G\ = σ(X\ : ∥ ≤ \) and G∞ = σ(Gn, n ≥). Now, we have that E [1(A)|Gn] is
a martingale and

E [1(A)|Gn] n→∞−→ E [1(A)|G∞] a.s.

Now, A ∈ F∞ implies that A ∈ Fn+1 and also have Gn ⊥ Fn+1 and E [1(A)|Gn] = P(A) a.s.,
E [1(A)|G∞] = 1(A) a.s. since F∞ ⊆ G∞ implies that A ∈ G∞. So P(A) = 1(A) a.s. finally giving
P(A) ∈ {0, 1}.

Theorem 5.2 (Strong law of large numbers). Let (Xi)i∈I be an iid sequence in L1 with E [X1].
Define Sn = X1 + · · ·Xn. Then Sn

n converges a.s. and in L1 to µ as n → ∞ a.s.

Proof. Define G = σ(Sn, Sn+1 · · · ) = σ(Sn, Xn+1, · · · ). For n ≤ −1, Mn = S−n

−n . We will show that
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(Mn)n≤−1 is a backwards martingale with respect to (G−n)n≤−1. Indeed,

E [Mm+1|G−m] = M−m a.s. for m ≤ −1
= E

[
S−m−1
−m−1 |G−m

]
set n=−m= E

[
Sn−1
n−1 |Gn

]
= E

[
Sn−1
n−1 |Sn−1, Xn+1 · · ·

]
= E

[
Sn−Xn

n−1 Sn

]
= Sn

n−1 − E
[

Xn

n−1 |Sn

]
.

Now since Sn = X1+ iid· · · +Xn, we have that E [Xk|Sn] = E [X1|]Sn and so Sn

n−1 − 1
n−1

(
Sn

n

)
=

Sn

n−1
(

n−1
n

)
= Sn

n . Hence Sn

n

n→∞−→ Y a.s. and in L1measurable for all k ≥ 0. Thus Y is⋂
k

σ(Xk+1, · · · )︸ ︷︷ ︸
Kolmogorov 0-1 law =⇒ trivial

−measurable. So there exists c ∈ R such that P(Y = c) = 1. So Sn

n

n→∞−→

in L1 and hence c = E [Y ] = limi→∞ E
[

Sn

n

]
= µ and so finally c = µ.

Theorem 5.3 (Radon-Nikodym Theorem). Let P and Q be two probability measures on the space
(Ω,F ,P). Suppose that F is countable generated, i.e. there exists a sequence (Fn)n∈N such that
F = σ(Fn : n ∈ N). Then the following are equivalent:

• For all A ∈ F , P(A) = 0 implies Q(A) = 0. (Q << P ).

• For all ϵ > 0, there exists δ > 0 such that if A ∈ F with P(A) < δ, then Q(A) < ϵ.

• There exists a non-negative random variable X such that Q(A) = E [X · 1(A)], for all A ∈ F .

Remark. X is called a version of the Radon-Nikodym derivative of Q with respect to P , or X = dQ
dP on F

a.s.
Proof. 1) =⇒ 2) : Suppose 2) does not hold, then there exists an ϵ > 0 such that for all n ∈ N, there exist

An with P (An) ≤ 1
n2 and Q(An) ≥ ϵ. Now, since

∞∑
n=1

P (An) < ∞ Borel-Cantelli implies P (An i.o) = 0

and so Q(An) = 0. However,

{Ani.o.} =
⋂

n

⋃
k≥n Ak =⇒ Q(An i.o)

= limn→∞ Q
(⋃

k≥n An

)
≥ limn→∞ Q(An) ≥ ϵ

a contradiction.
3) =⇒ 1) : trivial.

2) =⇒ 3) : Let An = {H1 ∩ · · · ∩ Hn : Hi = Fi or F c
i for all i}. In other words

An =
{
F1, F2, · · · , Fn,

⋃
k≥n Fk

}
. Let FN = σ(An), so Fn is a filtration.

Now defined
Xn(ω) =

∑
A∈A\

Q(A)
P (A) · 1(ω ∈ A).

Thus, for all A ∈ Fn, E [Xn · 1(A)] = Q(A) =Fn⊆Fn+1= E [Xn+1 · 1(A)]. So (Xn)n∈N is indeed a
martingale. Furthermore E [Xn] = Q(Ω) = 1 (and since Xn ≥ 0 for all n ≥ 0), we have that Xn is an L1

bounded martingale. Thus, Xn
n→∞−→ X∞ a.s.
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Now we show that (Xn)n∈N is UI:
P(Xn ≥ λ) ≤ 1/λ < ∞

≤ δ

using Markov’s inequality and taking λ = 1/δ. Thus, E [Xn · 1(Xn ≥ λ)] = Q(Xn ≥ λ) < epsilon. Thus
(Xn)n∈N is UI and so Xn → X∞ in L1.

Now define Q̃(A) = E [X∞ · 1(A)]. Want to show: (̃Q)(A) = Q(A) for all A ∈ F . Indeed, we have
Xn = X∞|Fn. Now if we let for a moment A ∈

⋃
n≥0 Fn, there exists some N ∈ N such that A ∈ FN .

Thus,
E [XN · 1(A)]︸ ︷︷ ︸

=Q(A)

= E [X∞ · 1(A)]︸ ︷︷ ︸
=Q̃(A)

.

Hence, Q = Q̃ on a π−system, (
⋃

n Fn), that generates F , and by the extension theorem we have that
Q ≡ Q̃ everywhere.

Lecture 10

6 Continuous Time processes

Let X = (Xn)n∈N be a process, that is for all n ∈ N Xn is a random variable on some underlying
probability space (Ω,F ,P)). X can also be viewed as the map

X : (ω, n) 7→ Xn(ω).

and observe that this map is F ⊗ P(N) = σ({A× {k} : A ∈ F , k ∈ N}) as long as Xn is F−measurable for
all n ∈ N. Now we consider random variables taking values in the spaces Rd, d ≥ 1.

Definition 6.1 (Stochastic process). The family (Xt)t∈R+ is called a stochastic process if for all t
positive Xt is a random variable.

Remark. The map X : (ω, t) 7→ Xt(ω) need not be F ⊗ B(R+)−measurable.

Claim: If for all ω ∈ Ω, 7→ Xt(ω) is a continuous function for t ∈ (0, 1], then the map X : (ω, t) 7→ Xt(ω)
is F ⊗ B(R+)−measurable.

Indeed, by continuity we can write

Xt(ω) = lim
n→∞

for all nthis sum isF⊗B((0,1])−meas.︷ ︸︸ ︷
2n−1∑
k=0

1(t ∈ (k · 2−n, (k + 1) · 2−n])Xk·2−n(ω)

Thus X is measurable with as a limit of measurable functions.
From now onwards, we will always (unless otherwise stated) assume that X is right-continuous and

admits left limits, almost everywhere. We call such processes cadlag.
We now revisit some of the earlier definition we have made in the discrete setting and extend the to the

continuous case. A filtration is an increasing family of sigma algebras (Ft)t∈R+ whenever t ≤ t′. We say X
is adapted to the filtration above if Xt if Ft−measurable for all t ∈ R+. A random variable T : Ω → [0,∞]
is called a stopping time if for all t, {T ≤ t} ∈ Ft. Define FT = {A ∈ F : A ∩ {T ≤ t} ∈ Ft for all t} and
A ∈ B(R). Furthermore, TA = inf

t≥0:Xt∈A
is not always a stopping time.

{TA ≤ t} =
⋃
s≤t

{Xs ∈ A}

an uncountable union so not immediately clear whether it in Ft.
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Indeed, let J =
{

1, with probability 1
2

−1, with probability 1
2

and

Xt(ω) =
{
t, t ∈ [0, 1]
1 + J(t− 1), t > 1.

Let (Ft)t≥0 = (FX
t )t≥0 and fix A ∈ (1, 2). Then {TA ≤ 1} ̸∈ F1 =

{∅,Ω}, since {TA ≤ 1} = {J = 1}.
Again, we say XT

t = XT ∧t, XT (ω) = XT (ω)(ω) whenever T (ω) < ∞.

Proposition 6.2. Let S, T be stopping times and X a cadlag adapted process. Then

• If S ≤ T , then FS ⊆ FT .

• S ∧ T is a stopping time.

• XT · 1(T < ∞) is FT −measurable.

• XT is adapted.

Proof. 1), 2) are clear (check!) and 4) is immediate from 3), since XT ∧t if FT ∧t−measurable and
FT ∧t ⊆ Ft.

proof of 3): Claim: a random variable Z is FT ∧t−measurable if and only if Z ·1(T ≤ t) is Ft−measurable
for all t ≥ 0. Indeed,

⇐= ): is true by definition.

=⇒ ) : if Z = c · 1(A), A ∈ F , then A ∈ FT which means that Z is FT −measurable. Now, if
Z =

∑
i

ci · 1(Ai), a finite sum with ci > 0, Ai ∈ F , then Z is FT −measurable.

Z general (≥ 0): let Zn ↑ Z, where

Zn = 2−n⌊2nZ⌋ ∧ n, for all n ∈ N.

Observe that Zn are simple for all n and so by the previous steps Zn is FT −measurable and hence so is
Z, being an a.s. pointwise limit of measurable functions.

The case for completely general Z follows by decomposing Z = Z+ −Z−, Z+ = Z∨, Z− = (−Z) ∨ 0 and
apply the previous case to Z+, Z−.

Now, by the above claim, it suffice to show: XT · 1(T ≤ t) if Ft measurable for all t. We have
XT 1(T ≤ t) = XT · 1(T < t) + Xt · 1(T = t). Hence, it suffices to show that XT · 1(T < t) if Ft

measurable for all t.

Define Tn = 2−n⌈2nT ⌉, stopping times since

{Tn ≤ t} = {⌈2nT ⌉ ≤ 2nt}
= {2nT ≤ ⌊2nt⌋} = {T ≤ 2−n⌊2nT ⌋}
∈ F2−n⌊2nT ⌋ ⊆ Ft.

Also, Tn ↓ T , as n → ∞. Now by the cadlag property of X,
XT · 1(T < t) = limn→∞ XTn∧t · 1(T < t).
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Furthermore, Tn takes values in Dn = {k · 2−n, k ∈ N}. Now,

XTn∧t · 1(T < t) =
∑

d∈Dn,d≤t

Ft−meas.︷ ︸︸ ︷
Xd · 1(Tn = d) · 1(T < t)

+Xt · 1(Tn = t) · 1(T < t).

Hence, XT · 1(T < ∞) is Ft−measurable as a limit of Ft−measurable functions.

Proposition 6.3. Let X be a continuous and adapted process and let A be a closed set. Then
TA = {t ≥ 0 : Xt ∈ A} is a stopping time.

Proof. Need to show: {TA ≤ t} =
{

inf
s∈Q,s≤t

d(Xs, A) = 0
}

.

(⊆) : d(x,A) =distance of x from A. Let TA = s ≤ t, then there exists a sequence sn ↓ s, such that
XSn

∈ A. Since A is closed, we have d(Xs, A) = 0 and Xsn
→ Xs, as n → ∞. Again A being closed

implies that d(Xs, A) = 0. The continuity of X and d(·, A) means that there exists another sequence
(qn)n∈N ⊆ Q such that qn ↑ s such that d(Xqn

, A) → 0 hence infs∈Q,s≤t d(Xs, A) = 0.

(⊇): If infs∈Q,s≤t d(Xs, A) = 0, then there exists a sequence (sn)n∈N such that sn ≤ t for all n and
d(Xsn,A → 0) as n → ∞. Then by compactness, there exists a convergent subsequence of sn → s (without
relabelling), such that s ≤ t and d(Xsn,A) → 0 as n → ∞ and by continuity we obtain d(Xs, A) = 0,
hence Xs ∈ A and so TA ≤ t.

Definition 6.4. Given a filtration (Ft)t≥0, we define Ft+ =
⋂

s>t Fs, for all t ≥ 0. Observe that
(Ft+)t≥0 is a filtration. If for all t ≥ 0, Ft+ , we say (Ft)t≥0 is right-continuous.

Lecture 11

Proposition 6.5. Let X be a continuous process, and A be an open set. Then

TA = inf{t ≥ 0 : Xt ∈ A}

is a stopping time with respect to the filtration (Ft+)t≥0.

Proof. Need to show: for all t ≥ 0, {TA ≤ t} ∈ Ft+ . Have,

{TA < s} =
⋃

q∈Q,q<s

Xq ∈ A︸ ︷︷ ︸
∈Fs

∈ Fs

{TA ≤ t} =
⋂

n {TA < t+ 1
n

}︸ ︷︷ ︸
∈F

t+ 1
n

∈ Ft+ .

Let (Xt)t≥0 be a stochastic process. It can be viewed, as a random element in the space of functions
{f : R+ → E} endowed with the product sigma-algebra making all projections measurable. Further, let
C(R+, E) be the space of all continuous functions and D(R+, E) the space of all cad lag functions. Endow
the spaces C,D with the sigma algebra that makes all projections πt : f 7→ ft measurable for all t ≥ 0. This
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sigma algebra is generated by the cylinder sets{⋂
s∈J

{fs ∈ As : for all T ⊆ R+, finite, As ∈ B(E)}
}
.

For A in the product sigma algebra, we write µ(A) = P(X ∈ A) and we call µ the law of X. (“X∗P = µ“).
For every J finite subset of R+, write µJ for the law of (Xt)t∈J . The measures (µJ) are called the finite
dimensional marginals of X. The µJ completely characterise the law of µ. This follows because the sets
above form a π−system that generates the sigma fields previously mentioned.

Examples. Let X = 0 for all t ∈ [0, 1] and U ∼ [0, 1] (uniform) and Xt′ = 1(U = t) for t ∈ [0, 1]. Both of
them have the same finite dimensional distributions which are Dirac masses at zero, but the processes are
not equal.

P(Xt = 0 for all t ∈ [0, 1])) = 1
P(X ′

t = 0 for all t ≤ 1) = 0. But,
P(Xt = X ′

t) = 1 for all t ∈ [0, 1].

Definition 6.6. Let X and X ′ be two processes on (Ω,F ,P), we say X ′ is a version of X if (Xt = X ′
t

a.s.) for all t. That is
For allt ≥ 0 : P(Xt = X ′

t) = 1.

Definition 6.7. Fix a filtered probability space (Ω,F , (Ft)t≥0,P). Set N to be the collection of sets
of measure zero. Furthermore, set

F̃t = σ(Ft,N )

for all t ≥ 0. If for all t, Ft = F̃t, we say that (Ft)t≥0 satisfies the usual conditions.

Theorem 6.8 (Martingale regularisation theorem). Let (Xt)t≥0 be a martingale wrt (Ft)t≥0. Then,
there exists a cadlag process (X̃t)t≥0 satisfying for all t ≥ 0:

Xt = E
[
X̃t|Ft

]
a.s.

and X is a martingale with respect to the augmented filtration (F̃t)t≥0. If (Ft)t≥0 satisfies the usual
conditions, then X̃ is a version of X.

We start with a Lemma

Lemma 6.9. Let f : Q+ → R such that for all I ⊆ Q+ bounded, f is bounded on I and for any
a < b, a, b,∈ Q+, for all I bounded and suppose

N ([a, b], I, f) = sup {n ≥ 0 : there exists 0 < s1 < t1 < · · · < sn < tn,
si, ti ∈ I s.t. f(si) < a, f(ti > b)} < ∞.

Then, for all t ≥ 0, the limits
lim

s↑t,s∈Q+
f(s), lim

s↓t,s∈Q+
f(s)

exist and are finite.

Proof. Let sn ↓ t, the sequence (f(sn)) will converge by the finite upcrossing property (see lemma 3.2).
Now suppose tn ↓ t is another such sequence, then combining them (by selecting elements from each
sequence in an alternating fashion exploiting convergence) we get a decreasing sequence converging to t
to conclude limn→∞ f(sn) = limn→∞ f(tn). Finally, f being bounded gives that both limits are equal
and finite.
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Goal: To define X̃t = lims↓t,s∈Q+ Xs on a set of measure 1, and zero otherwise. We now outline below
the main steps in the proof of Theorem 6.8.

Steps:

• Show that the limit exists and is finite on a set of measure one.

• Show that X̃ is F̃t−measurable and satisfies E
[
X̃t|Ft

]
a.s. for all t ≥ 0.

• X̃ is a (F̃t)t≥0 martingale.

• X̃ is cadlag.

Proof. (Theorem 6.8)

• Let I be a bounded subset of Q+. Need to show that P
(

sup
t∈I

|Xt| < ∞
)

= 1. Observe that

sup
t∈I

|Xt| = sup
J⊆I,J finite

sup
t∈J

|Xt|.

Now, let J = {j1, · · · , jn} ⊆ I with j1 < · · · jn and k > sup I. Then (Xt)t∈J is a discrete time
martingale. Hence the maximal inequality in 4.1 gives

λ · P(sup
t∈J

|Xt| ≥ λ) ≤ E [|Xjn |] ≤ E [|Xk|]

by the martingale property and Jensen. Now taking the limit as J ↑ I,

λ · P
(

sup
t∈I

|Xt| ≥ λ

)
≤ E [|Xjn

|] ≤ E [|Xk|]

So, P
(

sup
t∈I

|Xt| ≥ λ

)
= 1. Now for M ∈ N define IM = Q+ ∩ [0,M ], then by the above,

P

( ⋂
M∈N

{
sup

t∈IM

|Xt| < ∞
})

= 1

and on the above event, Xt is bounded on bounded intervals of Q+.
Lecture 12 Let a < b, a, b ∈ Q+, I ⊆ Q+, bounded. Observe that

N ([a, b], I,X) = sup
I⊆I,J finite

N ([a, b], J,X).

Now, let J = {j1, · · · , jn} ⊆ I with j1 < · · · jn and k > sup I. Then (Xt)t∈J is a discrete time
martingale. Now, Doob’s upcrossing inequality from 3.3 gives

(b− a) · E [N ([a, b], J,X)] ≤ E [(Xjn − a)−]
≤ E [(Xk − a)−] .

By monotone convergence, we get

(b− a) · E [N ([a, b], I,X)] < ∞.

Let M ∈ N, IM = Q+ ∩ [0,M ] and

Ω0 =
⋂

m∈N

 ⋂
a<b,a,b∈Q

{N ([a, b], IM , X) < ∞}
⋃{

sup
t∈Im

|Xt| < ∞
} .
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On Ω0, from lemma 6.9, lims↓tXs
exists and we have P(Ω0) = 1. Now, define

X̃t =
{

lims↓t,s∈Q+ Xs, on Ω0
0, otherwise.

Recall F̃t = σ(Ft,N ) for all t ≥ 0. From the definition definition, we see that X̃ is F̃−adapted.

It remains to show that Xt = E
[
X̃t|Ft

]
a.s. and X̃ is cadlag and a martingale.

• Let tn↓t, tn∈Q+ , then
X̃t = lim

n→∞
Xtn

a.s. Observe that (Xtn
) is a backwards martingale with respect to the filtration (Ftn

)n∈N. So (Xtn
)

converges a.s. and in L1. In other words, Xt = in L1. So Xt = E
[
X̃t|Ft

]
a.s.

• We now prove that X̃ is a martingale. Let s < t, we need to show that E
[
X̃t|F̃s

]
=′ tildeXs a.s.

Claim: E [Xt|Ft+ ] = X̃s a.s. Indeed, first observe that for Y any random variable and G a sigma
algebra it follows that

E [Y |σG,N )] = E [X|G]

which is clear because the conditional expectation is defined almost surely and N only contains
sets of measure zero.

Now, fix s < t and let sn ↓ s, sn ∈ Q+, s0 < t. We have by the tower property that (E [Xt|Fsn ])n∈N
is a backwards martingale and so it converges a.s. and in L1 to E [Xt|Ft+ ]. But E [Xt|Fsn

] = Xsn

a.s. and Xss
→ X̃s a.s. as n → ∞. So X̃s = E [Xt|Fs+ ].

• Finally, we show that X̃ is a cadlag. First we show that X̃ is right continuous. Suppose not. Then,
there exists ω ∈ Ω0 and some t ≥ 0 such that X̃(ω) is not right continuous at t. That is there exists
a sequence sn ↓ t such that |X̃sn − X̃t| ≥ ϵ > 0 (for some positive ϵ). By the definition of X̃, there
exists another sequence s′

n > sn, for all n ∈ N and s
′

n ↓ t, s′
n ∈ Q+ such that |X̃sn

−Xs′
n
| ≤ ϵ

2 . So
|Xs′

n
− X̃t| ≥ ϵ

2 , a contradiction since s′
n ↓ t, s′

n ∈ Q+. The argument for left continuity is entirely
analogous.

Examples. Let ξ, η be independent iid symmetric Bernoulli with success probability 1/2. Define

Xt=

0, t < 1
ξ, t = 1
ξ + η, t > 1.

and let Ft = σ(Xs, s <≤) for all t ≥ 0. Observe that X is an (Ft)t≥0 martingale. Also, X̃ satisfies
Xt = E

[
X̃t|Ft

]
where

X̃t =
{

0, t < 1
ξ + η, t ≥ 1.

Furthermore, F1 = σ(ξ) and Ft = σ(ξ, η) for all t > 1, X̃ is cadlag with respect to F̃ . Observe finally that
F1+ = σ(ξ, η) and so the filtration F is not right continuous and X̃ is not a version of X. We thus see that
the right-continuity of (Ft)t≥0 is necessary in Theorem 6.8.

Theorem 6.10 (Almost sure martingale convergence theorem). Let X be a cadlag martingale bounded
in L1. Then Xt → X∞ a.s. with X∞ ∈ L1(F∞).
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Proof. Let IM = Q+ ∩ [0,M ]. Then Doob’s upcrossing inequality 3.3 from the discrete setting and a
monotone convergence argument give for a < b, a, b ∈ Q+

(b− a) · E [N ([a, b], IM , X)] ≤ a+ sup
t≥0

E [|Xt|] .

Taking M → ∞ gives N ([a, b],Q+, X) < ∞ a.s. Hence, for the event

Ω0 =
⋂

a<b,a,b∈Q+
{N ([a, b],Q+, X) < ∞}

we have P(Ω0) = 1 and on Ω0, limq→∞,q∈Q+ Xq exists and is finite. We thus have X∞ = limq→∞,q∈Q+ Xq

on Ω0. Now for all ϵ > 0, there exists q0 such that |Xq0 − X∞| ≤ ϵ
2 for all q > q0, q ∈ Q+. Now let

t > q0. Then there exists some q > t, q ∈ Q+ such that |Xt − Xq| ≤ ϵ
2 by right continuity of X. So

|Xt −X∞| ≤ ϵ.

Theorem 6.11 (Doob’s maximal inequality). Let X be a cadlag martingale, X∗
t = sup

s≤t
|Xs|. Then

for all λ > 0,
λ · P(X∗

t ≥ λ) ≤ E [|Xt| · 1(X∗
t ≥ λ)] ≤ E [|Xt|] .

Proof. Have
sup
s≤t

|Xs| = sup
s∈{t}∪(Q+∩[0,t])

|Xs|

and use the beginning of the proof of theorem 6.8.

Theorem 6.12 (Optional stopping theorem for cadlag UI martingales). Let X be a cadlag UI mar-
tingale, then for all S ≤ T stopping times

E [XT |FS ] = XS a.s.

Proof. Let Tn = 2−n⌉2nT ⌉ and Sn = 2−n⌈2nS⌉. Both are stopping times and Tn ↓ T , Sn ↓ S as n → ∞.
need to show: for A ∈ FS , then E [XT · 1(A)] = E [XS · 1(A)]. Indeed, XTn

→ XT and XSn
→ XS a.s.

as n → ∞ (X is right continuous).

Now, by the discrete optional stopping theorem applied to the martingale (Xk·2−n)k∈N with respect to
the filtration (FK·2−n)k∈N, XTn

= E [X∞|FTn
], so XTn

is UI (since Tn take values in 2−n · N). Thus,
XTn

→ XT in L1, and the same holds for XSn
→ XS using the exact same argument. By the discrete

optional stopping theorem, we have that E [XTn
|FSn

] = XSn
a.s. Now for A ∈ FS , we have that A ∈ FSn

for all n ∈ N since Sn ≥ S. So E [XTn · 1(A)] = E [XSn · 1(A)].

Lecture 13

Theorem 6.13 (Kolmogorov’s continuity criterion). Let Dn = {K · 2−n : 0 ≤ k ≤ 2n} and D =⋃
n≥0

Dn. Let (Xt)t∈D be a stochastic process taking real values. Suppose there exists some ϵ > 0 p > 0,

such that
E [|Xt −Xs|p] ≤ c · |t− s|1+ϵ, for all s, t ∈ D

where c is a positive constant. Then for all α ∈ (0, ϵ/p), the process is α−Hölder continuous, that is
there exists a random variable Kα < ∞ such that

|Xt −Xs| ≤ Kα · |t− s|α, for all s, t ∈ D.
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Proof.

P
(
|Xk·2−n −X(K+1)·2−n | ≥ 2−nα

) Markov + assumption
≤ c · 2−nαp · 2−n(1+ϵ).

Thus,
P
(

max
0≤k≤2n

|Xk·2−n −X(K+1)·2−n | ≥ 2−nα

)
union bound

≤ c · 2nαpnϵ, α ∈ (0, ϵ
p

).

By Borel-Cantelli,
max

0≤k≤2n
|Xk·2−n −X(K+1)·2−n | ≤ 2−nα

for all n ∈ N sufficiently large. Thus,

sup
n≥0

max
0≤k≤2n

|Xk·2−n −X(K+1)·2−n |
2−nα

≤ 2−nα ≤ M(ω) < ∞

a.s. For some random variable M .

Need to show: there exists some M ′ such that |Xt −Xs| ≤ M ′ · |t− s|α for all s, t ∈ D.

Let s < t, s, t ∈ D and let r be the unique integer such that 2−(r+1) < t − s ≤ 2−r. Then there exists
some k ∈ N such that s < k · 2−(r+1) < t. Now, observe that t− α ≤ 2−r so

t− α =
∞∑

j=r+1

xj

2j
, xj ∈ {0, 1}

and
α− s =

∞∑
j=r+1

yj

2j
, yj ∈ {0, 1}.

Observe that [s, t) is a disjoint union of dyadic intervals each of them having length 2−n with n ≥ r + 1
and each interval of length will appear at most twice. Thus, we get the bound

|Xt −Xs| ≤

d,n is the endpoint of a dyadic interval in the decomposition of [s,t) of length 2−n︷ ︸︸ ︷∑
d,n

|Xd −Xd+2−n |︸ ︷︷ ︸
≤2−nα·M

≤ 2 ·M ·
∞∑

n=r+1
2−nα = 2M · 2−(r+1)α

1 − 2−α
<

2M
1 − 2−α

|t− s|α.

7 Weak Convergence

We fix (M, d) a metric space endowed with its Borel sigma algebra.

Definition 7.1. Let (µn)n∈N be a sequence of probability measures on M. We say (µn)n∈N converges
weakly to µ and write µn =⇒ µ as n → ∞ if

µn(f) :=
∫

M
f(x)µn(dx) n→∞−→

∫
M
f(x)µ(dx) := µ(f)

for any f continuous and bounded.

Examples.
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• Let xn → x as n → ∞ in (M, d) then δxn

n→∞−→ δx ,since δxn(f) = f(xn) n→∞−→ f(x) = δx(f).

• Let M = [0, 1], with the Euclidean metric and its Borel sigma algebra. Let µn = 1
n

∑
0≤k≤n

δk/n. Then

µn converges weakly to the Lebesgue measure. Indeed, µn(f) = 1
nf(k/n) n→∞−→

∫
f(x) dx, being

Riemann sums.

• µn = δ 1
n

=⇒ δ0, as n → ∞. Notice however that for A = (0, 1), µn(A) = for all n ≥ 0 and so
νn(A)��→δ0(A) = 0.

Theorem 7.2. Let (µn)n∈N be a sequence of probability measures on (M, d). Then the following are
equivalent:

• µn =⇒ µ.

• For all G open, lim inf
n

µn(G) ≥ µ(G).

• For all A closed, lim sup
n

µn(A) ≤ µ(A).

• For all A with µ(∂A) = 0, then µn(A) → µ(A).

Proof. 1 =⇒ 2: Let G be open with Gc ̸= ∅. Let M > 0 and set fM (x) = 1(Md(x,Gc)) ≤ 1(x ∈ G).
Observe that fM (x) ↑ 1(x ∈ G) asM → ∞, fM is bounded and continuous for allM . So µn(fM ) → µ(fM )
as n → ∞ for all M . Thus,

lim inf
n

µn(G) ≥ lim inf
n

µn(fM ) = µ(fM ) monotone convergence→ µ(G).

2 =⇒ 3: follows from the previous case by taking complements. 2, 3 =⇒ 4: 0 = µ(∂A) = µ(A \ intA),

hence µ(A) = µ(A) = µ(intA). 2 : lim inf
n

µ(
∫
A) ≥ µ(intA) = µ(A). 3 : lim sup

n
µn(A) ≤ µ(A) = µ(A).

4 =⇒ 1: Need to show for any f continuous and bounded, µn(f) → µ(f). We can assume further that
f ≥ 0. Fix K > sup f . Have,∫

M
f(x)µn(dx) =

∫
M

(∫ K

0
1(t ≤ f(x)) dt

)
µn(dx)

Fubini=
∫K

0 µn(f ≥ t) dt.

It suffices to show µn(f ≥ t) → µ(f ≥ t) as n → ∞. Since then we can conclude using dominated
convergence. Thus it suffices to show that µ(∂{f ≥ t}) = 0. Indeed,

∂{f ≥ t} ⊂ {f = t}.

since f is continuous and {f > t} is open and ⊂
∫

{f ≥ t}. Also observe that there exists an at most
countable number of t such that µ(f = t) > 0. Thus,

{t : µ(f = t) > 0} =
⋃
n

{t : µ({f = t}) ≥ 1
n

}︸ ︷︷ ︸
#≤n

.

Thus, ∂{f ≥ t} is countable and has Lebesgue measure zero.

Now, let M = R. Let µ be a probability measure on R. We define the distribution function of µ to be
the function Fµ : x 7→ µ((−∞, x]), FµR → [0, 1].
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Proposition 7.3. Let (µn)n∈N. be a sequence of probability measures on R. Then the following are
equivalent:

• µn =⇒ µ, as n → ∞.

• Fµn
(x) n→∞−→ Fµ(x) for all x ∈ R continuity points of Fµ.

Proof. 1 =⇒ 2: Let x be a continuity point of Fµ. Have Fµn
(x) = µn((−∞, x]) and

µ(∂(−∞, x]) = µ({x})
= µ((−∞, x]) − limn→∞ µ((−∞, x− 1

n ])
= Fµ(x) − limn→∞ Fµ(d− 1

n ) = 0

since x is a continuity point of Fµ.

2 =⇒ 1: Let G be an open set in R. Then G =
⋃
n

(ak, bk), a union of disjoint open intervals. Now,

lim inf
n

µn(G) = lim inf
n

∑
k

µn(ak, bk)

Fat
≥
∑

k

lim inf
n

µn(ak, bk).

So it suffices to show that lim inf
n

µn(a, b) ≥ µ(a, b) for all a < b ∈ R.

Indeed, We have µn((a, b)) = Fµn
(b−) − Fµn

(a) and since Fµ is non-decreasing and has at most
countably many discontinuities, there exist a′, b′ continuity points of Fµ. Hence, Fµn(a′) n→∞−→ Fµ(a′) and
Fµn(b′) n→∞−→ Fµ(b′). This means that

lim inf
n

µn((a, b)) ≥ Fµ(b′) − Fµ(a′).

By the density of continuity points, there exist (b′
m)m∈N, such that b′

m ↑ b′ and (a′
m)m∈N, a′

m ↓ a′ all
continuity points. Thus,

lim inf
n

µn((a, b)) ≥ sup
n
Fµn

(b′
m) − Fµ(a′

m)
= Fµ(b−) − Fµ(a) = µ((a, b)).

Definition 7.4. Let (Xn)n∈N be a sequence of random variables taking values in (M, d), defined
on probability spaces (Ωn,Fn,Pn). We say that (Xn)n∈N converges weakly (or in distribution) to a
random variable X defined on (Ω,F ,P) if L(Xn) =⇒ L(X) (i.e. the laws converge weakly).

Remark. Equivalently, Xn
w/d=⇒ X if for all F continuous and bounded, EPn

[f(Xn)] → EP [f(X)], as
n → ∞.

Proposition 7.5. • If Xn
P=⇒ X as n → ∞, then Xn

d=⇒ X as n → ∞.

• If Xn
d=⇒ c, c a constant, then Xn

P=⇒ c

Examples.Examples: (CLT) Let (Xn)n∈N be iid and E [X1] = m and σ2 = Var(X1). Then with

Sn =
n∑

i=1
Xi

Sn − n ·m√
nσ2

d−→ N (0, 1)
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as n → ∞.

Definition 7.6 (Tightness). Let (M, d) be a metric space. A sequence of probability measures
(µn)n∈N on M is called tight if for all ϵ > 0, there exists a compact set K ⊆ M such that

sup
n≥0

µ(M \K) ≤ ϵ.

Remark. It M is compact, then all sequences of probability measures are tight.

Theorem 7.7 (Prohorov). Let (µn)n∈N be a tight sequence of probability measures, then there exists
a subsequence (µnk

)k∈N and a probability measure µ such that

µnk

d=⇒ µ, as k → ∞.

Proof. We focus on the case M = R. Let Q = {x1, x2, · · · } be an enumeration of Q and Fn = Fµn
. Then,

the sequence (Fn(x1))n∈N in [0, 1] has a convergent subsequence F
n

(1)
k

(x1) k→∞−→ F (x1) by compactness.
So does (F

n
(1)
k

(x2))k∈N. Thus, continuing so inductively, we obtain for all i ∈ N that there exist sequences

(n(i)
k )k∈N such that

F
n

(i)
k

(xj) k→∞−→ F (xj), for all 1 ≤ j ≤ i.

Thus, we can extract a diagonal sequence (mk)k∈N, where mk = n
(k)
k for all k ∈ N and Have

Fmk
(x) k→∞−→ F (x), for all x ∈ Q.

Observe now that the functions Fmk
are non-decreasing, and so F is non-decreasing, so for x ∈ R define

F (x) = limq↓x,q∈Q F (q). Thus, F is right continuous, non-decreasing and so F has left-limits.

Let x ∈ R be a continuity point of F . We need to show that Fmk
(x) k→∞−→ F (x). Indeed, for any ϵ > 0,

there exist s1 < x < s2, si ∈ Q such that F (si) −F (x)| < ϵ/2 (since F is continuous at x). We now have
the chain of inequalities

F (x) − ϵ ≤ F (s1) − ϵ

2 ≤ Fmk
(s1) ≤ Fmk

(x) ≤ Fmk
(s2

conv. in Q
≤ F (s2) + ϵ

2 ≤ F (x) + ϵ

for all k ∈ N sufficiently large.

Finally, it remains to show that there exists some probability measure µ such that F = Fµ. Indeed, by
tightness, we have that for all ϵ > 0, there exists N ∈ R large enough so that (with ±N being continuity
points of F )

sup
n≥0

µn([−N,N ]c) ≤ ϵ.

Thus, F (−N) ≤ ϵ and 1 − F (N) ≤ ϵ. This guarantees that

lim
x→−∞

F (x) = 0, lim
x→∞

F (x) = 1.

Finally, define define µ((a, b]) = F (b) − F (a). Then, µ can be extended to the Borel sigma algebra by
Calathea dory’s extension theorem.
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Definition 7.8. Let X be a random variables with values in Rd. The characteristic function of X
is defined as

ϕX(u) = E
[
ei⟨u,X⟩

]
, u ∈ Rd.

Properties of ϕX :

• ϕX is continuous on Rd and ϕX(0) = 1.

• ϕX completely determines the law of X, that is if ϕX(u) = ϕY (u) for all u ∈ Rd, then L(X) = L(Y ).
Lecture 15

Theorem 7.9 (Lévy’s convergence theorem). Let (Xn)n∈N, X be random variables taking values in
Rd. Then

• L(Xn) =⇒ L(X) as k → ∞, then ϕXn
(u) n→∞−→ ϕX(u) for all u ∈ Rd.

• Suppose there exists ψ : Rd → C such that ψ(0) = 1, ψ is continuous at zero and ϕXn
(u) n→∞−→

ψ(u) for all u ∈ Rd. Then there exists a random variable X with characteristic function ψ = ϕX

and L(Xn) =⇒ L(X).

Before we proceed with the proof of the theorem, we state a Lemma

Lemma 7.10. Let X be a random variable in Rd. Then, for all K > 0,

P(∥X∥∞) ≤ C ·
(
K

2

)d ∫
[− 1

K , 1
K ]d

(1 − ϕX(u)) du,

where C = (1 − sin(1))−1.

Proof. Fix λ > 0 and let µ = L(X). Then,

∫
[−λ,λ]d

ϕX(u) du =
∫

[−λ,λ]d

∫
Rd

d∏
j=1

eiuj ·xjµ(dx)

du

Fubini=
∫
Rd

µ(dx)
d∏

j=1

(∫
[−λ,λ]

eiuj ·xj duj

)

=
∫
Rd

µ(dx)
d∏

j=1

(
eixjλ − e−ixjλ

ixj

)
=
∫
Rd

d∏
j=1

2 · sin(λxj)
xj

µ(dx)

= (2λ)d

∫
Rd

d∏
j=1

(
2 · sin(λxj)

λxj

)
µ(dx).

Thus, ∫
[−λ,λ]d

(1 − ϕX(u)) du = (2λ)d

∫
Rd

d∏
j=1

(
1 − 2 · sin(λxj)

λxj

)
µ(dx)

Now, let f(u) =
d∏

j=1

(
2 · sin(uj)

uj

)
, f : Rd → R.
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Claim: not hard to see that if x ≥ 1, then
∣∣∣ sin(x)

x

∣∣∣ ≤ sin(1). Hence, if ∥u∥∞ ≥ 1, then |f(u)| ≤ sin(1).
So 1(∥u∥∞ ≥ 1) ≤ C · (1 − f(u)), where C = (1 − sin(1))−1. Hence,

P(∥X∥∞ ≥ k) ≤ C · E
[
1 − f

(
X

K

)]
and by simple scaling, one can conclude for the general case.

Proof. (Theorem 7.9)
f(x) = ei⟨u,x⟩ is continuous and bounded so by bounded convergence, have

ϕXn(u) = E [f(Xn)] → E [f(X)]

as n → ∞.

• First we prove that L(Xn))n∈N is tight. By Lemma 7.10, have that

P(∥Xn∥∞) ≤ C ·
(
K

2

)d ∫
[− 1

K , 1
K ]d

(1 − ϕXn
(u)) du

and |1 − ϕXn
(u)| ≤ 2 for all u ∈ Rd, n ∈ N. Thus, by dominated convergence,∫

[− 1
K , 1

K ]d

(1 − ϕXn
(u)) du n→∞−→

∫
[− 1

K , 1
K ]d

(1 − ψ(u)) du.

Since ψ is continuous at zero and ψ(0) = 1, taking K large enough we get∫
[− 1

K , 1
K ]d

(1 − ψ(u)) du < ϵ

2dCd
(2K−1)d.

Thus, P(∥Xn∥∞ ≥ K) ≤ ϵ for all n ∈ N sufficiently large. Taking K possibly even larger, we
conclude that

sup
n≥0

P(∥X∥∞ ≥ K) ≤ ϵ,

hence showing that (Ln)n∈N is tight. By Pro horror, there exists a subsequence (nk)k∈N such that

L(Xnk
) n→∞=⇒ L(X)

and so ϕXnk
(u) → ϕX(u) for all u ∈ Rd. Thus, ψ ≡ ϕ.

Suppose for a contradiction that LXn does not converge. Then there exists f continuous and
bounded and a subsequence mk such that

|Emk
[f(Xmk

)] − E [f(X)]| ≥ ϵ

for all k ∋ N. Now, since (L(Xmk
))k∈N is tight, there exist a subsequence, without relabelling, such

that (L(Xmk
)) converges weakly, a contradiction. Thus, the limit must also be X.

Now, we briefly embark on a discussion of the theory of large deviations.
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8 Large deviations

Let X1, X2, · · · be iid ∼ N (0, 1) random variables. Let Ŝn = 1
n

n∑
i=1

Xi ∼ N (0, 1/n). Let δ > 0, we by the

weak law of large numbers that

•
P(|Ŝn| ≥ δ) n→∞−→ 0.

•
P(

√
n|Ŝn| ∈

interval
A ) CLT−→

∫
A

1√
2π
e− x2

2 dx.

•

P(|Ŝn| ≥ δ) = 1 −
∫ δ

√
n

−δ
√

n

1√
2π
e− x2

2 dx.

In other words,
logP(|Ŝn| ≥ δ)

n

n→∞−→ −δ

2 .

Observe that Ŝn, the “typical “ value is of the order 1√
n

and it can take relatively large values (≥ δ > 0)

with very small probability ẽ− δ2n
2 . Furthermore, 1, 2 are universal but 3 depends on the distribution. We

shall focus on quantifying 3 for an appropriate class of random variables.
Let X1, X2, · · · be an iid family of random variables, such that E [X1] = x, Sn = X1 +X2 + · · · +Xn.

Let a ∈ R. Now
P(Sn+m ≥ a(n+m))

independence
≥ P(Sn ≥ an) · P(Sm≥am

).

Now, with bn = − logP(Sn ≥ an) for all n ∈ N, have that bn+m ≤ bn + bm. This is called sub-additive
sequence. Actually, for such sequences one has

lim
n→∞

bn

n
= inf

n

bn

n
.

Examples.Sub-additive sequences To quickly see this, suppose first that inf
n

bn

n
> −∞. Fix any ϵ > 0, then

there exists some m ∈ N such that bm

m < inf
n

bn

n
+ ϵ. Hence, for any k ≥ m, we have by Euclidean division

that there exists some q ∈ Z+ and r ∈ [0,m) ∩ N such that k = qm+ r. Thus, the sub-additivity of (bn)n∈N
implies that

bk

k = bqm+r

qm+r ≤ q·bm+br

qm+r

≤
���* 1

qm
qm+r inf

n

bn

n
+
��������:0
ϵ ·mq + br

qm+ r

as k → ∞. The case where inf
n

bn

n
= −∞ can be dealt with similarly.

So, we have that
− 1
n

logP(Sn ≥ an) n→∞−→ I(a).

Also,
P(Sn ≥ an) λ>0= P(eλSn ≥ eλan)

Markov
≤ E

[
eλSn

]
· e−nλa = E

[
eλX1

]
· e−λan.

Define M(λ) = E
[
eλ·X1

]
, ψ(λ) = logM(λ), λ ∈ R. In other words, we have

P(Sn ≥ an) ≤ exp(−n(λa− ψ(λ))).
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Furthermore, let ψ∗(a) = sup
λ≥0

(λa− ψ(λ)) ≥ 0. So P(Sn ≥ an) ≤ exp(−nψ∗(a)) and so have obtained

− logP(Sn≥an)
n

≥ ψ∗(a).

Lecture 16

Theorem 8.1 (Cramer’s Theorem). Let X1, X2, · · · be an iid sequence of random variables with

E [X1] = x. Let Sn =
n∑

i=1
Xi. Then,

− 1
n

logP(Sn ≥ an) n→∞−→ ψ ∗ (a)

for all a ≥ x where ψ∗(a) = sup
λ≥0

(λalpha− psi(λ)), ψ(λ) = logE
[
eλ·X1

]
(ψ∗ is known as the Legendre

transform).

We collect some basic facts about the function M(λ) = E
[
eλX1

]
, λ ∈ R.

Lemma 8.2. The functions M and ψ are continuous on D = {λ : M(λ) < ∞} and differentiable in
int D with M ′(λ) = E [X1·eλX1 ] and ψ′(λ) = M ′(λ)

λ , λ ∈ D.

Proof. Continuity: Fix a sequence λn
n→∞−→ λ ∈ D. Then, pointwise, eλnX1 n→∞−→ eλX1 and take n ∈ N

such that for all n ≥ N , eλnX1 ≤ eλN X1 + eλX1 ∈ L1 (which holds by since λN ≤ λn ≤ λ for n possible
larger). Thus, can conclude by dominated convergence that ψ(λn) n→∞−→ ψ(λ).

Differentiability: Fix η ∈ D◦. We can now bound∣∣∣M(η+ϵ)−M(η)
ϵ

∣∣∣ =
∣∣∣E [ e(η+ϵ)·X1 −eη·X1

ϵ

]∣∣∣
≤ eη·X1

∣∣∣ eϵ·X1 −1
ϵ

∣∣∣ .
Now, let δ > 0 sufficiently small such that (η − δ, η + δ) ⊆ D◦. Now, for all ϵ ∈ (−δ, δ)∣∣∣∣eϵX1 − 1

ϵ

∣∣∣∣ comparing power series
≤ eδ|X1| − 1

δ
.

So ∣∣∣∣e(η+ϵ)X1 − eηX1

ϵ

∣∣∣∣ ≤ eηX1 · e
δ|X1| − 1

δ
.

Now, since eηX1 ·eδ|X1| ≤ eηX1 ·(eδX1 +e−δX1) ∈ L1 since η ∈ D◦ and we can thus conclude by dominated
convergence.

Proof. (Theorem 8.1) From the previously derived Chernoff bound, we have

lim
n→∞

− 1
n

logP(Sn ≥ an) ≥ ψ∗(a).

It suffices to show now that

lim
n→∞

− 1
n

logP(Sn ≥ an) ≤ ψ∗(a), for all a ≥ x.

Observe that we can replace each Xi by X̃i = Xi − a and define S̃n =
n∑

i=1
X̃i and
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M̃(λ) = E
[
eλX̃

]
= e−aλM(λ), where ψ̃(λ) = ψ(λ) − aλ, λ ∈ R.

Thus we can restate the original inequality as follows

lim
n→∞

− 1
n

logP(Sn ≥ an) = lim
n→∞

− 1
n

logP(S̃n ≥ 0) ≤ ψ̃∗(0)

where ψ̃∗(λ) = sup
λ≥0

(−ψ̃(λ)). Thus, without loss of generality, it suffices to show that

lim
n→∞

− 1
n

logP(Sn ≥ 0) ≥ inf
λ≥0

ψ(λ),

when x ≤ 0.
For the remainder of the proof, we let µ = L(X) and break the proof into several cases.
Case 1: M(λ) < ∞ for all λ ∈ R.
Define a new measure µθ for all θ ≥ 0, absolutely continuous with respect to µ and radon-Nikodym

derivative
dµθ

dµ = eθX1

M(θ) .

We compute

Eθ [f(X1)] =
∫
R

eθxf(x)
M(θ) µ(dx).

Now, if X1, · · · , Xn are iid ∼ µ. Then

Eθ [F (X1, · · · , Xn)] =
∫
F (X1, · · · , Xn)

n∏
i=1

eθxi

M(θ)µ(dxi).

Set g(θ) = Eθ [X1] =
∫
x eθx

M(θ) dµ = M ′(θ)
M(θ) = ψ′(θ).

Seek: θ such that g(θ) = ψ′(θ) = 0.
If P(X1 > 0) = 0, then P(Sn ≥ 0) = (P(X1 = 0))n by independence. Thus,

1
n

logP(Sn ≥ 0) = P(X1 = 0)

and
inf
λ≥0

≤ lim
λ→∞

ψ(λ) = lim
λ→∞

E
[
eλX1

] DCT= lim
λ→∞

E
[
eλX11(X1 = 0)

]
= P(X1 = 0).

We can now focus on the case where P(X1 > 0) > 0. Now, there exists an N ∈ N such that
P(X1 >

1
N ) > 0. We deduce that

lim
θ→∞

ψ(θ) = lim
θ→∞

E
[
eθX1

]
≥ lim

θ→∞
E
[
e

θ
N 1
(
X1 >

1
N

)]
= ∞.

Thus, there exists some η ≥ 0 such that inf
λ≥0

ψ(λ) = ψ(η) and ψ′(η) = 0. Now,

P(Sn ≥ 0) ≥ P(Sn ∈ [0, ϵn]) ≥ E
[
eηSn−ηϵn1(Sn ∈ [0, ϵn])

]
= e−ηϵn(M(η))n · Pη(Sn ∈ [0, ϵn])

where Pη(X1 ∈ ·) = µη(·). Now, since Eη [X1] = 0, we claim that we can use the CLT on iid copies of X1
with law µη to deduce

P(Sn ∈ [0, ϵn]) n→∞−→ 1
2 .

Examples.Proof of claim This is a little messy, be warned! Fix any ϵ′ > 0. We have by the triangle
inequality ∣∣∣∣Pη(Sn ∈ [0, ϵn]) − 1

2

∣∣∣∣ ≤ |Pη(Sn ∈ [0, ϵn]) − Pη(Sn ∈ [0,∞))| +
∣∣∣∣Pη(Sn ∈ [0,∞)) − 1

2

∣∣∣∣ .
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for all n ∈ N. Now, by the CLT and Theorem 7.2 we have that

P(Sn ∈ [0,∞)) n→∞−→ 1
2 .

Thus, for all n sufficiently large, we have that |P(Sn ∈ [0,∞)) − 1/2| < ϵ′/3. Furthermore, there exists
some N ∈ N such that P(N ∈ (ϵ

√
N,∞)) < ϵ′/3 where N denotes a standard normal random variable.

Thus, for all n ∈ N sufficiently large∣∣Pη(Sn ∈ [0, ϵn]) − 1
2
∣∣ ≤ ϵ′

3 +
∣∣∣Pη( Sn√

n
∈ (ϵ

√
n,∞))

∣∣∣ ≤ ϵ′

3 +
∣∣∣Pη( Sn√

n
∈ (ϵ

√
n,∞))

∣∣∣
≤ ϵ′

3 +
∣∣∣Pη( Sn√

n
∈ (ϵ

√
N,∞))

∣∣∣ ≤ ϵ′

3 + P(N ∈ (ϵ
√
N,∞))

+
∣∣∣Pη( Sn√

n
∈ (ϵ

√
N,∞)) − Pη( N√

n
∈ (ϵ

√
N,∞))

∣∣∣
≤ ϵ′

3 + ϵ′

3 +

���������������������: (CLT) ≤ ϵ′
3∣∣∣Pη( Sn√

n
∈ (ϵ

√
N,∞)) − Pη( N√

n
∈ (ϵ

√
N,∞))

∣∣∣
≤ ϵ′

as required.
Thus,

logP(Sn ≥ 0)
n

≥ −ηϵ+ logM(η) + logPη(Sn ∈ [0, ϵn])
n

.

Now, for all ϵ > 0,
lim inf

n

1
n

logP(Sn ≥ 0) ≥ logM(η) − ηϵ = ψ(η) ≥ inf
λ≥0

ψ(λ).

Sending ϵ → 0 gives the desired inequality.
General Case:
Without loss of generality, (arguing as in the previous case), let K > 0 sufficiently large so that

µ([0,K]) > 0. Then define the conditional laws ν = L(X1||X1| ≤ K), νn = L

(
Sn

∣∣∣ n⋂
i=1

{|Xi| ≤ K}

)
. Have

µn([0,∞) ≥ νn([0,∞)) · (µ([−K,K]))n

and
logµn([0,∞)) ≥ log νn([0,∞)

n
+ µ([−K,K]).

Let ψK(λ) = log
∫ K

−K

eλx dµ(x). Then, log
∫ ∞

−∞
eλx dν(x) = ψK(λ) − logµ([−K,K]). So,

exists again by sub-additivity︷ ︸︸ ︷
lim

n→∞

1
n

logµn([0,∞))]
first step

≥ inf
λ≥0

(
log
∫ ∞

−∞
eλx dν(x)

)
+ logµ([−K,K]) = inf

λ≥0
ψK(λ) := JK > −∞.

Now, as observe that ψK is a non-decreasing family of continuous functions. Hence, the (Jk)k∈N are
non-decreasing and so one has Jk ↑ J > −∞ K → ∞. Furthermore, the sets {λ : ψK(λ) ≤ J} are compact
by the continuity of the ψKand the fact that µ([0,K]) > 0 implies lim

λ→∞
ψK(λ) = ∞, as well as nested.

Thus, there exists some λ0 ∈
⋂
k

{λ : ψK(λ) ≤ J}. hence, ψ(λ0) = lim
k→∞

ψK(λ) ≤ J by monotone

convergence. So,
lim

n→∞

1
n

logµn([0,∞)) ≥ J ≥ ψ(λ0) ≥ inf
λ≥0

ψ(λ)

as required.
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9 Brownian Motion
Lecture 17

Definition 9.1. A process (Bt)t∈R+ is called a Brownian motion in Rd, d ≥ 1 starting from x ∈ Rd

if (Bt)t≥0 is a continuous process and

• B0 = x a.s.

• For all s < t, Bt −Bs ∼ N (0, (t− s) · Idd).

• (Bt)t≥0 has independent increments independent of B0.

If x = 0 we call it a standard Brownian motion. Observe that i .determine uniquely its law.

Examples. Let (Bt)t≥0 be a standard Brownian motion in R, U ∼ [0, 1] uniformly distributed and
independent from (Bt)t≥0 and define

B̃t =
{
Bt, t ̸= U
0, t = U

Then B̃ is a.s. discontinuous, so even though B, B̃ have the same finite dimensional distributions, B̃ is not
a Brownian motion.

Theorem 9.2 (Wiener). There exists a Brownian motion on some probability space.

Proof. (Lévy and Kolmogorov)

• We shall proceed to construct a BM on [0, 1] in d = 1. Let D0 = {0, 1}, Dn = {k ·2−n : 0 ≤ k ≤ 2n}
for n ∈ N and D =

⋃
n≥0

Dn.

We will now construct (Bd, d
′inD) inductively. First for D0. Let (Zd, d ∈ D) be an iid sequence

∼ N (0, 1) on some probability space (Ω,F ,P). Set b0 = 0, B1 = Z1 (clearly satisfies properties
in 9.1). Suppose now we have constructed (Bd, d ∈ Dn−1) satisfying properties 2&3. We need to
construct (Bd, d ∈ Dn).

For d ∈ Dn \ Dn−1, have d± = d± 2−n ∈ Dn−1. Now, set

Bd =
{

Bd−+Bd+
2 + Zd

2
n+1

2
, d ∈ Dn \ Dn−1

Bd, d ∈ Dn−1.

We now show that our candidate process (Bd)d∈Dn
has independent increments. Indeed, we have

that for d ∈ Dn \ Dn−1,
Bd −Bd− = Bd+−Bd−

2 + Zd

2
n+1

2

Bd+ −Bd = Bd+−Bd−
2 − Zd

2
n+1

2

are independent. To see this, note that by induction we have that Bd+−Bd−
2 ∼ N (0, d+−d−

4 ) and
the same holds for Zd

2
n+1

2
. Thus, d − Bd−, Bd+ − Bd are two mean-zero uncorrelated Gaussians,

hence they are independent.

Now for any two disjoint intervals of length 2−n, the corresponding increments of the process
(Bd)d∈Dn are independent since one can express every increment as half the increment of the
previous scale plus an independent Gaussian and apply the induction step.
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Thus, we have been able to construct (Bd, d ∈ D) satisfying the conditions 2&3. Furthermore, by
Gaussianity we have

E [|Bd −Bq|p] = |d− q|
p
2 · E [|N |p] ,

where N ∼ N (0, 1). Since for all p > 0 E [|N |p] < ∞. By Kolmogorov’s continuity criterion, for all
α ∈ (0, ϵ

p ) with ϵ = p
2 − 1 (Bd, d ∈ D) is a.s. α−Hölder continuous for all α < 1

2 .

We now extend to the whole of [0, 1] by setting Bt = lim
i→∞

Bdi , d ∈ D, di → t, i → ∞. It is
immediate that (Bt,t∈[0,1] is a.s. α− Hölder continuous for all α < 1

2 . Now it remains to check
conditions 2&3 are satisfied.
Let 0 = t0 ≤ t1 ≤ · · · ≤ tn ≤ 1. Then, we claim the increments (Bti

−Bti−1)i=1,··· ,k are independent
Gaussian with (Bti −Bti−1) ∼ N (0, ti − ti−1) for all 1 ≤ i ≤ k. Indeed, let

0 ≤ tn0 ≤ tn1 ≤ · · · ≤ tnk ≤ 1
↓ ↓ · · · ↓

0 ≤ t0 ≤ t1 ≤ · · · ≤ tk ≤ 1

be dyadic rationals. By continuity, we have a.s. Btn
j

−Btn
j−1

n→∞−→ Btj
−Btj−1 for all j ≤ k. Thus,

by bounded convergence,

E

exp

i k∑
j=1

uj(
independent, normal︷ ︸︸ ︷
Btn

j
−Btn

j−1
)

 =
k∏

j=1
exp

(
−u2

j (tnj − tnj−1)
2

)
n→∞−→

k∏
j=1

exp
(

−u2
j (tj − tj−1)

2

)
≡ ϕ(u).

By Lévy’s convergence theorem, since ϕ : Rk → R is the characteristic function of independent
Gaussians ∼ N (0, tj − tj−1) and since the characteristic functions of the increments and the in-
dependent Gaussians agree, this forces the law of (Btj

− Btj−1)j≤k to be that of k independent
N (0, tj − tj−1) gaussians. Hence, (Bt, t ∈ [0, 1]) satisfies all the properties.

• Extending the construction to all of R. Let (Bi
t, t ∈ [0, 1]) be independent brownian motions and

define

Bt = B
⌊t⌋
t−⌊t⌋ +

⌊t⌋−1∑
i=0

Bi
t, t ≥ 0.

It is not hard to see that the conditions in 9.1 are satisfied.

• Now for d > 1, let (B1
t )t≥0, (B1

t )t≥0, · · · , (Bd
t )t≥0 be independent one dimensional Brownian mo-

tions. Set (Bt)t≥0 = (Bt, · · · , Bdt)t≥0 and it is easy to check that the conditions are met.

Theorem 9.3. Let B be a standard Brownian motion in Rd. Then

• If U is an orthogonal matrix, then UB = (UBt)t≥0 is also a standard Brownian motion. Hence
so is −B.

• (Scale invariance:) Let λ > 0 be given. Then
(

Bλt√
λ

)
t≥0

is also a standard brownian motion.

• (Simple Markov property:) For all c ≥ 0, (Bt+s − Bs)t≥0 is also a standard Brownian motion
and is independent of FB

s , where FB
s = σ(Bu : u ≤ s).

Proof. Easy to check that it follows from the definition of Brownian motion.
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Lecture 18

9.1 Properties of Brownian Motion

Theorem 9.4 (Time inversion). Let B be a standard Brownian motion in d = 1. Let

Xt =
{
tB 1

t
, t > 0

0, t = 0.

Then (Xt)t≥0 is a standard brownian motion.

Proof. Fix tt, · · · , tk > 0. Then (Bt1 , · · · , Btk
) is Gaussian random vector with zero mean and

Cov(Bs,Bt = s ∧ t. Need to check that (Xt1 , · · · , Xtk
) is Gaussian and with the same covariance as

above. By inspection, we se thtah this vecto is clearly Gaussian with zero mean. Now for the covariance,
we compute

Cov(Xti
, Xtj

) = Cov(tiBti
, tjBtj

) = titjCov(Bti
, Btj

) = titj

(
1
ti

∧ 1
tj

)
= ti ∧ tj .

Now it remains to show that X is continous. Indeed, for positive t, X is clearly continuous. Now, we
also claim that limt↓0 Xt = 0 a.s. Observe that

(Xt, t ∈ Q+) d= (Bt, t ∈ Q+)

and so

P
(

lim
t↓0,t∈Q+

Xt = 0
)

= P

 ⋂
N∈N

⋃
r∈Q+

⋂
q∈Q+,q<r

{
|Xq| ≤ 1

N

}
= P

 ⋂
N∈N

⋃
r∈Q+

⋂
q∈Q+,q<r

{
|Bq| ≤ 1

N

} = P
(

lim
t↓0,t∈Q+

Bt = 0
)

= 1.

Finally, since Q+ is dense in R+ and X is continuous for t > 0, we have that

lim
t↓0

Xt = lim
t↓0,t∈Q+

Xt = 0, a.s.

Corollary 9.5. Let B be a standard brownian motion in d = 1. Then,

Bt

t

t→∞−→ 0, a.s.

Proof. By theorem 9.4, we have that with X defined therein,

lim
t→∞

Bt

t
= lim

t→∞
X

(
1
t

)
= 0

by the continuity of X at zero.
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Definition 9.6. For s ≥ 0, let F+
s =

⋂
t>s

FB
t = σ(Bu : u ≤ t). Have FB

s ⊆ F+
s .

Remark. From the simple Markov property, we have that

(Bt+s −Bs)t≥0 ⊥ FB
s .

In fact we have more, that is

Theorem 9.7. For all s ≥ 0,
(Bt+s −Bs)t≥0 ⊥ F+

s .

Proof. It suffices to show that if t1, · · · , tk ∈ R+ and F is a continuous and bounded, function on (Rd)k

and if A ⊂ F+
s then

E [F (Bt1+s −Bs, · · · , Btk+s −Bs) · 1(A)] = E [F (Bt1+s −Bs, · · · , Btk+s −Bs)] · P(A).

Since, for any open set, U ⊂ (Rd)k, one can approximate Fm ↑ 1(U) from below by bounded continuous
functions Fm(x) = fm(dist(x, U c)), x ∈ (Rd)k where f : R → R is the continuous, bounded function

f(r) =
{

1, r ≥ ϵ
1
ϵ r, r < ϵ.

for r ∈ R and apply monotone convergence. Then one just has to observe that the collection of open
sets generates the borel sigma algebra on (Rd)k and apply the uniqueness of extension theorem.

Now, let sn ↓ s be a strictly decreasing sequence. Then, by continuity, have Btisn −Bsn

n→∞−→ Bti+s −Bs

a.s. for all i ≤ k. Thus, we have

E [F (Bt1+s −Bs, · · · , Btk+s −Bs) · 1(A)] DCT= E [F (Bt1+sn −Bs, · · · , Btk+sn −Bsn) · 1(A)]

and observe that A ∈ F+
s implies A ∈ FB

sn
for all n ∈ N. Thus, we can conclude by the simple Markov

Property and another application of Dominated convergence.

Corollary 9.8 (Blumenthal’s 0-1 Law). The sigma algebra F+
0 is trivial, i.e. if A ∈ F+

0 , then
P(A) ∈ {0, 1}.

Proof. Take A ∈ F+
0 ⊆ σ(Bt : t ≥ 0). But, bu the above, we have σ(Bt : t ≥ 0) ⊥ F+

0 and so A ⊥ A
which gives

P(A) = P(A ∩A) = P(A) · P(A).

Theorem 9.9. Let B be a standard Brownian motion in d = 1. Define τ = inf{t > 0 : Bt > 0} and
σ = inf{t > 0 : Bt = 0}. Then P(τ = 0) = P(σ = 0) = 1.

Proof. For all n ∈ N, have that {τ = 0} =
⋂

k≥n

{∃ϵ ∈ (0, 1/k) s.t. Bϵ > 0}︸ ︷︷ ︸
FB

1
n

and so have {τ = 0} ∈ F+
0

which means that P(τ = 0) ∈ {0, 1}. Now, P(τ ≤ t) ≥ P(Bt > 0) = 1
2 for all t >. So,

{P(τ = 0) = lim
t↓0

P(τ ≤ t) ≥ 1
2
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which gives that P(τ = 0) = 1. By symmetry (−B is a std BM) we also have that

inf{t > 0 : Bt < 0} = 0, a.s.

Since B is continuous, by the intermediate value theorem we get thath σ = 0 a.s.

Proposition 9.10. Let B be a standard brownian motion in d = 1. For all t ≥ 0, set St = sup
s≤t

Bs

and It = inf
s≤t

Bs. Then,

• For all ϵ > 0, have Sϵ > 0 and Iϵ < 0 a.s. In other words, in every interval (0, ϵ) there exists a
zero of BM.

• sup
t≥0

Bt = +∞ and inf
t≥0

Bt = −∞ a.s.

Proof. • Let tn ↓ t as n → ∞. Then we have

{Btn i.o } ⊆ {Sϵ > 0}.

It is not hard to see that {Btn
i.o } ∈ F+

0 . Thus applyinf Fatou’s lemma we deduce

P(Btn
i.o. ) = P(lim sup

n
{Btn

≥ 0})
Fatou

≥ lim sup
n

P({Btn
≥ 0}) = 1

2

Thus, P(Btn
i.o. ) = 1 and so P(Sϵ > 0) = 1. By symmetry, (−B is a std BM) we conclude that

P(Iϵ < 0) = 1.

• Have for all λ > 0 that
S∞ = sup

t≥0
Bt = sup

t≥0
Bλt

d=
√
λ sup

t≥0

Bλt√
λ
.

So S∞
d= αS∞ for all α > 0. We also know now thath S∞. Hence it can only be the case that

S∞ = +∞ a.s. One can show that inf
t≥0

Bt = −∞ a.s.

Proposition 9.11. Let B be a standard Brownian motion and let C be a cone with origin at zero
and non-empty interior, that is C = {tu : t > 0, u ∈ A} with A ⊆ S1(= unit sphere in Rd). Set
HC = inf{t > 0 : Bt ∈ C}. Then, P(HC = 0) = 1.

Proof. Observe that {HC = 0} ∈ F+
0 and P(Bt ∈ C) = P(B1 ∈ C) by scale invariance of Brownian

motion and C. Since intC ̸= ∅, P(B1 ∈ C) > 0. Thus, P(HC ≤ t) ≥ P(Bt ∈ C) > 0.Taking t ↓ 0 and
applying Blumenthal concludes the argument.

44



Figure 3: Illustration of cone in proposition 9.11

Lecture 19

Theorem 9.12 (Strong Markov Property). Let B be a standard Brownian motion and let T be an
a.s. finite stopping time. Then, (Bt+T −BT )t≥0 is a standard Brownian motion and

(Bt+T −BT )t≥0 ⊥ F+
T .

Proof. Let Tn = 2−n⌈2nT ⌉, Tn ↓ T , n → ∞. For k ∈ N, let B
(k)
t = Bt+k·2−n − Bk·2−n and

B
(n)
∗ (t) = Bt+Tn

−BTn
. Will show thath B∗ is a Brownian motion independent of F+

Tn
.

Clearly, B(n)
∗ is continuous. Now, let A be any event and fix E ∈ F+

Tn
. Then, we compute

P(B∗ ∈ A,E) =
∞∑

k=0
P(

∈F+
k·2−n︷ ︸︸ ︷

Tn = k · 2−n,

⊥F+
k·2−n︷︸︸︷
B(k) ∈ A,E)

=
∞∑

k=0
P(Tn = k · 2−n, E) · P(B(k) ∈ A)

= P(B ∈ A) · P(E).

He have thus shown that B∗
d= B and ⊥ F+

Tn
. Now, observe that

Bs+t+T −Bs+ T︸ ︷︷ ︸
N (0,t)

= lim
n→∞

(Bs+t+Tn −Bs+Tn︸ ︷︷ ︸
N (0,t)

).

So, (Bt+T −BT )t≥0 is a standard BM.

It remains to show that (Bt+T − BT )t≥0 ⊥ F+
T . Indeed, fix t1, · · · , tk > 0 and let F : (Rd)k :→ R be a
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Figure 4: Illustration of reflection of B at time T .

continuous and bounded function. Fix A ∈ F+
T and compute

E [F (Btt+T −BT , · · · , Btk+T −BT ) · 1(A)] DCT= lim
n→∞

E [F (Btt+Tn −BTn , · · · , Btk+Tn −BTn) · 1(A)] .

Since A ∈ F+
T , A ∈ F+

Tn
for all n ∈ N. Finally, using that B(n)

∗ ⊥ F+
Tn

concludes the proof.

Theorem 9.13 (Reflection principle). Let B be a standard Brownian motion in d = 1 and T an a.s.
finite stopping time. Define

B̃t =
{
Bt, 0 ≤ t ≤ T
2BT −Bt, t > T

Then B̃ is a standard Brownian motion.

Proof. We have by the Strong Markov Property that B(T ) = (Bt+T − BT )t≥0 is a standard Brownian
Motion independent of F+

T . Let C0 = C0([0,∞) : R) denote the space of continuous functions on the
positive reals that vanish at zero, endowed with the topology of local uniform convergence and A the
induced Borel sigma algebra.
Examples.Metrisability of topology of local uniform convergence Recall from Topology that this topology
is induced by the metric

d : C0([0,∞) : R) × C0([0,∞) : R) → R+

(f, g) 7→ d(f, g) :=
∞∑

n=1

1
2n

sup
x∈[0,n]

|f(x) − g(x)|

1 + sup
x∈[0,n]

|f(x) − g(x)|

We also have the useful fact that
Examples.Characterisation of A We have, see Kallenberg’s book on the ‘Foundations of Modern Proba-
bility‘ for instance, that

A = σ({πt : t ≥ 0})
where for t ≥ 0, πt : C0 → R denotes the projection onto the t coordinate.
Now define the function

ψ : (C0 × [0,∞) × C0,A ⊗ B([0,∞)) ⊗ A) → (C0,A)
(X,T, Y ) 7→ ψT (X,Y )(t)

:= X(t) · 1([0, T ])(t) + (X(t) + Y (t− T ))1(T,∞).

is a continuous map in the product topology, therefore measurable. To see that ψ is continuous,
Examples.Continuity of ψ Fix (X,T, Y ) ∈ C0 × [0,∞) × C0. Due to the metrisability of the underlying
topologies, it suffices to show that for any sequence (Xn, Tn, Yn)n∈N ⊆ C0 × [0,∞) × C0 such that
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Xn
d−→ X, Yn

d−→ Y and Tn → T as n → ∞, ψ(Xn, Tn, Yn) d−→ ψ(X,T, Y ).

Now, fix ϵ > 0, an arbitrary compact set K ⊆ R+ and let t ∈ K be arbitrary. We estimate

|ψ(Xn, Tn, Yn)(t) − ψ(X,T, Y )(t)|

≤ |(X(t) −X(T )) · 1(t ≤ T ) − (Xn(t) −Xn(Tn)) · 1(t ≤ Tn)| +
���������: 0

|X(T ) −Xn(Tn)|

+|Y (t− T ) · 1((Tn ∧ T, Tn ∨ T ])| + |Y (t− T ) − Yn(t− Tn)|

≤ |(X(t) −X(T )) · 1((Tn ∧ T, Tn ∨ T ])| +
�������: 0
∥X −Xn∥∞,K +

���������: 0

|X(T ) −Xn(Tn)|

+|Y (t− T ) · 1((Tn ∧ T, Tn ∨ T ])| +
�����������: 0

|Y (t− T ) − Yn(t− Tn)|

≤ |(X(t) −X(T )) · 1((Tn ∧ T, Tn ∨ T ])| + |Y (t− T ) · 1((Tn ∧ T, Tn ∨ T ])| + ϵ

(where we make the set harmlessly Y (t−T ) = 0 for t ≤ T ) for n ∈ N large enough independent of t ∈ K,
since the crossed-out terms converge to zero uniformly in t ∈ K due to local uniform convergence and
uniform contuinity on compact sets. The fact that Y (t − T ) and X(t) − X(T ) vanish at T and that
Tn → T , n → ∞ enables us to bound for n sufficiently large independent of t:

|ψ(Xn, Tn, Yn)(t) − ψ(X,T, Y )(t)| ≤ sup
t∈(Tn∧T,Tn∨T ]

(
|(X(t) −X(T )| + |Y (t− T )|

)
+ ϵ ≤ 2ϵ

and conclude the argument.
Also observe that

ψ((Bt∧T )t≥0, T, B
(T )) = B

ψ((Bt∧T )t≥0, T,−B(T )) = B̃

By observing that B(T ) is independent of the stopped process (Bt∧T )t≥0, we have that

((Bt)t≥0), T, (BT
t )t≥0) d= ((Bt)t≥0), T,−(BT

t )t≥0)

and so it follows that B d= B̃.

Corollary 9.14. For t ≥ 0, let St = sup
s≤t

Bs and fix b > 0 and a ≤ b. Then

P(St ≥ b, Bt ≤ Bt ≤ a) = P(Bt ≥ 2b− a).

Proof. Fix x > 0 and define Tx = inf{t ≥ 0 : Bt = x}. Since S∞ < ∞ a.s., it follows that Tx < ∞ a.s.
and BTx

= x. Observe that {St ≥ b} = {Tb ≤ t}. Now we compute,

P(St ≥ b, Bt,≤ a) = P(
on Tb≤t,B̃t=2b−Bt︷ ︸︸ ︷
Tb ≤ t, Bt ≤ a )

= P(B̃t ≥ 2b− a, Tb ≤ t) = P(
B̃t≥2b−a =⇒ Tb≤t︷ ︸︸ ︷
B̃t ≥ 2b− a )

= P(Bt ≥ 2b− a).
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Corollary 9.15. St
d= |Bt|.

Proof.

P(St ≥ a) = P(
=P(Bt≥a)︷ ︸︸ ︷

St ≥ a,Bt > a) +
=P(Bt≥2b−a) by the reflection principle︷ ︸︸ ︷

P(St ≥ a,Bt ≤ a)
= 2P(Bt ≥ a)
= P(|Bt| ≥ a).

Corollary 9.16. Fix x > 0 and let Tx = inf{t ≥ 0 : Bt = x}. Then

Tx
d=
(
x

B1

)2
.

9.2 Martingales for Brownian motion

Theorem 9.17. Let (Bt)t≥0 be a standard Brownian motion in d = 1. Then

• (Bt)t≥0 is a martingale with respect to the filtration (F+
t )t≥0

• (B2
t − t)t≥0 is a martingale with respect to the filtration (F+

t )t≥0.

Proof. Fix s ≤ t. Compute

E
[
Bt|F+

s

]
= E

[ ⊥F+
s︷ ︸︸ ︷

Bt −Bs +Bs|F+
s

]
= Bs, a.s.

and

E
[
(B2

t − t)|F+
s

]
= E

[
(Bt −Bs)2|F+

s

]
+ 2

����������:0
E
[
(Bt −Bs)Bs|F+

s

]
+E

[
B2

s |F+
s

]
− t = B2

s − s, a.s.

Corollary 9.18. Let B be a standard Brownian motion in d = 1 and suppose x, y > 0. Then

P(T−x < Ty) = y

x+ y

and
E [T−x ∧ Ty] = x · y

with T· defined as in corollary 9.16.

Proposition 9.19. Let B be a standard Brownian motion in Rd. Set

Mt = exp
(

⟨u,Bt⟩ − |u|2t
2

)
is an F+

t martingale for all u ∈ Rd.
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Proof. Fix u ∈ Rd. Integrability and adaptedness are clear. Now, for the martingale property, we have

E [Mt|F+
s ] = E [exp(⟨u,Bt −Bs⟩ − ⟨u,Bs⟩)|F+

s ] · e− |u|2t
2

= exp(⟨u,Bs⟩) · exp
(

|u|2(t−s)
2

)
· e− |u|2t

2 = Ms

Lecture 20

Theorem 9.20. Let f(t, x) : R+ ×Rd → R be continuously differentiable in t and twice continuously
differentiable in x. Assume f and all its derivatives are bounded. Then the process

Mt = f(t, Bt) − f(0, B0) −
∫ t

0

(
∂

∂r
+ 1

2∆
)
f(r,Br) dr

is an F+
t −martingale.

Proof. By the boundedness assumption, M is integrable and is clearly adapted. Now it remains to show
the martingale property, that is for all t, z ≥ 0 E [Mt+s −Ms|F+

s ] = 0. We have

Mt+s −Ms = f(t+ s,Bt+s) − f(s,Bs) −
∫ t+s

s

(
∂

∂r
+ 1

2∆
)
f(r,Br) dr

= f(t+ s,Bt+s) − f(s,Bs) −
∫ t

0

(
∂

∂r
+ 1

2∆
)
f(r + s,Br+s) dr.

Now, taking conditional expectations, we have

E [Mt+s −Ms|F+
s ] = −f(s,Bs) + E [f(t+ s,Bt+s −Bs +Bs)|F+

s ]

−E
[∫ t

0

(
∂

∂r
+ 1

2∆
)
f(r + s,Br+s −Bs +Bs) dr|F+

s

]
(Br+s−Bs)r≥0⊥F+

s= −f(s,Bs) −
∫
Rd

(∫ t

0

(
∂

∂r
+ 1

2∆
)
f(r + s, x+Bs) dr

)
pr(0, x) dx

+
∫
Rd

f(t+ s, x+Bs)pt(0, x) dx

where pt(0, x) = 1√
2πt

d exp
(

−|x|2

2t

)
for x ∈ Rd, t > 0. Note that pt satisfies the heat equation:

∂pt

∂t
= 1

2∆pt.

Using dominated convergence, we have that∫
Rd

(∫ t

0

(
∂

∂r
+ 1

2∆
)
f(r + s, x+Bs) dr

)
pr(0, x) dx

= lim
ϵ↓0

∫
Rd

(∫ t

ϵ

(
∂

∂r
+ 1

2∆
)
f(r + s, x+Bs) dr

)
pr(0, x) dx.
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On (ϵ, t), we have enough regularity to integrate by parts and s theorem to obtain∫
Rd

(∫ t

0

(
∂

∂r
+ 1

2∆
)
f(r + s, x+Bs) dr

)
pr(0, x) dx

= lim
ϵ↓0

∫
Rd

(∫ t

ϵ

(
∂

∂r
+ 1

2∆
)
f(r + s, x+Bs) dr

)
pr(0, x) dx.

=
∫
Rd

f(t+ s, x+Bs)pt(0, x) dx− lim
ϵ↓0

∫
Rd

f(ϵ+ s, x+Bs)pϵ(0, x) dx

+ lim
ϵ↓0

∫
Rd

∫ t

ϵ


�����������:0(PDE)

−∂pr(0, x)
∂r

+ 1
2∆pr(0,x)

 f(r + s, x+Bs) dr

 dx

= E [f(t+ s,Bt+s)] − lim
ϵ↓0

E
[
f(ϵ+ s,Bϵ+s)|F+

s

]
DCT= E

∫
Rd

f(t+ s, x+Bs)pt(0, x) dx− f(s,Bs).

Combining all of the above together yields the desired equality E [MT +s −Ms|F+
s ] = 0 a.s.

9.3 Transience and recurrence
Recall that if B is Brownian motion B0 = 0 then it is called a standard Brownian motion. More generally,
if B0 = x then call its law Px and note that (Bt − x, t ≥ 0) is a standard Brownian motion.

Theorem 9.21. Let B be a standard Brownian motion in Rd.

• If d = 1, then B is point-recurrent, i.e. for all x, z {t ≥ 0 : Bt = x} is unbounded Pz−a.s.

• If d = 2, then B is neighbourhood recurrent, that is for all ϵ > 0 and x, z ∈ Rd the set of
times {t ≥ 0 : |Bt − z| ≤ ϵ} is unbounded Px−a.s. However, it does not hit points that is
Px(∃t ≥ 0 : Bt = z) = 0.

• If d = 3, B is transient, that is |Bt| → ∞, as t → ∞ Px − a.s.

Proof. • d = 1: we have almost surely that lim sup
t→∞

Bt = ∞, lim inf
t→∞

Bt = −∞ which gives the result.

• d = 2: by translation, it suffices to consider z = 0. Fix radii ϵ < |x| < R. Let Tr = inf{t ≥
0 : |Bt| = r} for r > 0. We want to compute Px(Tϵ < TR). Let H = Tϵ ∧ TR, an a.s. finite
stopping time. Let ϕ : R2 → R be given by ϕ(y) = log |y| on the annulus ϵ < |y| < R and
extended outside that region in a fashion so that ϕ ∈ C2

b (R2). Then, ∆ϕ = 0 in the annulus.
By theorem 9.20, the process

Mt = ϕ(Bt) − ϕ(B0) −
∫ t

0

1
2∆ϕ(Bs) ds

is a continuous (F+
t )t≥0−martingale. An argument sim-

ilar to that in Theorem 4.11a gives E [Mn∧H ] = 0 for all
n ∈ N, in other words, E [log(|Bn∧H |)] = log |x|. Taking
n ↑ ∞ and applying DCT gives E [log(|BH |)] = log |x|.
In other words, expressed in terms of the stopping times
Tϵ, TR, this leads to

xϵ

R

0

Px(Tϵ < TR) = logR− log |x|
logR− log ϵ . (∗)
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Now, taking R → ∞, TR → ∞ a.s. and so Px(Tϵ < ∞) = 1. We now compute

Px(|Bt| ≤ ϵ for some t > n) = Px(|Bt+n −Bn +Bn| ≤ ϵ for some t > 0)
=
∫
R
P0(|Bt + y| ≤ ϵ for some t > 0)pn(x,y) dy = 1.

Hence, {t ≥ 0 : |Bt| ≤ ϵ} is unbounded Px−a.s. Now, in (*), letting ϵ → 0, Px( hit 0 before R) = 0.
Let R → ∞ we finally obtain Px(∃t > 0 : Bt = 0) = 0 for all x ̸= 0.

Lecture 21 It remains to show now that P0(Bt = 0 for some t > 0)=0. Indeed, let a > 0, and observe that

P0(Bt+a = 0 for some t > 0) = P0(
⊥F+

a︷ ︸︸ ︷
Bt+a −Ba +Ba = 0 for some t > 0)

=
∫

R2
P0(

std BM︷ ︸︸ ︷
Bt+a −Ba +y = 0 for some t > 0)pa(y) dy

=
∫

R2
Py(Bt = 0 for some t > 0)pa(y) dy = 0

since Py(∃t > 0 : Bt = 0) = 0 for all y ̸= 0. So taking the limit as a ↓ 0, we get

P0(Bt = 0 for some t > 0) = lim
a↓0

P0(Bt = 0 for some t > a) = 0.

• We now show that B is transient for d ≥ 3, that is |Bt| → ∞, as t → ∞. To this end, it clearly
suffices to prove transience for d = 3.

As in the case d = 2, start by fixing radii ϵ < |x| < R. Let
Tr = inf{t ≥ 0 : |Bt| = r} for r > 0. Let H = Tϵ ∧ TR,
an a.s. finite stopping time. Let ϕ : R2 → R be given by
ϕ(y) =

(
1

|y|

)2−d

on the annulus ϵ < |y| < R and extended
outside that region in a fashion so that ϕ ∈ C2

b (R2). Then,
∆ϕ = 0 in the annulus.

xϵ

R

0

By
theorem 9.20, the process

Mt = ϕ(Bt) − ϕ(B0) −
∫ t

0

1
2∆ϕ(Bs) ds

is a continuous (F+
t )t≥0−martingale. Arguing in the same way as above, we obtain

E
[(

1
|BH |

)2−d
]

=
(

1
|x|

)2−d

. In other words, expressed in terms of the stopping times Tϵ, TR, this
leads to

Px(Tϵ < TR) =

( 1
R

)2−d −
(

1
|x|

)2−d

( 1
ϵ

)2−d −
( 1

R

)2−d
. (∗∗)

Now, taking R → ∞, TR → ∞ a.s. and so Px(Tϵ < ∞) =
(

ϵ
|x|

)2−d

.
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For n ∈ N, let An = {|Bt| > n for all t ≥ Tn3}, Tn3 being
almost surely finite for all n ∈ N. To prove |Bt| → ∞
a.s. as t → ∞, it suffices to show that the An happen
eventually a.s. (recall d = 3). We now compute

P0(Ac
n) = P0(|Bt| ≤ n) for some t ≥ Tn3)

SMP= E0

[
PBT 3

n
(|Bt| ≤ n) for some t ≥ 0)

]
= 1

n2

so
∞∑

n=1
P(Ac

n) < ∞ and so we conclude that An occurs

eventually in n ∈ N a.s. thereby showing transience.

n

n3

0

aApproximate n ∧ H from above by the sequence (Tm)m∈N = (2−m⌈2mn ∧ H⌉)m∈N, use the discrete OST on the UI
martingale (Md∧Tm )d∈Dm of bdd stopping times and pass to the limit as m → ∞ using DCT.

9.4 Dirichlet Problem

Definition 9.22 (Poincaré conce condition). D ⊆ Rd is called a domain if it is open, non-empty and
connected. We say that D satisfies the Poincaré cone condition at x ∈ ∂D if there exists a non-empty
open cone C with origin at x and r > 0 such that C ∩B(x, r) ⊆ Dc.

Figure 5: Illustration of Poincaré cone condition for a domain D ⊆ Rd.

Theorem 9.23 (Dirichlet problem). let D be a bounded domain in Rd such that every boundary
point of D satisfies the Poincaré cone condition, (see figure 5). Let ϕ be continuous on ∂D and let B
be a Brownian motion, τ∂D = inf

{t≥0:Bt∈∂D}
. Then the function

u(x) = Ex [ϕ(Bτ∂D
)] , x ∈ D

is the unique continuous function satisfying the boundary value problem{
∆u = 0, in D
u = ϕ, on ∂D.

Before we proceed with the proof we recall some facts from the theory of PDEs.
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Theorem 9.24. Let D ⊆ Rd be a domain and u : D → R be measurable and locally bounded. Then
the following are equivalent:

• u is twice continuously differentiable and ∆u = 0.

• For all balls B(x, r) ⊆ D,
u(x) = 1

L(B(x, r))

∫
B(x,r)

u(y) dy.

• For all balls B(x, r) ⊆ D,

u(x) = 1
σx,r(B(x, r))

∫
∂B(x,r)

u(y) dσx,ry

where σx,r denotes the surface area measure of ∂B(x, r).

Definition 9.25 (Harmonic). if u satisfies any of the above, we call u harmonic in D.

Theorem 9.26 (Maximum principle). Let u : Rd :→ R be harmonic in D. Then

• If u attains its maximum in D, then u is constant in D.

• If u is continuous in D and D is bounded, then ′maxx∈Du(x) = max
x∈∂D

u(x).

Proof. • Let M be the maximum, let V = {x ∈ Du(x) = M}, then by assumption such that the ball
B(x, r ⊆ D. Then, by the mean value property

M = u(x) = 1
L(B(x, r))

∫
B(x,r)

u(y) dy ≤ M.

Hence, u(y) = M for almost all y ∈ B(x, r). By the continuity of u, we have equality everywhere
in B(x, , r). Thus, B(x, r) ⊆ V and so V is now open, closed and also non-empty. Since, D is
connected, we deduce that V = D.

• u is continuous in D and D is bounded implies that u attains a maximum in D. By 1, max
D

u =
max
∂D

u.

Corollary 9.27. If u1, u2 : Rd are harmonic in D, with D bounded and u1, u2 agree on ∂D, then
u1 = u2 in D.

Proof. Have
max

D
(u1 − u2) = max

∂D
(u1 − u2) = 0

by the maximum principle. Thus, u1 ≤ u2 for all x ∈ D and similarly we obtain u2 ≤ u1 in D. Thus, we
obtain u1 ≡ u2 in D.

Lecture 22
Proof. (Theorem 9.23) With

u(x) = Ex [ϕ(Bτ∂D
)] , on D

to show that u is twice continuously differentiable and harmonic, Theorem 9.24 it suffices to show that
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it satisfies the mean value property.

Now, we have that τ = inf{t ≥ 0 : Bt ∈ ∂B(x, δ)} < ∞ a.s. and by the tower property

u(x) = Ex [ϕ(Bτ∂D
)] = E

[
Ex

[
ϕ(Bτ∂d

)|F+
τ

]]
Now, define the function

F : R+ × C0([0,∞)) → R
(z, f) 7→ F (z, f) := inf{t ≥ 0 : z + f(t) ∈ Dc}

which is measurable with respect to B(R+) ⊗ A, where A is the Borel sigma algebra induced by the
topology of local uniform convergence, as in the proof of Theorem 9.13. Observe now that τB∂D

=
τ + F (Bτ , (Bτ+t − Bτ )t≥0). a.s. By the strong Markov property, (Bτ+t − Bτ )t≥0 ⊥ F+

τ and so we can
conclude

u(x) = E
[
Ex

[
ϕ(B(τ)

τ+F (Bτ ,B(τ)) +Bτ )|F+
τ

]]
= E

[
Ex

[
ϕ(B(τ)

τ+F (Bτ ,B(τ)) +Bτ )|F+
τ

]]
= E

[
Ex

[
ϕ(g(Bτ , B

(τ)) +Bτ )|F+
τ

]]
where g is the continuous, hence measurable function

F : R+ × C0([0,∞)) → R
(z, f) 7→ g(z, f) := f(z)

thus another application of the strong Markov property gives

u(x) SMP & indep.=

the law of Bτ is invariant under rotations and by uniqueness is the spherical measure σ(x,δ)︷ ︸︸ ︷
Ex

[∫
C0([0,∞))

[
ϕ(g(Bτ , w) +Bτ ) µ(dw)︸ ︷︷ ︸

µ denotes the Wiener measure of BM started at x

]

= 1
σx,r(B(x,δ))

∫
∂B(x,δ)

∫
C0([0,∞))

ϕ(g(y, w) + y)µ(dw) dσx,δy

= 1
σx,r(B(x,δ))

∫
∂B(x,δ)

Ey [ϕ(g(y,B) + y)] dσx,δy

= 1
σx,r(B(x,δ))

∫
∂B(x,δ)

u(y) dσx,δy

thus, showing that u is indeed harmonic. Uniqueness follows from the result 9.27 established earlier.

It remains to show that u is continuous up to the boundary, ∂D. Let z ∈ ∂D. Need to show that u is
continuous at z. Since ϕ is continuous on ∂D, we have that for all ϵ > 0, there exists a δ > 0 such that
if |y − z| ≤ δ, y ∈ ∂D, |ϕ(y) − ϕ(z)| < ϵ.

Figure 6: Illustration of situation near the boundary.
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Let k ∈ N to be determined and let x be such that |x− z| ≤ 2−k · δ, then we estimates

|u(x) − u(z)| ≤ |Ex [ϕ(Bτ∂D
) − ϕ(z)]|

≤ Ex [|ϕ(Bτ∂D
) − ϕ(z)|]

≤ ϵ · Px(τ∂D < τ∂B(z,δ)) + 2 ∥ϕ∥∞ · Px(τ∂B(z,δ) < τ∂D).

Now, By the Poincaré cone condition, let Cz be an open cone at z that lies in Dc sufficiently close to z.
Then

Px(τ∂B(z,δ) < τ∂D) ≤ Px(τ∂B(z,δ) < τ∂Cz ).

We claim that
sup

x∈B(0, 1
2 )
Px(τ∂B(0,1) < τC) ≤ α < 1. (***)

where C is a translate of the cone Cz to the origin. Examples.Proof of (***)

To establish (∗ ∗ ∗) it suffices to show that Brown-
ian motion stays arbitrarily close to straight bounded
segment of lines (and in fact to any continuous func-
tion) with positive probability, i.e.

pϵ,x,a := Px(∥B − ℓx,a∥∞,[0,1] ≤ ϵ) > 0

ϵ > 0, x ∈ Rd and lines ℓx,a connecting points
x, a ∈ Rd, i.e. ℓx,a(t) = tx + (1 − t)a, t ∈ [0, 1]
(see figure 9.4). To see this, the bound (∗ ∗ ∗)
essentially reduces to bounding uniformly from zero
the probability that a Brownian path starting from
a point x ∈ B(0, 1/2) stays within some uniform in x
amount ϵ > 0 close to a line of length ≤ 2 (figure 9.4).

By the geometry of the situation, an ϵ > 0 exists, so that no matter where the BM starts in B(0, 1/2),
there is a direction it can stay within epsilon to for times t ∈ [0, 1] that would guarantee it never touches
the boundary ∂B(0, 1) before the cone, in [0, 1].

We proceed with several reduction steps. By translation, we can let without loss of generality x = 0 and
consider only pϵ,a := pϵ,0,a for ϵ > 0, a ∈ Rd. Moreover, by containment of events that pϵ,a is decreasing
in ϵ > 0 and less than one away from zero with pϵ,0 = 1 for all ϵ > 0. By independence of the components
of B and rotational symmetry, we have

P0(∥Bt − at∥∞,[0,1] ≤ ϵ) =
(
P0(∥B∥∞,[0,1] ≤ ϵ

)d−1
· P0

(∥∥B1
t − ∥a∥ · t

∥∥
∞,[0,1] ≤ ϵ

)
We now show that for fixed ϵ,> 0 and |λ| bounded, one has a positive uniform lower bound on the
probabilities

P0(|Wt − λt| ≤ ϵ).

where W is a standard Brownian motion in one dimension. To show this it suffices to note that from
Lévy’s construction of Brownian motion, one constructs (Wt, t ∈ [0, 1]) as an a.s. uniformly convergent
power series (starting from the iid sequence (Zd)d∈D) as

Wt =
∞∑

n=1
Fn(t)
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where the Fn are independent, piecewise linear functions given by

Fn(t) =

2− n+1
2 Zt, t ∈ Dn \ Dn−1

0, t ∈ Dn−1
linear between consecutive points in Dn.

for n ≥ 1 and define F0 by interpolating linearly between Z1 and zero in [0, 1]. Now, a straightforward
computation yields that for c > 0, n ∈ N sufficiently large independent of c, P(|Zd| ≥ c

√
n) ≤ exp

(
− c2n

2

)
.

This in conjunction with the Borell-Cantelli lemma gives

P({∃d ∈ Dn, s.t. |Zd| < c
√
n}) = 0, for c >

√
2 log 2.

Thus, using the continuity of P, there exists some M ∈ N such that

P

 ⋂
n≥M

{∥Zn∥∞ < c
√
n2− n

2 }

 > 0.

Additionally, observe that for the truncated series
∑N

n=1 Fn corresponds to the piecewise linear extension
of the dyadic approximations to W in Theorem 9.2. Now, for |λ| bounded, M possibly even larger, by
the independence of the Gaussians (Zd, d ∈ D) it is not hard to approximate λt on [0, 1] by the truncated
series up to stage M −1 and then use the independence of the Fn and the above to obtain with a positive
probability that the tail is also uniformly close and the approximation at stage M − 1, hence proving
there is a uniform positive lower bound, thus proving (∗ ∗ ∗).

In the final step, essentially we will iterate the bound (∗ ∗ ∗) on nested balls surrounding the origin to get
exponential decay in the corresponding version of (∗ ∗ ∗). More precisely,
Examples.Exponential decay step Let k ∈ N. We want to bound

Px(τ∂B(0,1) ⊆ τC), x ∈ B(0, 1/2k).

Now, we have

Px(τ∂B(0,1) ⊆ τC)
= Ex

[
1(τ∂B(0,1) < τC)

]
= Ex


{τ∂B(0,2−k)<τC}⊇τ∂B(0,1)<τC }︷ ︸︸ ︷

1(τ∂B(0,2−(k−1)) < τC) ·E
[
1(τ∂B(0,1) < τC)|F+

τ
∂B(0,2−(k−1)

]
SMP= Ex

[
1(τ∂B(0,2−(k−1)) < τC) · PBτ

∂B(0,2−(k−1))
(τ∂B(0,1) < τC)

]
≤ Px(τ∂B(0,1) < τC) · sup

y∈B(0,2−(k−1))
Py(τ∂B(0,1) < τC).

(A)

Now, for x ∈ B(0, 2−k) consider Px(τ∂B(0,2−(k−1)) < τC). By scale invariance of Brownian motion and
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the cone, C we have with λ = 2(k−1),

Px(τ∂B(0,2−(k−1)) < τC)

= P0(inf{t ≥ 0 :
std BM︷︸︸︷
Wt ∈ B(0, 2−(k−1))} < (inf{t ≥ 0 : Wt ∈ C})

scale invariance= P0(inf{t ≥ 0 : 1/λWλ2t ∈ B(0, 2−(k−1))} < (inf{t ≥ 0 : /λWλ2t ∈ C})

= P0(inf{t ≥ 0 : Wλ2t + λx ∈ B(0, 1)} < (inf{t ≥ 0 : Wλ2t + λx ∈ C})

= P0(1/λ2 inf{λ2t ≥ 0 : Wλ2t + λx ∈ B(0, 1)} < 1/λ2 inf{λ2t ≥ 0 : Wλ2t + λx ∈ C})

= Pλx(inf{t ≥ 0 : Bt ∈ B(0, 1)} < inf{t ≥ 0 : Bt ∈ C})

= Pλx(τ∂B(0,1) < τC) ≤ sup
|y|≤2−(k−1)

Py(τ∂B(0,1) < τC).

Thus, inducting on k ∈ N and using (∗ ∗ ∗) as the base case and (A) as the induction step we deduce that

sup
x∈B(0,2−k)

Px(τ∂B(z,δ) < τCz ) ≤ αk → 0, k → ∞

which allows us to conclude the proof.

Examples.Example: Let d = 2 and let ϕ : ∂B(0, 1) → R continuous. Let v : D → R where
D = B(0, 1) \ {0} be the unique solution to the Dirichlet problem on B(0, 1) with boundary data ϕ.
Augment ϕ to ∂B(0, 1) ∩ {0} and observe that

u(x) = Ex [ϕ(Bτ∂D
)]

is not a solution if v(0) ̸= ϕ(0) since u(0) = ϕ(0) = v(0) because Brownian motion does not hit points, as
we proved in Theorem 9.21.

10 Donsker’s invariance principle

The main theorem of this section is Donsker’s inavriance principle, which states

Theorem 10.1 (Donsker’s invariance principle). Let X1, X2, · · · be iid R−valued integrable random
variables with law µ, such that E [X1] = 0, and variance σ2 ∈ (0,∞). Set S0 = 0, SnX1 + · · · + Xn

for n ≥ 1 and St = (1 − {t})S[t] + {t}S[t]+1, where {t} = t − [t] and [t] is the integer part of t ≥ 0.
Now, define

S
[N ]
t = StN√

σ2N

for 0 ≤ t ≤ 1. Then,
(
S

[N ]
t , 0 ≤ t ≤ 1

)
converges weakly to (Bt, 0 ≤ 1 ≤ 1), that is to a standard

Brownian motion. More explicitly, we have for all continuous (in the local uniform topology) and
bounded functionals F : C([0, 1],R) → R

E
[
F (S[N ])

]
N→∞−→ E [F (B)] .

Before we prove it we need a supporting result, the so-called Skorokhod embedding.
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Theorem 10.2 (Skorokhod embedding). Let µ be a probability measure with zero mean and variance
σ2 ∈ (0,∞). Then, there exists a probability space (Ω,F ,P), a filtration (Ft)t≥0, a Brownian motion
(Bt)t≥0 and a sequence of stopping times 0 = T0 ≤ T1 ≤ · · · ≤ such that

• The sequence defined by (Sn)n∈N = (BTn
)n∈N for n ∈ N is a random walk with step distribution

µ.

• The sequence (Tn)n∈N and steps of mean σ2.

Lecture 23
Proof. Define the Borel measures on B([0,∞)), for A ∈ B([0,∞))

µ+(A) = µ(A ∩ [0,∞))
µ−(A) = µ(−A ∩ (−∞, 0)).

Let (Ω,F ,P) be a probability space on which we define a standard Brownian motion (Bt)t≥0 and the
iid sequence (Xn, Yn)n∈N with law ν(dx, dy) = C · µ−(dx)µ+(dy) (independent from B) and C > 0 a
normalising constant. We have∫ ∞

0

∫ ∞

0
ν(dx, y dy) = 1 = Cµ([0,∞))

∫ ∞

0
xµ−(dx)

+Cµ((−∞, 0))
∫ ∞

0
yµ+(dy).

Since µ has mean zero, we also have that
∫ ∞

0
xµ−(dx) = µ((−∞, 0))

∫ ∞

0
yµ+(dy) which gives

C

∫ ∞

0
xµ−(dx) = Cµ((−∞, 0))

∫ ∞

0
yµ+(dy) = 1.

Now, define the random sequence T0 = 0, and for n ≥ 1

Tn+1 = inf{t ≥ Tn : Bt −BTn ∈ {−Xn+1, Yn+1}}.

We claim that the (Tn)n∈N are stopping times with respect to the filtration Ft = σ(FB
t ,F0) for t ≥ 0

where F0 = σ((Xn, Yn) : n ∈ N).
Examples. (Tn)n∈N are stopping times To see that the (Tn)n∈N are stopping times, we proceed by induc-
tion. Clearly T0 ≡ 0 is a stopping time. Now, suppose for n ∈ N that Tn is a stopping time. Now, Fox
s ≥ 0 and observe that since Tn+1 = Tn + η a.s. where η = inf{t ≥ 0 : B(Tn) ∈ {−Xn+1, Yn+1}}

{Tn+1 ≤ s} =
{Tn+1≤t}⊆{Tn≤t}︷ ︸︸ ︷

{Tn ≤ r} ∩{η ≤ s}.

Observe, that η is σ(FB
Tn
,F0)−measurable. Hence, we have that {Tn+1 ≤ s} ∈ σ(FB

Tn
,F0) ∩ FB

s . Noting
that we can express σ(FB

Tn
,F0) = σ({A ∩B : A ∈ FB

Tn
, B ∈ F0}) ⊆ FB

s , we conclude that {Tn+1 ≤ s} ⊆
FB

s for any s ≥ 0, hence proving the statement.
Now, define the measurable (wrt to the usual sigma algebras) function

τ : C([0,∞)) × R → R
(f, x) 7→ inf{t ≥ 0 : f(t) = x}

and conditioning on X1, Y1 we compute

P(BT1 = Y1|X1,Y1) = E [1(τ(B, Y ) < τ(B,−X))|X1, Y1]
= X1

X1+Y1
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using the well-known Gambler’s ruin identity and the independence of B from (Xn, Yn)n∈N. Similarly,
we also obtain E [T1|X1,Y1 ] = X1 · Y1.

Now we determine the law of BT1 . Fix A ∈ B([0,∞)) and compute

P(BT1 ∈ A) =
∫

A

∫ ∞

0

x

x+ y
C(x+ y)µ−(dx)µ+(dy)

= µ+(A) = µ(A).

Similarly, we have for A ∈ B((−∞, 0)) P(BT1 ∈ A) = µ(A) and

E [T1] =
∫ ∞

0

∫ ∞

0
x · y · C(x+ y)µ−(dd)µ+(dy) =

∫ ∞

0
x2µ−(dx) +

∫ ∞

0
y2µ+(dy) = σ2.

This tease with the case n = 1, for the general case one proceeds inductively using the strong Markov
property, that is (Bt+Tn

−BTn
)t≥0 ⊥ FB

Tn
and essentially reduce the argument to what we have already

done.
We now return to Theorem 10.1.

Proof. (Theorem 10.1) Without loss of generality, let σ2 = 1 (by scaling). Now, let B be a Brownian
motion and a sequence of stopping times (Tn)n∈N as in Skorokhod’s embedding theorem, on a possibly
enlarged probability space such that

(BTn
)n∈N

d= (Sn)n∈N.

Now, define B(N)
t =

√
NB t

N
a standard Brownian motion by scale invariance. Let (T (N)

n )nN be stopping
times corresponding to B(N) (again on a possibly enlarged probability space). Set S(N)

n = B
(N)
T

(N)
n

for all

n ∈ N. Let S(N)
t be the linear interpolation of (S(N)

n )n∈N. Observe that we have(
(S(N)

t )t≥0, (T (N)
n )n∈N

)
d= ((St)t≥0, (Tn)n∈N) .

Now, we need to show
E
[
F
(

(S(N)
t )t≤1

)]
N→∞−→ E [F ((Bt)t≤1)]

for all continuous and bounded functionals F : C([0,∞) → R. It suffices to show that S(N) converges
uniformly in probability to B, that is

P
(

sup
0≤≤1

|S̃(N)
t −Bt| > ϵ

)
N→∞−→ 0

for all ϵ > 0, by Dominated convergence.
Now, for n ≤ N ,

S̃
(N)
n/N = S(N)

√
N

=
B

(N)
T (N)√
N

=
√
NB

(N)
Tn/N√
N

= B
T̃

(N)
n

where T̃
(N)
n = T (N)

n

N . By the Strong law of large numbers, we have that Tn

n

n→∞−→ 1 a.s. (from Sko-
rokhod embedding, the Tn are a random walk with independent and identically distributed steps).
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Thus,

1
N

· sup
n∈N

|Tn − n| n→∞−→ 0, a.s.

Since S̃
(N)
n/N = B

T̃
(N)
n

for all n ≤ N − 1,
we claim that for all n

N ≤ t ≤ n+1
N ,

there exists T̃ (N)
n ≤ u ≤ T̃

(N)
n+1 such that

S̃
(N)
t = Bu. This follows from an applica-

tion of the Implicit Function Theorem and
using the continuity of B, S̃ and that S̃ is
piecewise linear.
So now we have

A :=
{

|S̃(N)
t −Bt| > ϵ for some t ∈ [0, 1]

}
⊆
{

|T̃ (N)
n/N − n

N | ≥ δ for some n ≥ N
}

:= A1⋃{
|Bt −Bn| > ϵ for some t ∈ [0, 1] and |u− t| ≤ δ + 1

N

}
:= A2.

Hence we have the bound P(A) ≤ P(A1) + P(A2). Take N ≥ 1/δ and δ > 0 sufficiently small so that
P(A2) < ϵ/2 since Brownian motion is uniformly continuous on [0, 1].

Lecture 24

11 Poisson random measures

Recall that X ∼ Po(λ), λ > 0 if P(X = n) = e−λ λn

n! for all n ∈ N. If λ = 0 set X ≡ 0 and if λ = ∞, set
X ≡ ∞. Also recall the following basic facts about Poisson random variables.

Proposition 11.1 (Addition property). Let (Nk)k∈N be independent Poisson Nk ∼ Po(λk), λk > 0
for all k ∈ N. Then

∞∑
k=0

Nk ∼ Po

( ∞∑
k=0

λk

)
.

Proposition 11.2 (Splitting property). Let N ∼ Po(λ), λ > 0 and let (Yn)n∈N be an iid sequence

and independent of N with P(Y1 = j) = pj, j = 1 · · · , k. Set Nj =
N∑

n=1
1(Yn = j). Then N1, · · · , Nk

are independent and Nj ∼ Po(λpj).

Definition 11.3. Let (E, E , µ) be a σ−finite measure space. A Poisson random measure
with intensity µ M is a random map M : Ω × E → Z ∪ {∞} such that if (Ak)k∈N is a disjoint
collection in E, then

• M

(⋃
k∈N

Ak

)
=

∞∑
k=0

M(Ak)(ω), for all ω ∈ Ω

• (M(Ak))k∈N are independent random variables.

• For all k ∈ N, M(Ak) ∼ Po(µ(Ak)).
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Let E∗ = {Z+ ∪ {∞} − valued measures on (E, E)}. Now for A ∈ E define the maps

X : E∗ × E → Z+ ∪ {∞}
XA : E∗ → Z+{∞}
(m,A) 7→ XA(m) := m(A).

Furthermore, set E∗ = σ(XA : A ∈ E). We now can state the following existence (and uniqueness) theorem
for Poisson random measures.

Theorem 11.4. There exists a unique probability measure µ∗ on (E∗, E∗) such that under µ∗, X is
a Poisson random measure of intensity µ.

Proof. Uniqueness: Let A1, · · · , Ak be disjoint in E and n1, · · · , nk ∈ Z+. Set

A∗ = {m ∈ E∗ : m(A1) = n1, · · · ,m(Ak) = nk}.

Let µ∗ be as in the statement. Then compute

µ∗(A∗) =
k∏

j=1
e−µ(Aj) (µ(Aj))nj

nj ! .

But, A∗ of the above form is a π−system that generates E∗, so µ∗ is uniquely determined.

Existence: First assume λ = µ(E) < ∞. Let N ∼ Po(λ) and (Yn)n∈N be an iid sequence independent of
N with law µ/µ(E). Set

M(A) =
N∑

n=1
1(Yn ∈ A), A ∈ E∗.

Let A1, · · · , Ak be disjoint in E . Need to show that M(Ai)i≤k are independent ∼ Po(µ(Ai)) random

variables. Consider Xn = j whenever Yn ∈ Aj . The (Xn)n≤N are iid and M(Aj) =
N∑

n=1
1(Xn = j). By the

splitting property 11.2, we get that M(A1, · · · ,M(Ak) are independent and M(Aj) ∼ Po
(
µ(E) · µ(Aj)

µ(E)

)
.

If µ(E) = ∞, let (Ek)k∈N be a partition of E into sets with µ(Ek) < ∞ for all k ∈ N. Then on some
probability space we can construct independent Poisson random measures Mk with intensity µ|Ek

(on
some suitable product space). Then for A ∈ E , set

M(A) =
∞∑

k=0

∼P o(µ(A∩Ek)︷ ︸︸ ︷
Mk(A ∩ Ek) .

By the addition property 11.1, M(A) ∼ Po

( ∞∑
k=0

µ(A ∩ Ek) = µ(A)
)

. Independence follows since the

(Mk)k∈N are PRM.

We have now constructed Poisson random measures on some probability space (Ω,F ,P). Now simply
observe that µ∗ = PM (the pushforward under of P under M) is the probability measure on (E∗, E∗).

61



Proposition 11.5. Let M be a Poisson random measure with intensity µ. Let A ∈ E be such
that µ(A) < ∞. Then M(A) ∼ Po(µ(A)) and conditional on M(A) = k, then we can express

M =
k∑

i=1
δXi

, where (X1, · · · , Xk) are independent and identically distributed, with law µ(·∩A)
µ(A) .

Moreover, is A ∩B = ∅, µ|A is independent of µ|B.

We leave the following as an exercise: let E = R+ ,θ > 0, µ = θ · 1(t ≥ 0) dt. Let M be a PRM(µ), let
T0 = 0, (Tn − Tn−1)n≥1 be iid ∼ Exp(θ). Set

Nt =
∞∑

n=1
1(Tn ≤ t).

Then, (Nt, t ≥ 0) d= (M([0, t]), t ≥ 0).

Theorem 11.6. Let M be a Poisson random measure with intensity µ. Let f ∈ L1(µ) and define
M(f) =

∫
f(y)M(dy). Then M(f) ∈ L1(µ) and

E [M(f)] =
∫
f(y)M(dy).

Fix f : E → R+ measurable. Then for all u > 0,

E
[
e−uM(f)

]
= exp

(∫
E

(e−uf(y) − 1)µ(dy)
)

(Campbell’s formula)

Proof. The first part follows from a standard approximation by simple functions argument and Dominated
Convergence. Let (En)n∈N ⊆ E∗ be such that µ(En) < ∞. Have

E
[
e−yM(f ·1(En))] =

∞∑
k=0

E
[
e−uM(f ·1(En))|M(En) = k

]
·e−µ(En) µ(En)k

k! .

Now, given M(En) = k, M =
k∑

i=1
δXi with (X1, · · · , Xk) independent and each ∼ µ|En , hence

E
[
e−yM(f ·1(En))

]
=

∞∑
k=0

(∫
En

e−uf(x) µ(dx)
µ(En)

)k

· e−µ(En)µ(En)k

k!

by independence and conclude with monotone convergence.
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