Part 11T Advanced Probability

Based on lectures by P. Sousi

Notes taken by Pantelis Tassopoulos
Michaelmas 2023



Contents

{1 Conditional Expectation|

2 Discrete Time Martingales|

[3 Martingale Convergence Theorem

4 Doob’s inequalities|

[ Applications of martingales|

[6 Continuous Time processes|

[7 Weak Convergence|

|8 Large deviations|

0B 2 Motion

{10 Donsker’s invariance principle)

(11 Poisson random measures|

TR W W W

10

14

17

21

23

30

36

40
42
48
50
52

57

60



1 Conditional Expectation

Lecture 1 1 1 Basic definitions

Let (Q, F,P) be a probability space. Remember the following definitions

Definition 1.1 (Sigma algebra). F is a sigma algebra if and only if: (F € PQY)
e Qe F

e Ac F — A°ec F

e AnenCF = (JAnerF
neN

Definition 1.2 (Probability measure). P is a probability measure if
o P:F—[0,1] (i.e. a set function)
e P(Q)=1, and P() =0

o (Ap)nen pairwise disjoint — P (U An> = ZIP’(An).
n=1

neN

Definition 1.3 (Random Variable). X : Q@ — R is a random variable if for all B open in R,
X-1(B)eF.

Remark. Observe that the sigma algebra G = {B CR: X(B) € F} 20 = G 2 B(R), the former being
the collection of open sets in R and the latter the Borel sigma algebra on R with the usual topology, namely,
o(0O) (see below for the notation).

Let A be a collection of subsets of 2. We define

o(A) = smallest sigma algebra containing A
= ﬂ{T : T sigma algebra containing A}.

Definition 1.4 (Borel sigma algebra on R). Let O = {open setsR}. Then, the Borel sigma algebra
B(R)(:= B) is defined as above, namely,

B(R) = c(O).

Let (X;)ier be a family of random variables, then o(X; : ¢ € I) = the smallest sigma algebra that makes
them all measurable. We also have the characterisation

o(X;:iel)=c({{w e Q: X;(w) € Bl,ieI,BeBR)}).

X;7H(B)

1.2 Expectation
Note we use the following for the indicator function on some event A

1, z€A

1(A)(z) =1(z € A) = 0 z¢A

}7 AeT.



We now begin the construction of the expectation of generic random variables.

Positive simple random variables: X = Z 1(A;),c; > 0,4, € F..

i=1

E[X] = cP(A;).
i=1

Non-negative random variables: (X > 0). We proceed by approximation. Namely, let
Xp(w) =2""[27" - X(w)] An 1 X(w),n — oco. Now, by monotone convergence,

E[X] =1 lim E[X,] = supE[X].

n—roo

General random variables: Have the decomposition X = XT — X, where XT = X V0, X~ = -X A0.
If one of E[XT],E[X "] < oo then set

E[X] = E[X*t] - E[X .

Definition 1.5. X is called integrable if E[| X|] < oo.

Definition 1.6. Let B € F with P(B) > 0. Then for all A € F, set

P(AB) = P(ﬁ:‘(;)B )

Now for an integer-valued random variable X, we set:

_ E[X -1p]

EIX|B) = =557

1.3 Conditional expectation with respect to countably generated sigma
algebras

Lecture 2 We now extend the definition of the conditional expectation for a countably generated sigma algebra. Let
(Q, F,P) be a probability space. We call the sigma algebra G countably generated if there exists a collection
(Bn)nen of pairwise disjoint events such that U B,, = Q with (I countable) and G = o(B; : i € I).
nel
Let X be an integrable random variable. We want to define E[X|J].
Define X'(w) = E[X|B;], whenever w € B;, i.e.

X' = z; 1(B;) - E[X]|B].

We make the convention that E[X|B;] =0 if P(B;) = 0. It is easy to check that X’ is G—measurable.
We also have that

g=<JBj:scr

Jje



and X' satisfies for all G € GE[X - 1¢] = E[X' - 1¢] and

E[X] <E [Z |E[X|B;]1(B;)
el
el
<> P(B:)-E[X - 1(B))]

iel

P(B;)
= E[|X]] < .

1.4 General case

We say A € F happens a.s. if P(4) = 1. Recall (from measure theory and basic functional analysis):

Theorem 1.7 (Monotone Convergence Theorem (MCT)). Let (X, )nen be such that X, > 0, X be
random variables such that X,, T X as n — co. Then, E[X,] 1 E[X] as n — co.

Theorem 1.8 (Dominanted Convergenec Theorem (DCT)). Let (X, )nen be random variables such
that X, — X a.s. asn — oo and |X,| <Y as. for all n € N, where Y is integrable, then
E[X,] — E[X], as n — oo.

Let 1 < p < oo and f a measurable function, then set || f|, := (E[Hpr])% If p = oo, then set
[fllo = inf{X: |f[ <A as.}. Recall for all p, the Lebesgue spaces, £P(Q2, F,P) = {f : || f][, < oo}.

Theorem 1.9. £%(Q, F,P) is a Hilbert space, with inner product (u,v)s = E[u-v]. Furthermore, for
any closed subspace H, if f € L2, there exists a unique g € H s.t. ||f — gl = ﬁ%f_t |f = hl|lz2 and

(f —9g,h) =0, for all h € H. We say that g is the orthogonal projection of f in H.

We now construct the conditional expectation in the general case, for any integrably random variable
with respect to an arbitrary sigma algebras.

Theorem 1.10 (Conditional Expectation). Let (2, F,P) be a probability space, G C F a sub-sigma
algebra, X € LY(Q, F,P). Then there exists an integrable random variable Y satisfying:

e Y is G—measurable

o forallG € G,E[X -1(G)] =E[Y - 1(G)].

Moreover, Y unique in the sense that if Y’ also satisfies the above 1),2), then Y =Y’ a.s.. We call
Y a version of the conditional expectation of X given G. We write Y = E[XG] a.s. If G = o(Z),
where Z is a random variable, then we write E[Z] = E[X|G].

Remark. 2) could be replaced by E[X - Z] = E[Y - Z] for all Z bounded G—measurable random variables.
We now state and prove the main theorem of this section:
Proof. (Theorem Uniqueness: Let Y, Y’ satisfy 1),2). Let A={Y > Y’} € G. Then 2)
= E[Y - -1(4)] =E[Y’-1(4)] =E[X - 1(A)]
= E[(Y -Y')-1(4)] =0

= PA) =P >Y")=0
= Y <Y as.



We similarly obtain Y > Y” a.s., hence we deduce that Y =Y’ a.s.
Existence: three steps.

o Assume that X € £2(Q, F,P). Observe that £2(€, G, P) is a closed subspace of £2(£2, F,P). Hence,
Theorem we have the decomposition £2(Q, F,P) = L3(Q,G,P) @ £3(Q,G,P)~. Then, we
have the corresponding decomposition X = Y + Z, where Y € £23(Q,G,P) and Z € L2(Q,G,P)
respectively. Define E[XG] :=Y, Y is G—measurable and for all A € G, E[X - 1(A)|E[Y - 1(4)] =
E[Z - 1(A)] since Z € L%(Q,G,P)*+.

Claim: If X > 0, a.s. then ¥ > 0 a.s. Indeed, let A = {Y < 0} € G. Then observe that
0<E[X -1(A)] =E[Y -1(A)] <0. Hence E[Y - 1(A)] = 0 and so P(A) = 0, gibing Y =0 a.s.

e Assume X > 0.
Define X,, = X An < n, meaning X,, is bounded for all n € N. So X,, € £2(Q,F,P). Let
Y, = E[X,] a.s.. (Xn)nen is an increasing sequence. By the claim above, so is (Y, )nen a.s.

Define Y = limsup Y,, meaning Y is G—measurable and Y =1 lim Y, a.s. Now, we have that for all
n n—oo

A€ g E[X, 1(4)] =E[Y,-1(A)]. Thus, by theorem (MCT),E[X-1(A)] = nh_>n;o E[X,-1(4)] =
lim E[Y, -1(4)] = E[Y - 1(A)].

n— oo

e X general in L.
Decompose as before X = X+ — X~ Define, E[XG] = E[XT|G] — E[X|F].

Remark. From the second step of the proof of Theorem we see that we can define E[X|G] for all
X >0, not necessarily integrable. It satisfies all conditions 1),2) except for the integrability one.

Definition 1.11. G;,Gs,... C F. We call them independent if whenever G; € G; and iy < ...
—_——— —_——

sigma algebras

k
for some k € N, then P(G;, N---NG;,) = H P(Gi,).
j=1

Moreover, let X be a random variable and G a sigma algebra, then they are said to be int if 0(X) is
independent of G.

Properties of conditional expectations: Fix X,y € £, G € F.

o E[E[XG]] =E[X] (take A =Q)

o If X is G—measurable, then E[X§] = X a.s.

o If X is independent of G, then E[X§] = E[X]

o If X >0 a.s., then E[XG] > 0 a.s.

« For o, B € R E[aX + BY|G] = aE[X] + BE[Y]

+ E[X|G] < E[|X|g] as.

Below we proved:we expansions of useful measure theoretic results for the expectation to their

corresponding conditional counterparts. First recall:

Lemma 1.12 (Fatou’s Lemma). Let X,, > 0 for all n € N. Then

E[lim inf X,,] <liminf E[X,,] a.s



Theorem 1.13 (Jensen’s Inequality). If X is integrable and ¢ : R — R is a convex function, then

H(E[X]) <E[6(X)]  as.
Now the results themselves:

Theorem 1.14 (Conditional Monotone Convergence theorem (MCT)). Let G C F be sigma algebras,
X, >0 a.a. and X, T X, asn — oo a.s. Then

E[X,|G] TE[X|G] a.s.

Proof. Theorem [1.14|Set Y,, = E[X,,G] a.s. Observe that Y,, is a.s. increasing. Set Y = limsupV,,. Y, is

G—measurable, hence, so is Y (as a limsup of G—measurable random variables) is also G—measurable.
Also, Y = lim Y, a.s.

n—oo

Need to show: E[Y - 1(A)]E[X - 1(A)] for all A € G. Indeed,

E[Y -1(4)] =E[lim Y, 1(A)]"E" lim E[Y, - 1(4)]

n—oo n—oo
= lim E[X, -1(A4)] = E[X - 1(A)].
n—oo
O

Proof. Theorem [1.12|lim inf X,, = li_>m <I£f Xk>, the limit of an increasing sequence. By Theorem [1.7
we have -

lim E[inf X,|G] = E[lim inf X,,|G]

n—oo  k>n n
and

eljgt %0191 % jot mpx15f

which gives the result
E[liminf X,,] < liminf E[X,,] a.s.
n n

“can take the infinum due to countability that preserves a.s.

Theorem 1.15 (Conditional Dominated Convergence Theorem). SUppose X,, — X a.s. n — o
and | X, | <Y a.s. for alln € N with Y integrable. Then E[X,,G] — E[XG] a.s. as n — oc.

Proof. From —Y < X,, <Y, we have X,, +Y >0 foralln € Nand Y — X,, > 0a.s. By Theorem

EX +YG] =E[lliminf(X, +Y)|F]
<liminf E[X,, + Y|G] = liminf E[X,,G] + E[X]

Thus,

E[IX - Y||g] =E[Y - liminf X,|G]
Y

=F
< E[Y] + lim inf E[X,,|G]

Hence,
limsup E[X,,|G] < E[X|F]



Lecture 4

and
lim inf E[X,|G] > E[X|G]

a.s., concluding the proof.

Theorem 1.16 (Conditional Jensen). Let X € L1(Q, F,P), ¢ : R — R be a convex function s.t.

d(X) is integrable or $(X) >0

$(E[X|G]) < E[p(X)[G] a.s.

Proof. Claim: (true for any convex function, no proof given) ¢(x) = sup(a;x + b;), a;b; € R. Thus,

ieN
El¢(X)|G] > a;E[X|G] +b; for all i € N.

Taking the supremum gives [’]
Elp(X)|G] = sup (a;E[X|G] + b;)
i€N

= ¢(E[X|G]) as.

“can take the supremum due to countability which again preserves a.s.
Corollary 1.17. For all 1 < p < oo |[E[X|G][|, < I X,

Proof. Apply conditional Jensen.

Proposition 1.18 (Tower Property). Let X be integrable and H C G sigma algebras. Then

E[E[X|G]|H] = E[X|H] a.s.

Proof. (1) E[X|H] is H—measurable.

(2) For all A € H NTS:
E[E[X]G] - 1(A)] = E[E[X[#H] - 1(A)]

Indeed, both terms above are equal to E[X - 1(A)] since A € G C H.

Proposition 1.19. Let X € L', G C F, Y bounded G—measurable. Then

E[X -Y|G] =Y - E[X]|G].

Proof. (1) RHS is clearly G—measurable.

(2) Forall A€ G:
E[X-Y - -1(4)] =E[Y -E[XF] 1(A)]
E[X (Y- -1(4))] =E[E[X|G] Y -1(A)]=RHS.
~—

G-meas. and bounded

(Also observe that by a monotone class argument, we have for any integrable function f : Q@ — R,

E[X - f] = E[E[X]G] - f])-

We are building towards the Theorem

O



Theorem 1.20. X € L1, G,H C F. Assume o(G,H) L H, Then

EX|o(G,H)] = E[X|G] a.s.
We begin with a definition

Definition 1.21. Let A be a collection of sts. It is called a w—system if for all A, B € A, we also
have AN B € A.

Theorem 1.22 (Uniquenes of extension). Let (E,&)be a measurable space and let A be a m—system
generating the sigma algebra §. Let p,v be two measures on (E,&) with uw(E) =v(E) < oo. If u=v
on A, then u=v oné&.

Proof. (Theorem [1.20) NTS: for all F € o(G, H)
E[X -1r] = E[E[X|G] - 1F]

Now, set A ={ANB:A€qG,BeH} Itiseasy to check that A is a m—system generating o(G, H). If
F=AnNB for some A € G and B € H, Then

E[X-1(AnB)] =E[X 1(4)-1(B)]

—E[X-1(4)] - E1(B)] YR

[E[X|G]-1(AN B)].

Now assume X > 0; in the general case, decompose X = X — X~ and apply same argument to both
X*. Define the measures p(F) = E[X - 1(F)] and v(F) = E[X - 1(F)] for all F € ¢(G,H). Observe that
w(Q) = v(2) = E[X] < oo and we have shown that y = v on A. Thus, u = v on o(G, H) which finally
implies the result

E[X|o(G, H)] = E[X|G] a.s.



Examples 1.23. o A stochastic process (more on that later) (Xy)i>o is a Gaussian process if for

all t1 <ty < ---t, the vector (X, Xty -+, Xt,) is Gaussian.

Recall the definition of Gaussian vectors.

Definition 1.24 (Gaussian). (X1,Xs2, -+, X,) € R"™ has the Gaussian distribution
if and only if for all scalars ay,a9,- - ,a, € R, a1 X5 + ---a,X,, has the Gaussian
distribution in R.

Let (X,Y) be a Gaussian vector in R?. We compute E[X|Y].

Let X' = E[X|Y]. Looking for f a Borel measurable function s.t. E[X|Y] = f(Y)
a.s. Let f(y) = ay + b for some a,b € R to be determined. Now, X' = aY + b,
E[X'] = E[X] = aE[Y] + b and E[X’ - Y] = E[X - Y] = E[X — X')-Y] = 0. Thus
Cov(X —X'.Y)=0 = Cov(X,Y) = a?Var(Y).

Need to check: that for all Z bounded o(Y )—measurable, E[(X — X') - Z] = 0.
Indeed, observe that (X — X')Y) is a Gaussian vector and since Cov(X — X', Y) =0 =
X-X' 1Y = (X -X')LZ.

Let (X,Y) be a random vector with density in R? with joint density function fxy: R? — R.
Let h : R — R be a Borel function such that h(X) is integrable. We now compute E[h(X)|Y].
We have for all g bounded oY —measurable functions.

/RQ hz)g(y) fx,y(z,y)dzdy =E
E

where fy(y) = [ fx,y(z,y)dz and ¢ : R — R is some Borel measurable function. Hence,

fX,Y(fCJ/)
oy = L @) g o4 W)>0

0, otherwise

can be seen to work. Thus, we obtain

E[R(X)|]Y] = ¢(Y) a.s.

2 Discrete Time Martingales

Definition 2.1 (Filtration). Let (2, F,P) be a probability space. A filtration is a sequences of
increasing sigma sub-algebras of F, (Fn)nen, Fn C Fne1 for alln € N. We call (2, F, (Fn)nen) a

filtered probability space.

Let X = (X,)nen be a sequence of random variables/a stochastic process. Then it induces (

where FX == 0(X.k<n) for all n € N: the canonical filtration associated to X. We call X adapted to

a filtration (Fn)nen of Xis Fn—measurable for all n € N.X is called integrable if X,, is integrable for

alln € N.

10



Definition 2.2 (Martingale discrete time). Let (2, F, (Fn)nen, P) be a filtered probability space. Let
X = (Xn)nenbe an integrable and adapted process.

o X is called a martingale if B[ X, |Fn] = X a.s. for alln > m.

o X is called a super-martingale if B[ X, |Fn] < X, a.s. for alln > m.

o X is called a sub-martingale if B[ X,,|Fn] > X a.s. for alln > m.

Remark. If X is a (super/sub)martingale with respect to (Fn)nen, then it is also a martingale with
respect to (FX )nen. To see this, one has to use the tower property : FX C F, for alln € N implies

n

E[Xn|]:f,f] = E[E[Xn|]:m]|]:f,f] (since B[ X, |Fp] a.s.).

Examples.
o Let (&)ien be iid. s.t. E[§;] =0 for all i € N and define X = (X,,)peny by X = &1 + -+ - + &, for all
n €N, Xy = 0. X is a martingales with respect to (F$)nen-

o Let (&)ien be iid. s.t. E[§;] =1 for all i € N and define X = (X,;)nen by X, = H{i for all n € N,

i=1

Xo = 1. X is again a martingales with respect to (F5),en-

Lecture 5 Let (2, F, (Fn)nen, P) be a filtered probability space.

Definition 2.3 (Stopping time discrete time). A stopping time T is a random variable T : Q —
Zy U{oo} s.t. {T <n}eF, foralln € N. Equivalently, if {f =n} € F, for alln € N since

{T=n}={T <n}\{T <n-1} € F,.
~—_——— ~—/ ————

]:n ]:nfl C]:n
and
n
(T <n}=|J{T =k} € Fx C F.
k=1
Examples.

e Constant time are trivially stopping times.

o Let X = (X,,)nen be a stochastic process taking values in R and A € B(R) (X adapted). Define
n
Then {T4 < n} = U {Xkea} € F, for all n € N (with convention inf () = 00).
k=0
o Ly=sup{n>0:X,ca}is NOT a stopping time.
Properties: S, T, (T},)nen stopping times. Then S AT, SV T, inf T, sup Ty, lim inf T},, lim sup 7;, are also

stopping times.
Definition 2.4 (Stopping time sigma algerbra). It T'is a stopping time, define
Fr={Ae F:An{T <t} € F}

Let (Xp)n>0 be a process. Write Xp(w) = Xp)(w) for w € Q whenever T'(w) < oco. Define the
stopped process: XtT = X7n¢-

11



Proposition 2.5. Let S and T be stopping times, and let X be an adapted process, then:
o If ST, then Fs C Fr.
o X7 is Fr—measurable.
e X7 is adapted.

o If X is integrable, then the stopped process iss integrable.

Proof. e Immediate from definition.

o Let A € B(R). Need to show:
{Xr1(T <o)} n{T <t} € A, forallt>0.

Indeed, we have that

{Xr1(T < )} = O {Xs; € AAn{T = s} € F.

=0 r.CF, Fe

o XtT = Xppat, this being Fpra;—measurable C Fy—measurable by 1), so we conclude it is
JFi—measurable.

E[|XT|] = liE_[llel]
=Y E[|IX.]- (T = )] + E[| X[ - 1(T > 1)]

t
<) E[IX.] <o
s=0

X is integrable

We now state and prove a fundamental theorem in Martingale theory:

Theorem 2.6 (Optional Stopping Theorem discrete time). Let (X, be a martingale.

o IfT is a stopping time, then the stopped process XT is also a martingale. In particular for all
t>0:
E[X7r¢] = E[Xo]-

e It S <T are bounded stopping times, then
E[XT|]:5'] = XT, a.s.
and hence E[X1|E[Xs].

o [t there exists an integrable random variable Y such that | X, <Y| for alln > 0 and T is finite,
then E[XT] = E[Xo]

o If there exists M > 0 such that | X, 11 — X,| < M for alln € N and T is a stopping time with
E[T] < oo, then E[X 1] = E[X(].

12



Proof. o NTS: for all t > 0, E[X7a¢|Ft—1] = XAt a.s. Indeed,

E[X7at|Fio1] = X_:E[Xs (T = s)|[Fea)E[X — —t] - L(T > )| Fi-1]
s=0

t—1
= Zl(T =5)- X4+ Xi_1-1(T>1) as.

s=0
t—2

= 1(T=s) X+ X4y 1-1(T>t—1) as.
s=0
= XT/\t—l a.s.

o S<T <n,néeNfixed. Let A€ Fg. NTS: E[Xp-1(A)] = [X; - 1(A)]. We compute

Xr—Xs =Xr—Xr_1)+ -+ (Xs41 — Xg)

n—1

= (Xep1— Xx) - LS <k <T).

k=0
Thus,
n—1
E[Xr - 1(A)] YV EXs - 1(4)] + 3 E[(Xepr — Xi) - 1S < k < T) - 1(4)]
k=0

Have, AN{S <k} € Fy and AN{T > k} € Fj. Thus, 1(S < k < T)-1(A) is Fr—measurable.

Using E[X41|Fk] = X a.s. we deduce that
0

E[(Xg+1 — Xi) - 1(S<k<T]-1(4)] =EE[X | Frl - 1(S <k <T]-1(4)]
=0
Thus, E[X1|Fs] = Xs a.s.
o By the Optional Stopping Theorem applied to (X7 an)n>0, we have
E[X1An] = E[Xo] for all n > 0.

Now, T being finite a.s. implies that X7 = lim Xpa, a.s. By assumption, have | Xpa,| <Y a.s.
n— o0

for all n € N and so can apply DCT to conclude.

e Observe that for all n > 1

n—1
Xrpn —Xo =Y (X — Xo) - H(T = k) + (X, — Xo)1L(T > n)
k=0

Hence, we have the bound (using that | X1 — Xi| < M a.s. for all k > 0)

n—1
| Xran = Xo| <MY kT = k) +nl(T >n)
k=0
<E[T] <o as.
Now, E[T] < oo gives T' < oo a.s. and so can deduce as before that X; = lim Xpn, and use the
n— oo

DCT to conclude the argument.
O

13



Lecture 6

Corollary 2.7. Let X be a positive superartingale, T a stopping time such that T < oo a.s., then

E[X7] < E[X,].
I Proof. Use Fatou [1.12 ]E[ligr%ianT/\t] < hIfITlinfE[XT/\t] < E[Xy]. O

Examples.Simple random walk on Z Let (§;);>0 be iid Bernoulli random variables with success
probability 1/2. Define the process (X,,)n>0 by setting X, =& + -+ &, for all n > 1 and Xy = 0.
Furthermore, let T'= inf{n > 0 : X,, = 1}. Using the analysis below, we will see that P(T' < o0) = 1. The
Optional Stopping Theorem gives E[X71x¢] = 0 for all ¢ > 0. Yet, 1 = E[X)7] # 0. We thus see that the
condition E[T] < oo in 4) is necessary, since E[T] = oco.

00000 0 0
Xo=0

Figure 1: Illustration of simple random walk (first step) on Z.

We consider again the example of the simple random walk [2| (X, ),en and define the stopping times
T.=infn>0:X,—., c€Z

Set T =T_, ATy for ab € Z. We now ask what is P(T_, A Ty)?

To answer this, note first that X! = Xr,,, is a martingale by the Optional Stopping Theorem and we
also have the bounded differences | X, 11 — X,,| <1 for all n > 1.

Claim: E[T] < cc.

To show this, we will stochastically dominate T be a geometric random variable, which automatically
has a finite expectation and then conclude using the non-negativity of 7. Now we have that for the
sequence &1, &a, - -, Eqyp the probability that they all are either +1 or —1 is 2 - 274 by independence,
call this event A;. The same is true for the shifted sequence &y (a44)+1 - §(k+1)(atb) for all k € N, where we
call the corresponding event Ajy.

Thus, we can bound T by the random variable

Z(w)=inf{n >0:we A,}

which has the distribution Z ~ Geom(2 - 27(@+%)). Thus, E[T] < E[Z] < (a +b) - 2°*~! < co. Thus, we
conclude by the OST that E[X7] = E[X,] = 0. Hence, —aP(T, < T}) + bP(T), < T—,) = 0 and so a quick

computation yields that P(T_, < Tp) = ai_‘_b.

3 Martingale Convergence Theorem

Theorem 3.1 (Almost sure martingale convergence theorem). Let X be a supermartingale bounded
in L', i.e. satisfying sup E[|X,|] < oco. Then, there exists Xoo € LY (Fuo), Foo = 0(Fn : 1 > 0) such

that X,, =% X+, a.s.

Before we embark on the proof of this theorem, we need so me supporting results. First we have a result
from analysis and we set up some notation. Let x = (z,,)nen be a real sequence and let a < b be reals. We

14



proceed to define the number of upcrossings of the sequence before time n € N. We ¢ construct recursively

the sequence of times:
T()(SU) =0

Sk+1(z) =inf{n > Ti(z) : z, < a}
Tiy1(z) =inf{n > Sp41(z) : , > b}

and
Ny ([a,b], X) =sup{k > 0: Ti(x) < n}

Observe that as n — oo, Ny ([a,b],z) T N([a,b], ) = sup{kgeqO : Ti(z) < oo} (see figure [2| for an

illustration).
Lemma 3.2. Let X = (X,,) be a real sequence. Then X converges in R = RU {400} if and on ly if
foralla <b, a,beQ, N([a,b],X) < co.

Proof. = : Suppose z converges, if a < b such that N([a,b],z) = oo, then liminfz, < a < b <

lim sup x,,, a contradiction.
n
<= : if not, then lim inf x,, < lim sup x,, which implies that there exists a < b in Q with liminfz,, < a <
n n n
b < lim sup x,,, and hence N ([a,n],z) = oo, a contradiction. O
n

Now we state it Doob’s upcrossing Inequality

Lemma 3.3 (Doob’s upcrossing inequality). Let X be a supermartingale, then for all n € N:

(b —a) - E[Nn([a, 0], X)] <E[(Xy — a)7]
Proof. Tt is not hard to check that the sequences of times in [3] are stopping times. Now we have:

(XTkAn - XSkAn)

M=

k=1
Np,
= Z(XTk - Xsk) +(Xn - XSNW,+1)1(SNTL+1 < n)
k=1
ZNn‘(bfa)

Since Tgan > Skan, the OST gives E[X1, an] < E[Xs, An]. Note:
Xn — XSNn“’l l(SN,,,—&-l § n)
>(Xn—a)N0=—(Xp,—a)~

Thus, taking expectations on both sides gives:

0= (b—a)- E[N,] - E[(Xn —a)7].

thus concluding the proof.

15



Figure 2: Tllustration of upcrossings for the process (X, )nen-

Now we proceed to the proof of the martingale convergence theorem:
Proof. (Theorem [3.1)) Fix a < b, in Q. Have

E[Nn(ap,x)] < (b—a)” E[(X,, —a)7]

<E[|X,|+a]

< (b—a)” | supE[|X,]] +a
n>0N=——
<oo

Also have N, ([a,b], X) T N([a,b], X) as n — oco. By monotone convergence: E[N([a,b], X)] < co. Set
Qo= (] {N(ab],X)<o0}€ Fu
a<b,a,b,eQ
and P(€p) = 1. On Qg, X converges. set

n—o0

lim X,, on Qg
X =
07 on {2 \ QQ.

n—oo

So, X is Foo—measurable, X,, — X, a.s. and

E[|X|] = Elliminf | X,,|] <liminf < oco.
n E[X,]

Corollary 3.4. Let B be a upermaartingale. Then, X converges a.s.

I Proof. E[|X,|] =E[X,] <E[Xo]. Apply the martingale convergence theorem to conclude.

Lecture 7
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4 Doob’s inequalities

Theorem 4.1 (Doob’s maximal inequality). Let X be a non-negative submartingale and set X =
sup Xi . Then for all A > 0,

0<k<n

A-P(XE>A) (X

n - H(XG > A)]
[Xa].

E
E

IAIA

Proof. Let T = inf{k > 0: X}, > A} (it is a stopping time). Then {X} > A} = {T < n}. Also have that
X1an is a submartingale by the OST. Then E[X1a,] < E[X,,]. Now,

E[X7rn] = E[X7-1(T < n)]
+E[X, - 1(T > n)]
> A-P(T <n)+E[X, - (T > n)]

= AMPT<n)<E|[X, - 1(T<n)
——
={X;>X}

<E[X,]

Theorem 4.2 (Doob’s £! inequality). Lte p > 1 and let X be a martingale or a non-negative
submartingale. Set X)) = sup |Xg|. Then
0<k<n
X3, < —£< 1%l
n p — p _ 1 P

Proof. By Jensen, it is enough to prove for a non-negative submartingale. Now, observe that

=b
0 k
(yAk)yP = / prP M1 (y > x)dz = E[/ [Jf’pfll(Xi) da]
. 0
Ful_)ini p—1 *
= /0 pT m§§m[xn-1(xgzz)] dz

k
<E /pxp2~1(X;:2x)dx.Xn]
0

= E ;2 (X; AR X
Holder p . p—1
< 25 Xl - (1 AR

So we proved || Xy A K[} < 24 [ X, - [ X5 A k||£71a which implies || X7 A k|, < 25 - [[ X,]],. Now take

p — p—1 P — p—
k — oo and use monotone convergence to conclude the argument. O

Theorem 4.3 (LP-convergence theorem). Let X be a martingale and 1 < p < oo, then the following
are equivalent:

o X is bounded in LV, i.e. sup [ X,|[, < oo.
n>0

e X converges ‘underlinealmost surely and in LP to a limit X € LP.

o There exists Z € LP s.t. X, = E[Z|F,] a.s.
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Proof. 1) = 2): X bounded in £P implies X is bounded in £!. So there exists X, such that
X, "% X as.
Fato

Also, E[|Xo|P] = E [nm inf \Xnﬂ <" limyinf < oo, Thus, Xeo € £7
n n|P

Now, let X = sup |Xi|, X% = sup|Xk|. Thus,
0<k<n keN

1X, — Xoo| < 2X7%

for all n € N. Thus, it is enough to show by DCT that X5, € LP. By Doob’s LP—inequality, || X7 ||, =

2 -sup [ Xnll, < oo By MCT (X 1 X5): X5, < 525 sup [ Xnll, < oo Thus, X%, € LP.

n—,oo

2) = 3): X,, — X a.s. and in LP. Set Z = X . Need to show: X, = E[X|F,] for all n € N.

m>n

||Xn_E[X00|]:nH|p = HE[Xm_XOO|‘Fn]Hp
contraction (Jensen)
X = Xooll, >0, m — oo.

3) = 1): By conditional Jensen, we can conclude. O

Definition 4.4. A martingale of the form X,, = E[Z|F,], Z € LP is called a martingale closed in LP.

n—oo

Corollary 4.5. Let Z € LP, X,, = E[Z|F,] a.s. Then X,, — E[Z|Fx] a.s. and in LP where
Foo = 0(Xp,n >0).
Proof. By theorem [4.3| we have X,, =% X a.s. And in £P. Now, we need to show:

X =E[Z]|Fs] as.

Now, we have that X, is Foo—measurable (being the point wise limit of X,,,n > 0) and for all A € F,
E[Z-1(A) =E[X»-1(4)]. Fix A € U Fn, a m—system generating Fo.. There exists N € N such that

n>0
Ae Fy. Let n > N, now

E[Z-1(A)] =E[X, 1(4)] =3 E[X - 1(4)].

Definition 4.6 (Uniform integrability). A collection of variables (X;):cr is called uniformly integrable
(UI) if

supE[|1X;] - 1(1X;| > M)] “=5° 0.
el

Equivalently, (X;);es is UL if (X;) is bounded in £ and for all € > 0, there exists § > 0 such that for all
A e F with P(A4) < 4,
supE [|X;| - 1(4))] < e.
i€l
o A UI family is bounded in £!.

o If a family (X;) is bounded in £P, p > 1, then it is also UL

18



Lemma 4.7. Let (X, )nen, X be in L' and X, "2 X a.s. Then X, =3 in L} if and only if
(X’I’L)REN is UL

Theorem 4.8. Let X € L. The family {E[X|G : G C F]} is uniformly integrable (UI).

Proof. Need to show for all € > 0, there exists \ large enough such that for all G C F

E[E[XG] - 1([E[XG]| > N] <e
<EE[X]G]-1( EXIG] [>MN].
——

measurable

Since X € L1, for all € > 0, there exists md > 0 such that i A € F,P(A) < 4, then E[|X|-1(4)] < e.

Now,
Markov

P(E[XG]|>2) < ClEXA
< IE[IEHflg]] _ ]EH;\XH.

Take A = ]E[‘f”, then we are done. O]

Definition 4.9. X = (X, )nen 45 called UI (super/sub) martingale if it is a (super/sub) martingale
and (Xpn)n>o0 s UL

Examples.Examples: Let X7, Xs,--- be an iid sequence with P(X; = 0) = P(X; = 2) = 1/2. Set
Y,=X1-Xo----- X, which can be seen to be a martingale. Also have E[Y,] =1 for all n € N and

Y, n—el>\I Y., =0 a.s. by the martingale convergence theorem, not not in £* (because it is not UI).

Theorem 4.10. Let X be a martingale. Then the following are equivalent:
o X is UL
e X converges a.s. and in L' to Xoo as n — oco.

o There exists Z € L such that X,, = E[Z|F,] for alln > 0.

Proof. 1) = 2): X is bounded in £! implies (by the martingale convergence theorem), X, — a.s.
Since X, is UI, then X,, = X in £'.

2) = 3): Set Z = X. Need to show: X,, = E[X|F,] a.s. Indeed,

m>n
HXn _]E[Xoo‘anl = ”E[Xm _X%OL{QHH

<[ Xm — Xooll;, — 0.

3) = 1): The tower property implies (X, )nen is a martingale and the previous theorem implies that
(X Jmen is UL 0

Remark. o We get as before, Xoo = E[Z|Finet] a.s., where Foo = 0(X,, :n > 0).

>sub
o It X were a UI super/sub martingale, then we would get E[X|F,] < X, (check!).

X is UI implies X,, = Xo in £! and a.s. Now let T be a stopping time. We can then define

Xr=Y Xp LT =n)+ Xo - (T = 00).
n=0
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Theorem 4.11 (Optional stopping theorem for UI martingales). Let X be a UI martingale and let
S, T be stopping times with S <T. Then

E [XT|f3] = XS a.s.
Proof. We know that X,, = E [XF,] a.s. since X is UL It suffices to prove that for any stopping times

T, E[Xo|Fr] = Xr as. Indeed, E [X7|Fs] = E[E [X|Fr] | Fs] and since S < T'we have Fg C Fr and
hence the tower property would give:

E [X7|Fs] = E[Xx|Fs] =
a.s. Thus, we need to show: for all T stopping times, E [X|Fr] = X1 a.s.

o NTS: X7 € L1

E[|X7] ZE | Xn - LT =n)|] + E[[Xeo| - (T = 00)]
have X,, = E [Xoo|Fn] (T_n)
< > E|E ([ XeoFnll -
n=0
+E[|Xoo T = OO)I]
—ZE [Xoo| - LT = n)] + E[|Xoo - LT = 0)]]
= E [\XOOH < 0
as Xo, € L. It is also not hard to check that Xp is Fp—measurable.
o NTS: for all B € Fr: E[X -1(B)] =E[Xr-1(B)]
E[Xr-1(B ZE X, - 1(T=n)-1(B)
—_———

EFn
HE[X (T = 00) - 1(B)]

= ZE =n)-1(B)]
= E[X -1(B)]

Definition 4.12 (Backwards martinagles). Let --- C G_o C G_1 C Gy be a decreasing family of sub
sigma algebras of F. We call X = (X,)n<o a backwards martingale if X, € L' and for allm < —1
E[Xn11|Gn] = X» a.s. By the tower property, E[Xo|G,] = X, for all n < 0. Since Xo € L}, a
backwards martingale is automatically UL

Theorem 4.13 ( LP/a.s. backwards martingale convergence theorem). Let X be a backwards
martingale with Xg € LP, 1 < p < oo. Then X,, - X_o as m — —o0 a.s. and in LP and

X_ o =E[X,|G_] a.s., where G_o, = ﬂ Gn.
n<0
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Lecture 9

Proof. Set F, = G_p 4k, 0 < k <n. This is an increasing filtration and (X_,+x)o<k<n is Fr—martingale.
Let N_,,([a,b], X) be the number of upcrossings of the interval [a, b] between —n and 0. Doob’s upcrossing
inequality gives:

(b—a) -E[N_,([a,0, X)] <E[(X, —a)7].
As before, we get that X,, - X_, as n — —oo a.s. We also have X_is G_,,—measurable. Also
observe that nX, € LP implies X,, € LP for all n < 0.

X, = E[X,|G,] a.s. (backwards martingale). If X,, € £P, p € [1,00) X,x__ a.8. n — —o0 a.s. and

X_ o isG_ o = m G, —measurable.

n<0
O

Observe we have that X,, € LP by conditional Jensen and using Fatou, we obtain X_,, € LP. Now we
need to show that X,, -+ X_,, in £P. Indeed,

1 Xp = X_ool? = |E[Xo|Gn] — E [X_o|G\] P
= [E [Xoj-x_.1g.] I

Jensen

< E “XO - Xfoomgn] .

UI family

Hence, (| X, — X—oo|P)n<o is UI, hence giving £ convergence.
NTS: X_o =E[X,|G_x] ass.
Let AcG_ o = ﬂ Gy, implies that A € G, for all n < 0. Hence, E[X,, - 1(A)] = E[X, - 1(A)], for all
n>0
n < 0. Take n — —oo and use £! convergence to get E[X_o, - 1(A)] = E[Xp - 1(A)] to conclude.

5 Applications of martingales

Theorem 5.1 (Kolmogorov’s 0 — 1 law). Let (X;) be iid and for alln € N, F,, = o(Xy, : k > n),
Foo = ﬂ Fn- Then, Fu is trivial, i.e. for all A'in' Fo, P(A) € {0,1}.
n>0

Proof. Let A € Fo. Define G\ = o(X\ : || <\) and Goo = 0(Gn,n >). Now, we have that E[1(A)|G,] is
a martingale and
E[1(A)[G.] =S E[1(4)G] as.

Now, A € F, implies that A € F,y; and also have G, L F,41 and E[1(A)|G,] = P(A4) as.,
E[1(A)|Gs] = 1(A) a.s. since Foo C Goo implies that A € Goo. So P(A) = 1(A) a.s. finally giving
P(A) € {0,1}. O

Theorem 5.2 (Strong law of large numbers). Let (X;)ic; be an did sequence in L1 with E[X;].
Define S, = X1 +--- X,,. Then Sn converges a.s. and in L' to ju as n — 0o a.s.

n

I Proof. Define G = o(Sp, Sp+1-++) = 0(Sn, Xpt1,--+). Forn < =1, M"™ = S_;n We will show that
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(M,,)n<—1 is a backwards martingale with respect to (G_,,)n<—1. Indeed,
E[Mmnt1|G-—m] =M_,, as. form< -1
S_m_ set n=—m Sp_
=K T_f'g—m] = E |: n—ll |g7’]
Sn—l
S |Sn71;Xn+1"'i|
— Sn_Xn
—E S, |
Sn Xn
=2y E [mm} :
Now since S, = X;+ i +X,, we have that E[X.[S,] = E[X1]] S, and so 2= — L (52) =
nS_"l (";1) = 57" Hence %2 "Z%3° YV as. and in L'measurable for all ¥ > 0. Thus Y is
ﬂU(Xk_H,---) —measurable. So there exists ¢ € R such that P(Y = ¢) = 1. So 2= iy
k
Kolmogorov 0-1 law = trivial
in £ and hence ¢ = E[Y] = lim; ,oc E [22] = 1 and so finally ¢ = p. O

Theorem 5.3 (Radon-Nikodym Theorem). Let P and @ be two probability measures on the space
(Q,F,P). Suppose that F is countable generated, i.e. there exists a sequence (Fy)nen such that
F =o0(F, :n €N). Then the following are equivalent:

o Forall Aec F, P(A) =0 implies Q(A) = 0. (Q << P).
o For all € > 0, there exists 6 > 0 such that if A € F with P(A) < 9§, then Q(A) <.

o There exists a non-negative random variable X such that Q(A) =E[X -1(A)], for all A € F.

Remark. X is called a version of the Radon-Nikodym derivative of QQ with respect to P, or X = % on F
a.s.

Proof. 1) = 2) : Suppose 2) does not hold, then there exists an € > 0 such that for all n € N, there exist

A, with P(4,) < % and Q(A4,) > e. Now, since ZP(An) < oo Borel-Cantelli implies P(A,, i.0) =0
n=1

and so Q(A4,) = 0. However,

(Ao} =, Upsn Ax = Q(A, 10)
= hmn—}oo Q (Ukzn A'")
> Ty o0 Q(Ay) > ¢

a contradiction.
3) = 1): trivial.

2) = 3): Let A, = {HynNn---NH, : H = F,orFfforalli}. In other words
A, = {Fl,Fg, o Fo Upsn Fk} Let Fy = o(A,), so F, is a filtration.

Now defined Q(A)
AEA\
_FrLg_f'rL+1

Thus, for all A € F,, E[X,,-1(4)] = Q(A) E[Xpnt1-1(A4)]. So (Xp)nen is indeed a
martingale. Furthermore E[X,,] = Q(2) = 1 (and since X,, > 0 for all n > 0), we have that X,, is an £!
bounded martingale. Thus, X, "—3 Xoo a.s.
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Lecture 10

Now we show that (X,)nen is UL
P(X, >\ <1/A< o0
<6

using Markov’s inequality and taking A = 1/§. Thus, E[X,, - 1(X,, > )\)] = Q(X, > A) < epsilon. Thus
(X )nen is UL and so X,, — X in L1,

Now define Q(4) = E[Xo -1(A)]. Want to show: (Q)(A) = Q(A) for all A € F. Indeed, we have
Xy = Xoo|Fn. Now if we let for a moment A € J,,~, Fn, there exists some N € N such that A € Fy.
Thus,

E[Xy - 1(4)] = E [X - 1(4)].

=Q(A4) =Q(4)

Hence, @ = Q on a m—system, (U,, Fn), that generates F, and by the extension theorem we have that
@ = @ everywhere. [

6 Continuous Time processes

Let X = (X, )nen be a process, that is for all n € N X, is a random variable on some underlying
probability space (©, F,P)). X can also be viewed as the map

X (w,n) = X, (w).

and observe that this map is F @ P(N) = o({A x {k} : A € F,k € N}) as long as X,, is F—measurable for
all n € N. Now we consider random variables taking values in the spaces R?, d > 1.

Definition 6.1 (Stochastic process). The family (X;)icr, is called a stochastic process if for all t
positive X; is a random variable.

Remark. The map X : (w,t) — Xi(w) need not be F @ B(R,)—measurable.

Claim: If for all w € 2, — X,;(w) is a continuous function for ¢ € (0, 1], then the map X : (w,t) — X;(w)
is F ® B(R)—measurable.
Indeed, by continuity we can write

for all nthis sum isF®B((0,1]) —meas.

2" —1
Xi(w) = lim date (k-2 (k+1)-27") Xpon (w)
k=0

Thus X is measurable with as a limit of measurable functions.
From now onwards, we will always (unless otherwise stated) assume that X is right-continuous and
admits left limits, almost everywhere. We call such processes cadlag.

We now revisit some of the earlier definition we have made in the discrete setting and extend the to the
continuous case. A filtration is an increasing family of sigma algebras (F;)icr, whenever t <t'. We say X
is adapted to the filtration above if X, if F;—measurable for all ¢t € R;. A random variable T : Q — [0, o0]
is called a stopping time if for all ¢, {T' <t} € F;. Define Fr = {A € F: An{T <t} € F, for all ¢t} and

A € B(R). Furth Tpr= inf isnot al 5 a stopping time.
€ B(R). Furthermore, Ty tZOI:I)l(tGA is not always a stopping time

{Ta <t} = J{X. € 4}

s<t

an uncountable union so not immediately clear whether it in F;.

23



1, with probability%

—1, with probability% and

Indeed, let J = {

t, telo,1] )
Xt(w):{l—i—J(t—l), t>1.

Let (]:t)tz(J = (]:tX)tEO and fix A & (1,2). Then {TA S 1} ¢ .7:1 = 1 2 t
{0,Q}, since {Ty <1} ={J =1}.
Again, we say X{ = Xrn¢, Xr(w) = Xr()(w) whenever T(w) < oc.

Proposition 6.2. Let S,T be stopping times and X a cadlag adapted process. Then
o If ST, then Fs C Fr.
o SAT is a stopping time.
o Xp-1(T < 00) is Fr—measurable.
o X7 is adapted.

Proof. 1),2) are clear (check!) and 4) is immediate from 3), since Xpa¢ if Fraz—measurable and
Frae © Fr.

proof of 3): Claim: a random variable Z is Fra;—measurable if and only if Z-1(T < t) is F;—measurable
for all ¢ > 0. Indeed,

<= ): is true by definition.

= ):ift Z = c-1(A), A € F, then A € Fr which means that Z is Fr—measurable. Now, if
Z = Zci -1(4;), a finite sum with ¢; > 0, A, € F, then Z is Fp—measurable.

Z general (> 0): let Z, 1 Z, where
Zy=2""12"Z|An, forallneN.

Observe that Z,, are simple for all n and so by the previous steps Z,, is Fpr—measurable and hence so is
Z, being an a.s. pointwise limit of measurable functions.

The case for completely general Z follows by decomposing Z = Z+* —Z~, Z* =7V, Z~ = (—=Z) V0 and
apply the previous case to Z1,Z~.

Now, by the above claim, it suffice to show: Xy - 1(T < t) if F; measurable for all ¢. We have
Xrl(T <t) = Xr-1(T < t)+ X; - 1(T = t). Hence, it suffices to show that Xr - 1(T < t) if F}
measurable for all ¢.

Define T,, = 27 "[2"T'|, stopping times since

(To<t) ={[2T] <21)
={2"T < |2"t|} = {T <27"™|2"T|}
€ Fo-njont| C Fr.

Also, T, | T, as n — oo. Now by the cadlag property of X,
X7 - 1(T < t) = lim, o XTn/\t . 1(T < t)
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Lecture 11

Furthermore, T), takes values in D,, = {k - 27",k € N}. Now,

Fi—meas.

X T <t) = > Xg-UT, =d) 1T <t)
deD,,,d<t
+X, - 1T, =t) - 1(T < t).

Hence, X7 - 1(T < o0) is F;—measurable as a limit of F;—measurable functions.

Proposition 6.3. Let X be a continuous and adapted process and let A be a closed set. Then
Ty ={t>0:X; € A} is a stopping time.

Proof. Need to show: {Ty <t} = { glfq d(Xs, A) = 0},
s€Q,s<

(Q): d(z, A) =distance of x from A. Let T4 = s < t, then there exists a sequence s,, | s, such that
Xg, € A. Since A is closed, we have d(X;,A) = 0 and X, — X, as n — oo. Again A being closed
implies that d(Xs, A) = 0. The continuity of X and d(-, A) means that there exists another sequence
(gn)nen € Q such that g, 1 s such that d(Xg,, A) — 0 hence inf,cq s<: d(Xs, A) = 0.

(D): If infsecqs<t d(Xs, A) = 0, then there exists a sequence (sy)nen such that s, < ¢ for all n and
d(Xs, .4 — 0) asn — co. Then by compactness, there exists a convergent subsequence of s,, — s (without
relabelling), such that s < ¢ and d(X,, a) — 0 as n — oo and by continuity we obtain d(X,, A) = 0,
hence X, € A and so Ty <.

O
Definition 6.4. Given a filtration (F;)i>0, we define Fiv = (\,5, Fs, for all t > 0. Observe that
(Fe+)e>o0 is a filtration. If for allt > 0, Fy+, we say (Fy)e>o is right-continuous.
Proposition 6.5. Let X be a continuous process, and A be an open set. Then
Ty =inf{t >0: X, € A}
is a stopping time with respect to the filtration (Fy+)i>0-
Proof. Need to show: for all t > 0, {T4 <t} € Fi+. Have,
{Ta<s} = |J X,ederF,
9€Qq<s 7
1
{TASt} Zﬂn{TA<t+*}€]‘-t+.
n
—_———
€.7“t+%
[

Let (X¢)i>0 be a stochastic process. It can be viewed, as a random element in the space of functions

{f : Ry — E} endowed with the product sigma-algebra making all projections measurable. Further, let
C(R4, E) be the space of all continuous functions and D(Ry, E) the space of all cad lag functions. Endow
the spaces C, D with the sigma algebra that makes all projections 7; : f — f; measurable for all ¢t > 0. This
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sigma algebra is generated by the cylinder sets

{ﬂ{fs € A, :for all T C R,, finite, A, € B(E)}} .

seJ

For A in the product sigma algebra, we write u(A) = P(X € A) and we call p the law of X. (“X,.P = p*).
For every J finite subset of Ry, write u; for the law of (X;):cs. The measures (p5) are called the finite
dimensional marginals of X. The u; completely characterise the law of . This follows because the sets
above form a m—system that generates the sigma fields previously mentioned.

Examples. Let X =0 for all ¢ € [0,1] and U ~ [0, 1] (uniform) and Xy = 1(U =) for ¢ € [0, 1]. Both of
them have the same finite dimensional distributions which are Dirac masses at zero, but the processes are
not equal.

P(X; =0forallt€]0,1])) =1
P(X{=0forallt<1) =0. But,
P(X: = X)) =1 forallte]|0,1].

Definition 6.6. Let X and X' be two processes on (0, F,P), we say X' is a version of X if (X; = X]
a.s.) for allt. That is
For allt > 0:P(X; = X]) = 1.

Definition 6.7. Fiz a filtered probability space (0, F,(Fi)t>0,P). Set N to be the collection of sets
of measure zero. Furthermore, set

j:t = O'(ft,N)
for allt > 0. If for all t, F, = F;, we say that (Fi)e>0 satisfies the usual conditions.

Theorem 6.8 (Martingale regularisation theorem). Let (X¢)i>0 be a martingale wrt (Fi);>0. Then,
there exists a cadlag process (Xy)i>o satisfying for all t > 0:

Xt =E [Xt|]:t} a.s.

and X 1is a martingale with respect to the augmented filtration (]:-t)tzo- If (]:t)tzo satisfies the usual
conditions, then X is a version of X.

We start with a Lemma

Lemma 6.9. Let f : Q1 — R such that for all I C Q4 bounded, f is bounded on I and for any
a < b,a,b,eQ, for all I bounded and suppose

N([a,b], I, f) =sup{n > 0: there exists 0 < s1 <ty < -+ < 8 < tp,
si,t; € I s.t. f(Sl) < a,f(ti > b)} < 00.

Then, for all t > 0, the limits
li li
i, F) Jizy f(9)

exist and are finite.

Proof. Let s, | t, the sequence (f(s,)) will converge by the finite upcrossing property (see lemma .
Now suppose t,, | t is another such sequence, then combining them (by selecting elements from each
sequence in an alternating fashion exploiting convergence) we get a decreasing sequence converging to ¢
to conclude lim, o0 f(85) = lim, o0 f(¢,). Finally, f being bounded gives that both limits are equal
and finite. O

26



Goal: To define Xt = lim, s seq, X5 on a set of measure 1, and zero otherwise. We now outline below
the main steps in the proof of Theorem

Steps:

e Show that the limit exists and is finite on a set of measure one.
+ Show that X is F;—measurable and satisfies E [X¢|F;] a.s. for all ¢ > 0.
e Xisa (]Et)tzo martingale.

o X is cadlag.
Proof. (Theorem [6.8))

e Let I be a bounded subset of Q4. Need to show that P (sup | X < oo) = 1. Observe that

tel
sup [Xy[ = sup  sup|X;|.
tel JCI,J finite teJ

Now, let J = {j1, - ,jn} C I with j; < ---j, and k > supI. Then (X;);cs is a discrete time
martingale. Hence the maximal inequality in [.1] gives

A-Plsup [Xe| > A) < B{IX;,[] < B[ Xel]
te
by the martingale property and Jensen. Now taking the limit as J 1 I,

NP<waHZA>§EW&M§EH&]

te

So, P <sup | X:| > )\) = 1. Now for M € N define I; = Q4 N[0, M], then by the above,
tel

P ﬂ {sup|Xt|<oo} =1
MeN teln

and on the above event, X; is bounded on bounded intervals of Q.

Lecture 12 Let a < b, a,b € Qs, I C Q,, bounded. Observe that

N(la,b],I,X)= sup N([a,b],J, X).

ICI,J finite

Now, let J = {j1,-+- ,jn} C I with j; < ---j, and k > supI. Then (X;);cs is a discrete time
martingale. Now, Doob’s upcrossing inequality from [3.3] gives

(b—a)-E[N([a, 0], ], X)] <E[X;, —a)7]
<E[(Xk—a)7].

By monotone convergence, we get
(b—a) - E[N([a,b], 1, X)] < co.
Let M € N, Iy = Q4 N[0, M] and

Qo = ﬂ ﬂ {./\/'([a,b],IM,X)<oo}U{ts€qu |Xt|<oo}

meN \ a<b,a,beQ
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On Qp, from lemma, lim,), x, exists and we have P(2y) = 1. Now, define

5 limgy; seq, Xs, on Qo
t 0, otherwise.

Recall F;, = o(F;, N) for all t > 0. From the definition definition, we see that X is F—adapted.

It remains to show that X; = E [Xﬂ}"t} a.s. and X is cadlag and a martingale.

o Let t,t, theq,, then
Xt = lim Xt"
n— oo
a.s. Observe that (X, ) is a backwards martingale with respect to the filtration (73, )nen. So (Xt,)
converges a.s. and in £'. In other words, X; =in £'. So X, =E [Xt|]:t} a.s.

o We now prove that X is a martingale. Let s < ¢, we need to show that [E [f(t|.7:"s} =’ tildeX, a.s.

Claim: E [X/|F;+] = X, a.s. Indeed, first observe that for Y any random variable and G a sigma
algebra it follows that
E[Y]eG,N)] = E[X]|F]

which is clear because the conditional expectation is defined almost surely and A only contains
sets of measure zero.

Now, fix s < t and let s,, | s, s, € Q, so < t. We have by the tower property that (E [X;|Fs, ])nen
is a backwards martingale and so it converges a.s. and in L' to E[X;|F+]. But E[X;|F,, ] = X,
a.s. and X5, — X5 a.s. asn — 00. So Xy = E [X¢|Fe+].

e Finally, we show that X isa cadlag. First we show that X is right continuous. Suppose not. Then,
there exists w € Qo and some ¢ > 0 such that X (w) is not right continuous at t. That is there exists
a sequence s, | t such that | X, — X;| > e > 0 (for some positive €). By the definition of X, there
exists another sequence s, > s, for all n € N and s/n }t, s, € Q such that | X, — X | < 5. So
‘Xs; — X > 5, a contradiction since s, | ¢, s;, € Q4. The argument for left continuity is entirely
analogous.

O
Examples. Let &, 7 be independent iid symmetric Bernoulli with success probability 1/2. Define

0, t<1
Xt: 6) t=1
E+m, t>1.

and let F; = 0(X;,s <<) for all # > 0. Observe that X is an (F);>o martingale. Also, X satisfies
X, =E [Xt|.7-"t] where

5 0, t<1

Xt_{§+n7 t>1.

Furthermore, F; = o(§) and F, = o(€,n) forall t > 1, X is cadlag with respect to F. Observe finally that
Fi+ = o(&,m) and so the filtration F is not right continuous and X is not a version of X. We thus see that
the right-continuity of (F%):>0 is necessary in Theorem

Theorem 6.10 (Almost sure martingale convergence theorem). Let X be a cadlag martingale bounded
in LY. Then X; — Xoo a.5. with Xoo € LY (Fao)-
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Lecture 13

Proof. Let Ipy = Q4 N[0, M]. Then Doob’s upcrossing inequality from the discrete setting and a
monotone convergence argument give for a < b,a,b € Q4

(b—a)-E[N([a,b], I, X)] < a+§1>lgE[|th]-

Taking M — oo gives N ([a,b],Q4, X) < oo a.s. Hence, for the event

Qo = ﬂ {N([a’b]’Q+>X)<OO}

a<b,a,beQ+

we have P(€2) = 1 and on Qo, lim,_, 4eq, X, exists and is finite. We thus have Xo, = limg_,o0 geq, Xg
on Qg. Now for all € > 0, there exists go such that [Xy, — Xoo| < § for all ¢ > qo, ¢ € Q4. Now let
t > qo. Then there exists some ¢ > ¢, ¢ € Q4 such that |X; — X,| < § by right continuity of X. So
| X — Xoo| <€

O
Theorem 6.11 (Doob’s maximal inequality). Let X be a cadlag martingale, X; = sup |Xs|. Then
s<t
for all A > 0,
AP(XF 2 0) < E[X]- 1(X7 > V)] <E[X].

Proof. Have

sup |Xs| = sup |Xs|

s<t se{t}u(Q+Nn[0,])
and use the beginning of the proof of theorem O

Theorem 6.12 (Optional stopping theorem for cadlag Ul martingales). Let X be a cadlag UI mar-
tingale, then for all S < T stopping times

IE[XT|]:5] ZXS a.s.

Proof. Let T,, = 27™]2"T] and S,, = 27 "[2"S]. Both are stopping times and T,, | T, S, | S as n — oo.
need to show: for A € Fg, then E[Xr-1(A)] = E[Xs - 1(A4)]. Indeed, X7, — X1 and Xg, — Xg a.s.
as n — oo (X is right continuous).

Now, by the discrete optional stopping theorem applied to the martingale (Xj.0-n)ren with respect to
the filtration (Fg.o-n)ken, X1, = E[Xoo|Fr,], so X1, is Ul (since T,, take values in 27" - N). Thus,
X7, — Xr in £, and the same holds for Xg, — Xg using the exact same argument. By the discrete
optional stopping theorem, we have that E [X1 |Fs, | = Xg, a.s. Now for A € Fg, we have that A € Fg,
for all n € N since S, > S. So E[Xr, - 1(A)] = E[Xs, -1(A)]. O

Theorem 6.13 (Kolmogorov’s continuity criterion). Let D,, = {K -27" : 0 < k < 2"} and D =

U D,,. Let (Xi)iep be a stochastic process taking real values. Suppose there exists some e > 0p > 0,
n>0
such that

E[X: — XsP] <c-|t—s|'Te,  foralls,t€D

where ¢ is a positive constant. Then for all a € (0,¢/p), the process is a—Holder continuous, that is
there exists a random variable K, < oo such that

|X: — Xs| < Ko - |t —s|%,  forall s,t €D.
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Proof.

Markov + assumption
P c- 2—no¢p . 2—n(1+e)

P (| Xgo-n — X(k41)2-n] >27"9)
Thus,

c.merne o e (0, ).

P < max |Xk2—n - X(K+1)2—n| Z 2 e D

> union bound €
0<k<2n

By Borel-Cantelli,
S 2 —no

max |Xgo-n—X 9—n
OS,€§2n| -2 (K+1)-2

for all n € N sufficiently large. Thus,

Sup max ‘Xk,Q—n - X(K+1).27n|

>0 0<k<2n 2—no ST s Mw) <oo
n>0 VSR>

a.s. For some random variable M.
Need to show: there exists some M’ such that |X; — X| < M’ - |t — s]* for all s,t € D.

Let s < t, s,t € D and let r be the unique integer such that 2="t1 < ¢ — s < 27", Then there exists
some k € N such that s < k- 2+ < ¢. Now, observe that ¢t — o < 27" so

o

x;
t—a= 2—; z; € {0,1}
j=r+1
and
a-s= Y L yefon
j=r+1

Observe that [s,t) is a disjoint union of dyadic intervals each of them having length 27" with n > r + 1
and each interval of length will appear at most twice. Thus, we get the bound

d,n is the endpoint of a dyadic interval in the decomposition of [s,t) of length 27"

Xy — Xs| < Z | Xa — Xayo—n|
~—_——
d,n SQ—nou}W

> oM - 2—(r+l)a oM
<2-M- 27 = < t— s|e.
= n;ﬂ 1—2a —oalt sl

7 Weak Convergence

We fix (M, d) a metric space endowed with its Borel sigma algebra.

Definition 7.1. Let (un)nen be a sequence of probability measures on M. We say (fn)nen converges
weakly to pu and write u, = p asn — oo if

" = o (dz) =3 do) =
tn (f) /Mf(x)u (dz) /Mf(x)u( x) = u(f)
for any f continuous and bounded.

Examples.



n—roo n—roo

o Let z, = x as n — oo in (M, d) then é,, — &, ,since d,, (f) = f(zn) — f(z) = 0,:(f).

o Let M =0,1], with the Euclidean metric and its Borel sigma algebra. Let p, = % Z Ok /n- Then
0<k<n
Ly, converges weakly to the Lebesgue measure. Indeed, p,(f) = %f(k/n) e [ f(z)dz, being
Riemann sums.

o pn =01 = dy, as n — oo. Notice however that for A = (0,1), p,(A) = for all n > 0 and so

n

vn(A)=¥60(A) = 0.

Theorem 7.2. Let (i )nen be a sequence of probability measures on (M, d). Then the following are
equivalent:

o Uy = .

e For all G open, liminf p,(G) > u(G).
o For all A closed, lim sup p,,(A) < u(A).

o For all A with p(0A) =0, then p,(A) — u(A).

Proof. 1 => 2: Let G be open with G® # 0. Let M > 0 and set fi;(z) = 1(Md(z,G°)) < 1(z € G).
Observe that fa(x) T 1(z € G) as M — oo, fr is bounded and continuous for all M. So ., (far) = w(far)
as n — oo for all M. Thus,

monotone convergence
—

limninf wn(G) > limninf pn(far) = p(far) w(Q).

2 = 3: follows from the previous case by taking complements. 2,3 = 4: 0 = p(0A) = u(A\ int A),

hence pu(A) = p(A) = p(int A). 2: limninfu(/ A) > u(int A) = p(A4). 3: limnsup tn(A) < p(A) = u(A).

4 = 1: Need to show for any f continuous and bounded, w,(f) — w(f). We can assume further that
f>0. Fix K > sup f. Have,

/M F(@)in(de) = /M ( / 1< 1) dt) fin ()

Fubini K
= fo pn(f > t) dt.

It suffices to show p,(f > t) — wu(f > t) as n — oo. Since then we can conclude using dominated
convergence. Thus it suffices to show that pu(0{f > t}) = 0. Indeed,

oHf =ty c{f =t}

since f is continuous and {f > ¢} is open and C [{f > t}. Also observe that there exists an at most
countable number of ¢ such that pu(f =1¢) > 0. Thus,

}.

S|

{t:p(f=0)>0r=J{t:u{f =1} =

#<n

Thus, O{f >t} is countable and has Lebesgue measure zero. O

Now, let M =R. Let p be a probability measure on R. We define the distribution function of u to be
the function F), :  — p((—o0,z]), F,R — [0, 1].
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Proposition 7.3. Let (i )nen. be a sequence of probability measures on R. Then the following are
equivalent:

o [y => [, SN — 0O.

n—oo

o F, (x) — F,(x) for all x € R continuity points of F),.

Proof. 1 = 2: Let x be a continuity point of F,. Have F), (x) = p,((—o0,z]) and

p(0(—00,2]) =
—00,z]) — limy, 00 p((—00, 2 — %])
=F,(z) —limp 00 Flu(d — Ly=90

n

since x is a continuity point of F),.

2 = 1: Let G be an open set in R. Then G = U(ak, bi), a union of disjoint open intervals. Now,

liminf 4, (G) = liminf Z ton (G bK)
Fat g
> Zliminfﬂn(ak7bk).
k
So it suffices to show that lim inf p,,(a,b) > p(a,b) for all a < b € R.

Indeed, We have i, ((a,b)) = F,, (b—) — F},, (a) and since F), is non-decreasing and has at most

countably many discontinuities, there exist a’,b’ continuity points of F,. Hence, F,,, (a’) =3 F,(a’) and
n—roo

F,,(t)) — F,(V'). This means that

tim inf 1, ((a,5)) > F(Y) = Fu(a).

By the density of continuity points, there exist (b/,)men, such that b, 1 b and (al,)men, a,, | o all
continuity points. Thus,
]‘im inf :Ltn((a/? b)) Z Sup F n (b’lrﬂ) - Fﬂ(a/;n)
n n
= Fu(b_) - Fu(a) = u((a,b)).
Definition 7.4. Let (X, )nen be a sequence of random wvariables taking values in (M,d), defined

on probability spaces (L, Fn,Prn). We say that (X,)nen converges weakly (or in distribution) to a
random variable X defined on (Q, F,P) if L(X,) = L(X) (i.e. the laws converge weakly).

Remark. Equivalently, X, vl x if for all F' continuous and bounded, Ep, [f(X,)] = Ep[f(X)], as
n — oo.

Proposition 7.5. o If X, £ X asn— o0, then X, 4 X asn — oco.

e If X, 4 ¢, ¢ a constant, then X, = ¢

Examples.Examples: (CLT) Let (X, )nen be iid and E [X;] = m and 02 = Var(X;). Then with

Snzixi

Snzmem _do s
no?

32



as n — oQ.

Definition 7.6 (Tightness). Let (M,d) be a metric space. A sequence of probability measures
(tn)nen on M is called tight if for all € > 0, there exists a compact set K C M such that

sup p(M\ K) <e.

n>0
Remark. It M is compact, then all sequences of probability measures are tight.

Theorem 7.7 (Prohorov). Let (un,)nen be a tight sequence of probability measures, then there exists
a subsequence (fin, )ken and a probability measure p such that

d
Wn, = K, ask — oo.

Proof. We focus on the case M = R. Let Q = {1, 22, -} be an enumeration of Q and F;,, = F},,. Then,
the sequence (F,(z1))nen in [0,1] has a convergent subsequence F () (1) oo F(x1) by compactness.
k
So does (F (1) (22))ren. Thus, continuing so inductively, we obtain for all ¢ € N that there exist sequences
k

(n,(j) )ken such that

k—oo

F o (zj) — F(xj), foralll<j<i.
k
Thus, we can extract a diagonal sequence (myg)ien, where my = n,(ck) for all k£ € N and Have

F, () gy F(z), foralzeQ.

Observe now that the functions F,,, are non-decreasing, and so F' is non-decreasing, so for € R define
F(z) =limgy 4 qeq F(g). Thus, F is right continuous, non-decreasing and so F' has left-limits.
Let € R be a continuity point of F. We need to show that Fy,, () oo F(x). Indeed, for any € > 0,
there exist s1 < x < $2, $; € Q such that F(s;) — F(z)| < €/2 (since F is continuous at ). We now have
the chain of inequalities
€ conv. in Q €

Fla) €< F(s1) = 5 < Fg(51) < o (2) < Py (52 S Flsa) + 5 < F(a) e

for all £ € N sufficiently large.

Finally, it remains to show that there exists some probability measure ;1 such that F' = F),. Indeed, by
tightness, we have that for all € > 0, there exists NV € R large enough so that (with £N being continuity

points of F)
sup fin ([N, NJ°) < e

n>0

Thus, F(—N) <eand 1 — F(N) <e. This guarantees that

lim F(z)=0, lim F(z)=1.

T—r—00 Tr—r 00

Finally, define define u((a,b]) = F(b) — F(a). Then, u can be extended to the Borel sigma algebra by
Calathea dory’s extension theorem. O
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Definition 7.8. Let X be a random variables with values in R*. The characteristic function of X
is defined as

ox(u) =E [e““’xq , ueR

Properties of ¢x:

e ¢x is continuous on R% and ¢x (0) = 1.

o ¢x completely determines the law of X, that is if ¢x (u) = ¢y (u) for all u € RY, then £(X) = L(Y).
Lecture 15

Theorem 7.9 (Lévy’s convergence theorem). Let (X, )nen, X be random variables taking values in
R?. Then

o L(X,) = L(X) as k — oo, then ¢x, (u) =3 ¢x(u) for all u € R,

n—oo

 Suppose there exists 1 : RY — C such that (0) = 1, ¥ is continuous at zero and ¢x, (u) —s
Y(u) for allu € RY. Then there exists a random variable X with characteristic function 1 = ¢x
and L(X,) = L(X).

Before we proceed with the proof of the theorem, we state a Lemma

Lemma 7.10. Let X be a random variable in R®. Then, for all K > 0,
K\ 4
PIXI) <C-(5) [ (-ox@)n
where C' = (1 — sin(1))~1.
Proof. Fix A > 0 and let p = £(X). Then,

d
/ ¢x (u)du :/ / [ e n(de) | du
[=AAJ (AN \ R 5

d

Fubini s
= w(dx) / e du;
fora TT ([ o

Jj=1

eiwj)\ _ e*iﬁj)\
— d e - 7
/Rd M( 1’) H ( il‘j )

d . .
v [ TT (35 o)
Thus,

Now, let f(u) = H (25111(%))7 f:RT >R,

Uj

Jj=1
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Claim: not hard to see that if z > 1, then ‘%’ < sin(1). Hence, if ||lu||,, > 1, then |f(u)| < sin(1).
So 1(Jlull, >1) < C-(1— f(u)), where C' = (1 —sin(1))~'. Hence,

P(|X|, >k <C-E {1 y (;)]

and by simple scaling, one can conclude for the general case. O
Proof. (Theorem [7.9)
flx) = e’(w:?) ig continuous and bounded so by bounded convergence, have
¢x, (u) = E[f(Xn)] = E[f(X)]
as n — 0o.

 First we prove that £(X,,))nen is tight. By Lemma have that

K\ ¢
Pix L) <0 () [ 0-oxa
2 _1 1
% %!
and |1 — ¢x, (u)| < 2 for all u € R% n € N. Thus, by dominated convergence,
(1—¢x, (u)du i / (1 —v(u))du.
[ %1
Since 1 is continuous at zero and (0) = 1, taking K large enough we get
€
1— du < ——— (2K 1%
J 0 v g eR

Thus, P(|| X,|l, = K) < € for all n € N sufficiently large. Taking K possibly even larger, we
conclude that

supP(|X > K) <,

n>0

hence showing that (£,,)nen is tight. By Pro horror, there exists a subsequence (ny)ren such that
L(X,,) = L(X)

and 5o ¢x, (u) = ¢x(u) for all u € R%. Thus, ¢ = ¢.

Suppose for a contradiction that Lx, does not converge. Then there exists f continuous and
bounded and a subsequence my such that

for all £ 5 N. Now, since (£(X, ))ken is tight, there exist a subsequence, without relabelling, such
that (£(X,,,)) converges weakly, a contradiction. Thus, the limit must also be X.

O

Now, we briefly embark on a discussion of the theory of large deviations.
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8 Large deviations

Let X1, X5, -+ be iid ~ A(0,1) random variables. Let S, = %ZXZ' ~ N(0,1/n). Let § > 0, we by the
weak law of large numbers that

~ interval o1 1 a2
P(v/n|S,l € A H/ e 2 dx.
VA €"E 2 [

(18a] > ) VL -
IF’SnZ(s:lf/ ——e 2 dx.
,5\/5 \/27‘(

In other words,

log P(|S,,| > §) noe 0
n 2

Observe that S, the “typical “ value is of the order f and it can take relatively large values (> 0 > 0)

with very small probability é*JT. Furthermore, 1,2 are universal but 3 depends on the distribution. We
shall focus on quantifying 3 for an appropriate class of random variables.

Let X1, X, be an iid family of random variables, such that E [X;] =%, S,, = X1 + Xo +--- + X,,.
Let a € R. Now

independence

P(Sn+m > a(n + m)) > P(Sn > an) : P(szarn)'

Now, with b, = —logP(S,, > an) for all n € N, have that b, 1., < b, + b,,. This is called sub-additive
sequence. Actually, for such sequences one has

lim — .
n—oo n n n

b
Examples.Sub-additive sequences To quickly see this, suppose first that inf > —o0. Fix any € > 0, then
—_— n

there exists some m € N such that b’" < mf — + ¢. Hence, for any k > m, we have by Euclidean division

that there exists some ¢ € Z, and r € [0, m) ﬂ N such that k = gm + r. Thus, the sub-additivity of (b, )nen

implies that
b _ bgm+r < q-bm+b,

kT ogmAr = +
gm+r qgm+r 0
< 1nf LA W/'
e qm+r
b
as k — oo. The case where inf — = —oco can be dealt with similarly.
non

So, we have that
]. n o ]
—=logP(S, > a,) =% I(a).
n

Also,

P(S, > an) “Z°P(e*Sn > eron)
Maékov E [exsn} I [exxl] . e—Aan_

Define M(A) = E [e**1], ¢(A) =log M(A), A € R. In other words, we have

P(S,, > an) < exp(—n(ia — P(A))).
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Lecture 16

Furthermore, let ¢*(a) = sup(Aa — (X)) > 0. So P(S,, > an) < exp(—n*(a)) and so have obtained

A>0
— log[P’ Sn>an «
# > 1/) (a).
n
Theorem 8.1 (Cramer’s Theorem). Let Xi, X, -+ be an #id sequence of random variables with

E[X,] =7. Let Sp = »_ X;. Then,

i=1
1 n—oo
—Elog]P’(Sn >an) — ¥ x(a)

for all a > T where ¥* (a) = sup(Aalpha — psi()), ¥(A) = logE [e} 1] (* is known as the Legendre
A>0

transform,).
We collect some basic facts about the function M(\) = E [e*¥1], A € R.

Lemma 8.2. The functions M and v are continuous on D = {\: M()\) < oo} and differentiable in

int D with M'(\) = E[Xy.00x,] and /() = LX) X e p.

Proof. Continuity: Fix a sequence A\, "—3 X € D. Then, pointwise, e**1 "=3° ¢AX1 and take n € N
such that for all n > N, e X1 < eANXL L AKX 2 pd (which holds by since Ay < A, < A for n possible

n—oo

larger). Thus, can conclude by dominated convergence that ¥ (An) — ¥ (A).

Differentiability: Fix n € D°. We can now bound
€ €

’M(nJre)f]M(n)' :’E E(nm.xl_wm”

< en'Xl
- €

e X1_q ‘

Now, let § > 0 sufficiently small such that (n — d,7+ §) C D°. Now, for all € € (=46, 0)

ele — 1| comparing power series 65|X1| —1
€ - é
S0 (+)Xs _ X 511
n+e) X1 _ ,nX1 1
€ € < X1, !
€ - §

Now, since X1 .edlXal < enXu. (0% ¢ e~9%1) € L' since n € D° and we can thus conclude by dominated
convergence. O

Proof. (Theorem [8.1]) From the previously derived Chernoff bound, we have

lim ! logP(S,, > an) > ¢*(a).

n—oo N

It suffices to show now that

1
lim ——logP(S,, > an) <¢*(a), foralla>7.
n

n—oo

Observe that we can replace each X; by X} = X; — a and define Sn = Z Xz- and
i=1
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| M) =E [eAX} = e~ M(X), where $(\) = $(\) — a\, A € R.

Thus we can restate the original inequality as follows

1 y
lim —— log P(S, > an) = lim ——logP(S, > 0) < ¢*(0)

n— 00 n—oo N

where 1*(\) = sup(—+())). Thus, without loss of generality, it suffices to show that
A>0

nl;rrgo—ﬁlogp(s >0)> )1\2%11}( ),
when 7 < 0.
For the remainder of the proof, we let 4 = £(X) and break the proof into several cases.
Case 1: M(X) < oo for all A € R.
Define a new measure ug for all § > 0, absolutely continuous with respect to p and radon-Nikodym
derivative

dug _
du — M(9)
We compute
e’ f(x)
Eg [f(X1)] = p(dz).
Now, if Xy, -+, X, are iid ~ y. Then
EO [F(le 7Xn)] / X17 7 HM dxz

s 4(0) = 50X = iy = 41 = ')
Seek: 6 such that g(0) = ¢'(6)
If P(X; > 0) =0, then P(S,, >

0) (P(X; = 0))™ by independence. Thus,
1
~10g B(S, > 0) = P(X; = 0)

and bor
< - AX;] DC
)1\nf lim ¥ (\) = All_)II;OE [e*1]

A—00

lim E [e*1(X; =0)] =P(X; =0).

A—00

We can now focus on the case where P(X; > 0) > 0. Now, there exists an N € N such that
P(X1 > &) > 0. We deduce that

lim ¢(0) = lim E [¢’*'] > lim E |:61%1 (X1 > ]1[)] = 0.

6—o00 06— 00 06— 00
Thus, there exists some 1 > 0 such that )i\I;fOl/}(A) = ¢(n) and ¥'(n) = 0. Now,
P(S, >0) >P(S, €[0,en]) > E [e"~1<"1(S, € [0,en])]
= e 1 (M ()" - Py(Sn € [0, en])

where P, (X, € -) = py,(-). Now, since E,, [X1] = 0, we claim that we can use the CLT on iid copies of X;
with law u, to deduce
n—soo 1

P(S, € [0,en]) — 3

Examples.Proof of claim This is a little messy, be warned! Fix any ¢ > 0. We have by the triangle
inequality

P, (S, € [0,en]) — % < [P, (Sn € [0,en]) — Py (S, € [0,00))] + |P;(Sp € [0,00)) — =
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for all n € N. Now, by the CLT and Theorem [7.2] we have that

n o) 1
P(S, € [0,00)) =3 5
Thus, for all n sufficiently large, we have that [P(S,, € [0,00)) — 1/2| < ¢//3. Furthermore, there exists
some N € N such that P(N € (ev/N,0)) < ¢ /3 where N denotes a standard normal random variable.
Thus, for all n € N sufficiently large

[Py(Sn € 0,en) = 3] < 5+ [Py(S2 € (ev/m,0))| < § + [Py(52 € (ev/ )
<<+ Pn(% € (e N,oo))‘ £+ PV € (ev'N,0))
+ [Py (S5 € (N, 50)) =By (45 € (N, )|

(CLT) <¥

as required.
Thus,

log P, (S, € [0, en])

log P(S,, > 0
% > —ne + logM(n) + -

Now, for all € > 0,

liinf - 1og P(S, > 0) > log M(1) — e = ¥(1) > Inf ().
n n

Sending € — 0 gives the desired inequality.
General Case:
Without loss of generality, (arguing as in the previous case), let K > 0 sufficiently large so that

([0, K]) > 0. Then define the conditional laws v = L(X1||X1]| < K), v, = L (Sn |X;| < K}) Have

i=1

fin(0,00) = Vn([0,00)) - ([ K, K]))"

and
togan(0,00) = 200D (g ),
K 00
Let i (A) = log/_K e* dp(z). Then, log/_ M dv(z) = Y () — log u([— K, K]). So,

exists again by sub-additivity

1 first ste 0
lim —log p,([0,00))] > v ir>1f0 (log/ e du(x)) +log u([—K, K]) = ig%wK(/\) = Jg > —00.

n—o0 N oo

Now, as observe that ¢ is a non-decreasing family of continuous functions. Hence, the (J)ren are

non-decreasing and so one has Ji, 1 J > —oo K — oo. Furthermore, the sets {\ : ¥k (\) < J} are compact

by the continuity of the ¥ xand the fact that u([0, K]) > 0 implies /\lim Y (\) = 0o, as well as nested.
—00

Thus, there exists some \g € | |{)\ : ¥ (A) < J}. hence, ¥(Ng) = klirn Y (A) < J by monotone
—00
k
convergence. S0,

lim, log un(0.5)) 2 2 (k) = fnf 43

n—oo N

as required.
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Lecture 17

9 Brownian Motion

Definition 9.1. A process (By)ier, is called a Brownian motion in R%, d > 1 starting from x € R?
if (Bt)e>0 @S a continuous process and

e By==2x a.s.
o Foralls<t, Bi— Bs ~N(0,(t—s) 1dg).
o (Bt)i>0 has independent increments independent of By.
If x = 0 we call it a standard Brownian motion. Observe that i .determine uniquely its law.

Examples. Let (B;)¢>0 be a standard Brownian motion in R, U ~ [0, 1] uniformly distributed and
independent from (By):>o and define

-~ By, t#U
Bt‘{o, t=U

Then B is a.s. discontinuous, so even though B, B have the same finite dimensional distributions, B is not
a Brownian motion.

Theorem 9.2 (Wiener). There ezists a Brownian motion on some probability space.

Proof. (Lévy and Kolmogorov)

o We shall proceed to construct a BM on [0,1] in d = 1. Let Dy = {0,1}, D,, = {k-27": 0 < k <27}
forn e Nand D = UD"'
n>0
We will now construct (Bg,d inD) inductively. First for D0. Let (Z4,d € D) be an iid sequence
~ N(0,1) on some probability space (€2, F,P). Set by = 0, By = Z; (clearly satisfies properties
in [9.1). Suppose now we have constructed (Bq,d € D,_1) satisfying properties 2&3. We need to
construct (Bg,d € D,,).

For d € D, \ Dy,—1, have do =d £ 27" € D,,_1. Now, set

PutPus i Zi deD,\D
By = 22
Bd7 deDn—l'

We now show that our candidate process (Bg)4ep, has independent increments. Indeed, we have
that for d € D,, \ Dp—1,

Bgy—Bg— Z

By — By = % + ﬁ
2
Buy—Ba_ Z

By — By = —F5—"= — 2ni1
2

are independent. To see this, note that by induction we have that % ~ N(0, %) and

the same holds for f—il Thus, ¢ — By—, Bay — By are two mean-zero uncorrelated Gaussians,

272
hence they are independent.

Now for any two disjoint intervals of length 27", the corresponding increments of the process
(Ba)dep, are independent since one can express every increment as half the increment of the
previous scale plus an independent Gaussian and apply the induction step.
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Thus, we have been able to construct (Bg,d € D) satisfying the conditions 2&3. Furthermore, by
Gaussianity we have
E[|Bs — Bg|’] = |d —q|= - E[IN]"],

where N ~ N(0,1). Since for all p > 0 E[|N|P] < oo. By Kolmogorov’s continuity criterion, for all
a € (0,7) with e = 5 —1 (By,d € D) is a.s. a—Holder continuous for all o < z.

We now extend to the whole of [0,1] by setting By = lim By, d € D, d; — t, i = oo. It is

71— 00
immediate that (B cjo,1) is a.s. a— Holder continuous for all a < 1. Now it remains to check

2
conditions 2&3 are satisfied.

Let 0 =tg <t3 <--- <t, <1. Then, we claim the increments (B;, — By, , )i=1,...  are independent
Gaussian with (B;, — By,_,) ~ N (0,t; —t;—1) for all 1 <7 < k. Indeed, let

0<tp <tp<---<tp<1

I 4 4
0<to<ti<---<t, <1

be dyadic rationals. By continuity, we have a.s. Btjn, — Bt;tl e By, — By, _, for all j < k. Thus,
by bounded convergence,

k independent, normal k
, —_—— —uf(tj —t7q)
E |exp zZuj( Byn — Bt_;%_l) = H exp 5
Jj=1 j=1

By Lévy’s convergence theorem, since ¢ : R¥ — R is the characteristic function of independent
Gaussians ~ N(0,t; — t;_1) and since the characteristic functions of the increments and the in-
dependent Gaussians agree, this forces the law of (B;, — By, ,)j<k to be that of k independent
N(0,t; —t;_1) gaussians. Hence, (By,t € [0, 1]) satisfies all the properties.

Extending the construction to all of R. Let (B¢t € [0,1]) be independent brownian motions and

define
[t]-1

B = BtLiJm + > B, t>0.
i=0
It is not hard to see that the conditions in [0.1] are satisfied.

Now for d > 1, let (B})i>0, (B})i>0," ", (Bl)i>0 be independent one dimensional Brownian mo-
tions. Set (Bt)i>0 = (By, - ,Bdt)tzo and it is easy to check that the conditions are met.

O

Theorem 9.3. Let B be a standard Brownian motion in R. Then

If U is an orthogonal matriz, then UB = (UBy):>¢ s also a standard Brownian motion. Hence
s0 is —B.

(Scale invariance:) Let X > 0 be given. Then (%) - is also a standard brownian motion.
>0

(Simple Markov property:) For all ¢ > 0, (Biys — Bs)i>0 is also a standard Brownian motion
and is independent of FB, where FB = (B, : u < s).

S

Proof. Easy to check that it follows from the definition of Brownian motion. O
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Lecture 18

9.1 Properties of Brownian Motion

Theorem 9.4 (Time inversion). Let B be a standard Brownian motion in d = 1. Let

tBi, t>0
Xt_{o, t=0.

Then (X¢)i>0 s a standard brownian motion.

Proof. Fix ty,---,t > 0. Then (B, --,By,) is Gaussian random vector with zero mean and
Cov(Bs,g, = s At. Need to check that (X, ---,X;, ) is Gaussian and with the same covariance as
above. By inspection, we se thtah this vecto is clearly Gaussian with zero mean. Now for the covariance,
we compute

1 1
COV(Xti,th) = COV(tiBti,thtj) = titjCOV(Bt,i,Btj) = titj (t A t) = ti N tj.
J

%

Now it remains to show that X is continous. Indeed, for positive ¢, X is clearly continuous. Now, we
also claim that lim; o X; = 0 a.s. Observe that

(Xe,t € Q4) 2 (Byt € Q)
and so

. 1
P, v=0) r(Q U 0 {miss)

NeNreQy qeQq,q<r

1 .
=P ﬂ U ﬂ {|Bq| < N} =P (t¢01,11‘,ré1<@+ B; = O) =1.

NeNreQ4 qgeQq,g<r
Finally, since Q is dense in Ry and X is continuous for ¢ > 0, we have that

lim Xt = lim Xt = 0, a.s.

10 t10,t€Qy
O
Corollary 9.5. Let B be a standard brownian motion in d = 1. Then,
B oo
—tiex 0, a.s.
t
Proof. By theorem we have that with X defined therein,
B 1
lim —* = th() =0
t—oo t t—o0 t
by the continuity of X at zero. O
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Definition 9.6. For s >0, let Ff = ﬂ .7-"tB =0(B, :u<t). Hwe FB C Ff.
t>s
Remark. From the simple Markov property, we have that
(Bits — Bo)izo L FL.

In fact we have more, that is

Theorem 9.7. For all s > 0,
(Bits — Bs)i>o L Fr.

Proof. Tt suffices to show that if ¢;,--- ., € R, and F is a continuous and bounded, function on (R%)*
and if A C F} then

E [F(Bt1+s —Bg,-++,Biys — Bs) - 1(A)] =E [F(Bt1+s = Bs,-++, Byts — BS)] -P(A).

Since, for any open set, U C (R%)*, one can approximate F,, T 1(U) from below by bounded continuous
functions Fy,(x) = fm(dist(x,U°)), z € (R?)* where f : R — R is the continuous, bounded function

1, r>e
fr) = {ir, r <e.
for € R and apply monotone convergence. Then one just has to observe that the collection of open
sets generates the borel sigma algebra on (R%)* and apply the uniqueness of extension theorem.
Now, let s, | s be a strictly decreasing sequence. Then, by continuity, have B, — Bs, ey B, +s — By
a.s. for all 4 < k. Thus, we have

DCT
E [F(Btl-‘rs - Bs’ e 7Btk+3 - BS) : 1(A)] = E [F(Btl-‘rsn - B~97 e 7Btk+8n - Bsn) ! I(A)]

and observe that A € F implies A € ]:5 for all n € N. Thus, we can conclude by the simple Markov

S
Property and another application of Dominated convergence. O

Corollary 9.8 (Blumenthal’s 0-1 Law). The sigma algebra Fy is trivial, i.e. if A € Fy, then
P(A) € {0,1}.

Proof. Take A € F;" C o(B; : t > 0). But, bu the above, we have o(B; : t > 0) L Ff andso A 1L A
which gives
P(A) =P(AN A) =P(A)-P(A).

Theorem 9.9. Let B be a standard Brownian motion in d = 1. Define T = inf{t > 0: B; > 0} and
oc=inf{t >0: By =0}. ThenP(r =0)=P(c =0) =1.

Proof. For all n € N, have that {r = 0} = ﬂ {3e € (0,1/k) s.t. B, >0} and so have {r = 0} € F

k>n

77

which means that P(7 = 0) € {0,1}. Now, P(r <t) > P(B; > 0) =1 for all t >. So,

{P(r=0) = 1&8 P(r<t)>

N =
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which gives that P(7 = 0) = 1. By symmetry (—B is a std BM) we also have that
inf{t >0:B; <0}=0, as.

Since B is continuous, by the intermediate value theorem we get thath o = 0 a.s. O

Proposition 9.10. Let B be a standard brownian motion in d = 1. For all t > 0, set Sy = sup B
s<t
and I; = ilif Bg. Then,
s<t

e Foralle >0, have S¢ > 0 and I. < 0 a.s. In other words, in every interval (0,¢) there exists a

zero of BM.
e sup By = +o0 and inf B; = —c0 a.s.
t>0 t>0

Proof. e Let t, | tasn— oco. Then we have
{By, i.0 } C{S. > 0}.
It is not hard to see that {B;, i.0 } € F;". Thus applyinf Fatou’s lemma we deduce

P(B;, i.0. ) =P(limsup{B;, > 0})
n

Fatou

1
> limsupP({B;, >0}) = 3
n

Thus, P(B, i.0. ) =1 and so P(S. > 0) = 1. By symmetry, (—B is a std BM) we conclude that
P(I, < 0) = 1.

e Have for all A > 0 that

d B
S.o = sup By = sup By = Vv Asup —2t.
t>0 ‘ t>0 ! >0 VA
So S 4 aSy for all « > 0. We also know now thath S.,. Hence it can only be the case that
Seo = 400 a.s. One can show that gg B; = — a.s.
- O

Proposition 9.11. Let B be a standard Brownian motion and let C be a cone with origin at zero
and non-empty interior, that is C = {tu : t > 0,u € A} with A C S (= unit sphere in R%). Set
He = inf{t >0:B; € C} Then, P(HC = 0) =1.

Proof. Observe that {Hc = 0} € Fi” and P(B, € C) = P(B; € C) by scale invariance of Brownian
motion and C. Since int C' # 0, P(B; € C) > 0. Thus, P(H¢ < t) > P(B; € C) > 0.Taking ¢ | 0 and
applying Blumenthal concludes the argument. O
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Lecture 19

Figure 3: Hlustration of cone in proposition

Theorem 9.12 (Strong Markov Property). Let B be a standard Brownian motion and let T be an
a.s. finite stopping time. Then, (Biyr — Br)i>0 is a standard Brownian motion and

(Beyr — Br)iso L Ff.

Proof. Let T, = 27"[2"T], T, | T, n — oo. For k € N, let B® = B, po-n — Bon and
B (t) = Beyn, — Br,. Will show thath B, is a Brownian motion independent of F .

Clearly, Bg") is continuous. Now, let A be any event and fix E € ]-";n. Then, we compute

+ +
E‘Fk,zfn J_]:k-2—"

0 —_———
S P(T,=k-27", B € AE)

P(B. € A E)

~
Il
=

P(T, = k-2, E)-P(B® ¢ A)

M

E
I

BeA)-P(E).

I
=

He have thus shown that B, 4 B and L ]-";5”. Now, observe that

Bsyitr —Bs+T = nli_{rolo(BSthJrTn — Bsy1,).
N(0,t) N(0,t)

So, (Bi+r — Br)i>0 is a standard BM.

It remains to show that (Bytr — Br)i>o L }";5. Indeed, fix ¢y, ,tx > 0 and let F : (R)* :— R be a
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Figure 4: Illustration of reflection of B at time T.

continuous and bounded function. Fix A € ]-'; and compute

DCT .
E[F(Bt, 47 = Br,---, Byyr = Br) - 1(A)] =" lim E[F(Bi4r, = Br,, -, By, = Br,) - 1(A)].
Since A € .7-';5, Ae ]-';{L for all n € N. Finally, using that Bin) 1L ]-'Tfn concludes the proof. O

Theorem 9.13 (Reflection principle). Let B be a standard Brownian motion ind =1 and T an a.s.
finite stopping time. Define
B — {Bt, 0<t<T

" 12Br—By, t>T

Then B is a standard Brownian motion.

Proof. We have by the Strong Markov Property that B(*) = (Biyr — Br)i>0 is a standard Brownian
Motion independent of F;:. Let Cy = Cy([0,00) : R) denote the space of continuous functions on the
positive reals that vanish at zero, endowed with the topology of local uniform convergence and A the
induced Borel sigma algebra.

Examples.Metrisability of topology of local uniform convergence Recall from Topology that this topology
is induced by the metric

d: Co([0,00) : R) x Cy([0,00) : R) — R
~ S |f(z) — g(2)]

z€[0,n]

=2 5T swp @) 9]
z€[0,n]

(f,9) = d(f,9)

We also have the useful fact that
Examples.Characterisation of A We have, see Kallenberg’s book on the ‘Foundations of Modern Proba-
bility* for instance, that
A=oc({m :¢t>0})
where for ¢t > 0, m; : Cy — R denotes the projection onto the ¢ coordinate.
Now define the function
¢ : (CO X [0,00) X C(),.A@ B([0,00)) (29 .A) — (CO,A)
(X, T,Y) = ¢p(X,Y)(¢
=X(@)-1([0, 7))+ (X(t)+Y(t—-T))1(T, ).

is a continuous map in the product topology, therefore measurable. To see that v is continuous,

Examples.Continuity of ¢ Fix (X,T,Y) € Cy x [0,00) x Cp. Due to the metrisability of the underlying
topologies, it suffices to show that for any sequence (X,,T,Y,)nen C Cp X [0,00) x Cp such that
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X, -5 X, Y, S Yand T, — T as n — 00, (X, Tn, Vy) —= (X, T,Y).
Now, fix € > 0, an arbitrary compact set K C R, and let t € K be arbitrary. We estimate

W)(Xna Tn» Yn)(t) - 1/J(X7 Tv Y)(t)‘

< |(X(t) - X(T)) ' 1(t < T) - (Xn(t) - Xn(Tn)) : 1(t < Tn)‘ + |X(T n Tn)|

+|Y(t - T) : 1((Tn A T, T,V T])‘ + |Y(t - T) - Yn(t - Tn)|
0 0
< |(CX(1) = X() - 1(To AT T v T + |1X =Xt + X (D) =TT
0

HY(t—T) - 1(Ty AT, T, V T))| + Y (t — T) ¥ — T,)|

< (X (8) = X(T)) - 1(Tu AT Ty VT + [V (t = T) - (T AT, T VT])] + €

0

(where we make the set harmlessly Y (¢t —T) = 0 for ¢ < T) for n € N large enough independent of t € K,
since the crossed-out terms converge to zero uniformly in ¢ € K due to local uniform convergence and
uniform contuinity on compact sets. The fact that Y (¢t — T') and X (¢) — X(T') vanish at T and that
T, — T, n — oo enables us to bound for n sufficiently large independent of ¢:

(X, T, Ya) (8) = O(X, T, Y)(2)] < sup (X)) = XD+ Yt -T)|) +e< 2
te(T, AT, T, VT]

and conclude the argument.

Also observe that
Y((Biar)e>0, T, B(T)) — B~
U((Biar)i>0, T, —B™M) = B

By observing that B(ry is independent of the stopped process (Biar)t>0, we have that
T d T
((Bt)i=0), T, (B )iz0) = ((Bt)i=0), T, = (B¢ )e>0)
and so it follows that B < B. O

Corollary 9.14. Fort > 0, let Sy = sup Bs and fiz b >0 and a < b. Then

s<t

P(St Z b,Bt S Bt S a) = ]P(Bt Z 2b — 0,).

Proof. Fix > 0 and define T,, = inf{¢t > 0 : B; = z}. Since So < o0 a.s., it follows that T, < co a.s.
and Br, = x. Observe that {S; > b} = {T, < t}. Now we compute,

on Ty <t,B,=2b—B,
——
]P(SththSa) :]P)( Tbgt,BtSG)
By>2b—a = Tp<t
- —_—
(Bt 22b—a,Tb St) :P( Bt > 2b—a )

=P
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Corollary 9.15. S; 4 | By

Proof.
=P(B¢>a) =P(B¢>2b—a) by the reflection principle
—N—
P(S; > a) =P(S; > a,B; > a)+ P(S; > a, B; < a)
— 2P(B; > a)
=P(|B¢| > a).

Corollary 9.16. Fiz z > 0 and let T, = inf{t > 0: By = z}. Then
d &€ ?
T.=|—= | .
<B1)

9.2 Martingales for Brownian motion

Theorem 9.17. Let (B;)i>0 be a standard Brownian motion in d = 1. Then
e (Bi)i>0 is a martingale with respect to the filtration (F; )i>0

o (B? —t);>0 is a martingale with respect to the filtration (F;")i>o.

Proof. Fix s <t. Compute LFr

E[Bt|‘/—-:s+] =E Bt_Bq‘FBquj] :BS, a.sS.

and

E[(Bf = )|FS] =E[(B: — B.)?|Ff] + 2E (B, = Be)B:| 7]
+E [B2|Ff]=t=B2-s, as.

Corollary 9.18. Let B be a standard Brownian motion in d = 1 and suppose x,y > 0. Then

Y
Tty

P(IT_, <T,)) =

and
ET_,AT)=z-y

with T. defined as in corollary[9.16,

Proposition 9.19. Let B be a standard Brownian motion in R%. Set

|t
M, = exp (0,5 - 1)

is an F;" martingale for all u € R.
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Lecture 20

Proof. Fix u € R?. Integrability and adaptedness are clear. Now, for the martingale property, we have
12t

E[M,|F,] =E[exp((u, B — By) — (u, B)|Fi]- e~

_lul?e

:exp(<u,Bs>) - €Xp (W) - € 2 :Ms

Theorem 9.20. Let f(t,7): R. x R? — R be continuously differentiable in t and twice continuously
differentiable in ©. Assume f and all its derivatives are bounded. Then the process

My = 6. 8) = £0.50) = [ (G +58) 10 By ar

is an JF;" —martingale.

Proof. By the boundedness assumption, M is integrable and is clearly adapted. Now it remains to show
the martingale property, that is for all ¢,z > 0 E [M;,s — M4|F.] = 0. We have

t+s
Miys— My = f(t+s,Bits) — f(s,Bs) —/ ((5)7' + ;A) f(r,B.)dr
= f(t + S, Bt+s) — f(S7 Bé) — A (;r + ;A) f(’/‘ + S,BTJ,_S) dr.

Now, taking conditional expectations, we have

E[Myps — Mo|F] = —f(s,Bs) + E[f(t+ s, Beys — Bs + Bs) | F{]

¢ 1
= [ (2 1) s e sm - mr B an]
o \Or 2

- + t
(Brts Bé)TZOL]:S —f(S, Bé) _ / (/ <8 + 1A> f(r,'- -+ s, x —+ Bé) dr) p7(07x) dx
Rd 0 or 2

+/ f(t+s,x+ Bs)p(0,7) dz
Rd

where p:(0, ) = \/21?(1 exp (_lgil?) for z € R%, ¢ > 0. Note that p; satisfies the heat equation:
8pt 1
— = =Ap;.
ar 2P

Using dominated convergence, we have that

/uw </ot (gr i ;A) flr+ sz Bi) d?‘) pr(0,z) dz

. fro 1
:hm/ (/E (8T+2A> f(r+s,:z:+Bs)d7‘> p-(0,z) dz.
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On (e,t), we have enough regularity to integrate by parts and s theorem to obtain

/Rd </ot (887“ " ;A> flr+ o4 Ba) d?‘) pr(0,z) dz

¢
:lim/ (/E (887“ + ;A) f(r+s,x+Bs)dr> (0, z) dx.

el0 R
= [ g+ st Bap)de~lim [ flet ot Bpo,s)da
R4 el0 Rd
0(PDE)
fr+s,z+ Bs)dr | dz

~ Opr(0,2)

= E[f(t+ 5, Buyo)] ~ BmE [f(e + 5, Bes )17

PCT g f(t+ s,z + Bs)p:(0,2)dz — f(s, Bs).
Rd

Combining all of the above together yields the desired equality E [Mry, — Mg|F] =0 a.s. O

9.3 Transience and recurrence

Recall that if B is Brownian motion By = 0 then it is called a standard Brownian motion. More generally,
if By = x then call its law P, and note that (B; — x,t > 0) is a standard Brownian motion.

Theorem 9.21. Let B be a standard Brownian motion in RY.

o Ifd =1, then B is point-recurrent, i.e. for all x,z {t > 0: By = z} is unbounded P,—a.s.

e Ifd = 2, then B is neighbourhood recurrent, that is for all € > 0 and z,z € R? the set of
times {t > 0 : |By — z| < €} is unbounded P,—a.s. However, it does not hit points that is
P.(3t>0: B, =2)=0.

o Ifd =3, B is transient, that is |Bi| — 00, ast — oo P, — a.s.

Proof. e d=1: we have almost surely that h?i sup By = o0, litrg iogf B = —oo which gives the result.
e d=2: by translation, it suffices to consider z = 0. Fix radii € < |z| < R. Let T,, = inf{t >
0 :|Bt = r} for r > 0. We want to compute P,(T. < Tr). Let H = T, A TR, an a.s. finite
stopping time. Let ¢ : R? — R be given by ¢(y) = log|y| on the annulus € < |y| < R and
extended outside that region in a fashion so that ¢ € CZ(R?). Then, A¢ = 0 in the annulus.

By theorem the process

Mi = o(B) — o(B0) = [ 580(B.)ds

is a continuous (F;");>o—martingale. An argument sim-
ilar to that in Theorem gives E [M,ag] = 0 for all .
n € N, in other words, E [log(|Bnan|)] = log|z|. Taking
n 1 oo and applying DCT gives E [log(|Bg|)] = log|z|.
In other words, expressed in terms of the stopping times
T, Tr, this leads to
__log R — log ||

P,(Tc <TRp)= ———"—.
(Te < Tr) log R —loge ()
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Lecture 21

Now, taking R — 0o, T — 00 a.s. and so P, (T < oo) = 1. We now compute

P, (|Bt| < € for some t > n) = Py(|Bi4n — Bn + Bp| < € for some t > 0)
= / Po(| By + y| < € for some t > 0)py(q,,) dy = 1.
R

Hence, {t > 0 : |B;| < €} is unbounded P,—a.s. Now, in (*), letting e — 0, P,.( hit 0 before R) = 0.
Let R — oo we finally obtain P, (3¢t > 0: By = 0) = 0 for all z # 0.

It remains to show now that Py(B; = 0 for some ¢ > 0)=0. Indeed, let a > 0, and observe that

J.]-'*

Po(Bitq = 0 for some t > 0) = Py( BHa — B, +B, =0 for some t > 0)
std BM

B,H_a — B, +y = 0 for some t > 0)p,(y) dy

I
::J\’:u\

y(By = 0 for some t > 0)p,(y)dy =0
since P, (3t > 0: By = 0) = 0 for all y # 0. So taking the limit as a | 0, we get

Py(B: = 0 for some t > 0) = liﬁ}IPO(Bt = 0 for some ¢t > a) = 0.
a.

We now show that B is transient for d > 3, that is |B;| — oo, as t — oco. To this end, it clearly
suffices to prove transience for d = 3.

As in the case d = 2, start by fixing radii € < |z| < R. Let
T, =inf{t > 0: |By| =r} forr > 0. Let H =T, NTg,
an a.s. finite stopping time. Let ¢ : R> — R be given by e

2—d
o(y) = (I?l\) on the annulus € < |y| < R and extended

outside that region in a fashion so that ¢ € CZ(R?). Then,
A¢ = 0 in the annulus. By
theorem [9.20] the process

My = o(B0) — (o) ~ [ 3A0(B

is a continuous (F;");>o—martingale. Arguing in the same way as above, we obtain

2—d 2—d
E |:(|BlH> ] = (ﬁ) . In other words, expressed in terms of the stopping times 7., TR, this
leads to

L\2-d L\ 2
(1)~ (m)
(l) 5= ()

2-d
Now, taking R — oo, T — o0 a.s. and so P, (T, < 00) = (i) .

|z

P,(Tc < Tg) =

o1



For n € N, let A, = {|B:| > n for all t > T3}, T)s being
almost surely finite for all n € N. To prove |By — oo
a.s. as t — oo, it suffices to show that the A, happen
eventually a.s. (recall d = 3). We now compute

Po(AS) =TPo(|B:| < n) for some ¢ > T),3)

2P K, {]P)BTS (|B:| < n) for some t > 0)} =1L

o0

SO ZIP’(A‘;,) < oo and so we conclude that A, occurs
n=1

eventually in n € N a.s. thereby showing transience.

9.4 Dirichlet Problem

sz.

; o

O

2Approximate n A H from above by the sequence (Tm)men = (27" [2™n A H])men, use the discrete OST on the UI
martingale (MgnaT,, )deD,, of bdd stopping times and pass to the limit as m — co using DCT.

Definition 9.22 (Poincaré conce condition). D C RY is called a domain if it is open, non-empty and
connected. We say that D satisfies the Poincaré cone condition at x € 0D if there exists a non-empty
open cone C with origin at x and r > 0 such that C N B(x,r) C D°.

Figure 5: Illustration of Poincaré cone condition for a domain D C R,

{t>0:B,€dD}

u(@) =Eq [¢(Bryp)], €D

Au=0, inD
u=¢, ondD.
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Theorem 9.23 (Dirichlet problem). let D be a bounded domain in RY such that every boundary
point of D satisfies the Poincaré cone condition, (see figure @ Let ¢ be continuous on 0D and let B
be a Brownian motion, Top = inf . Then the function

is the unique continuous function satisfying the boundary value problem

Before we proceed with the proof we recall some facts from the theory of PDEs.



Lecture 22

Theorem 9.24. Let D C R? be a domain and u : D — R be measurable and locally bounded. Then
the following are equivalent:

e u is twice continuously differentiable and Au = 0.

o For all balls B(z,r) C D,

o For all balls B(z,r) C D,

1
o) = B @) /aB@,r) uly) doa,ry

where o, denotes the surface area measure of 0B(x,r).
Definition 9.25 (Harmonic). if u satisfies any of the above, we call u harmonic in D.

Theorem 9.26 (Maximum principle). Let u : R? :— R be harmonic in D. Then
o If u attains its maximum in D, then u is constant in D.

o Ifu is continuous in D and D is bounded, then 'maz, mu(z) = max u(z).
z€ z€0D

Proof. e Let M be the maximum, let V = {z € Du(z) = M}, then by assumption such that the ball
B(x,r C D. Then, by the mean value property

1

M=) = ZB) oy OIS

Hence, u(y) = M for almost all y € B(x,r). By the continuity of u, we have equality everywhere
in B(x,,r). Thus, B(z,r) C V and so V is now open, closed and also non-empty. Since, D is
connected, we deduce that V = D.
e u is continuous in D and D is bounded implies that v attains a maximum in D. By 1, maxu =
D

max u.
oD
O

Corollary 9.27. If ui,uy : R? are harmonic in D, with D bounded and uy, us agree on 0D, then
up =uz n D.

Proof. Have
max(u; — uz) = max(u; —ug) =0
D E))

by the maximum ILrinciple. Thus, w1 < us for all z € D and similarly we obtain us < u; in D. Thus, we
obtain u; = ug in D. O]

Proof. (Theorem [9.23)) With o
w(@) =By [¢(Bryp)],  on D

to show that u is twice continuously differentiable and harmonic, Theorem it suffices to show that
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it satisfies the mean value property.

Now, we have that 7 = inf{¢t > 0: B; € 0B(x,0)} < oo a.s. and by the tower property
u('r) =[E, [¢(BT6D)] =K [Ew [(b(BTad)u:j—”

Now, define the function

F R+ X C()([0,00)) — R
(z, /)= F(z,f) =inf{t >0: z+ f(t) € D}
which is measurable with respect to B(Ry) ® A, where A is the Borel sigma algebra induced by the
topology of local uniform convergence, as in the proof of Theorem Observe now that 75,, =
T+ F(B;,(Br4t — Br)i>0). a.s. By the strong Markov property, (B;4: — B;)i>0 L F; and so we can
conclude
u@) =E (B, ($(B) 5 gy + B
()
=E \Es |0(B, (s, gy + BIFS
=E [E; [¢(9(B-, BD) + B;)|F]]
where g is the continuous, hence measurable function

F: Ry x Co([0,00)) — R
(2, f) = gz, f) = f(2)

thus another application of the strong Markov property gives

the law of B, is invariant under rotations and by uniqueness is the spherical measure o(z,d)

SMP & indep.
u(e) ML g, l /
Co([0,00
oll 2 1 denotes the Wiener measure of BM started at =

= 7(7“&@,5))/ / ?(9(y, w) + y)u(dw) dos sy
’ 8B (x,8) JCo([0,00))

= B Ey [¢(g(y, B) + )| dos sy
' OB(z,d)

¢(9(Br,w) + Br) p(dw)

0o, (B(z,0)) dB(x,5) 7

thus, showing that v is indeed harmonic. Uniqueness follows from the result established earlier.
It remains to show that w is continuous up to the boundary, 0D. Let z € 0D. Need to show that u is

continuous at z. Since ¢ is continuous on 0D, we have that for all € > 0, there exists a § > 0 such that
if [y —z| <46,y €9D, [¢(y) — ¢(2)] <e.

Figure 6: Hlustration of situation near the boundary.
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Let k € N to be determined and let = be such that |x — z| < 27% . §, then we estimates

lu(z) —u(z)] < [Eq[¢(Bryp) — ¢(2)]|
<E; [[¢(Brop) — ¢(2)]]
< e -Pu(Tap < ToB(25)) + 2 0|lo - Pu(ToB(2,6) < ToD)-

Now, By the Poincaré cone condition, let C, be an open cone at z that lies in D¢ sufficiently close to z.
Then

P2 (ToB(z,5) < Top) < Pu(ToB(2,6) < Toc.)-
We claim that

sup  P(Tap01) < 7o) <a <1 (**%)
.'I;EB(O,%)
where C is a translate of the cone C, to the origin. Examples.Proof of (**%)

To establish (x * %) it suffices to show that Brown-
ian motion stays arbitrarily close to straight bounded
segment of lines (and in fact to any continuous func-
tion) with positive probability, i.e.

Pe,z,a = PQT(HB - é;c,a”OO’[OJ] < 5) >0

e > 0,z € R? and lines ly o connecting points
r,a € RY ie. ly.(t) =tz + (1 —t)a, t € [0,1]
(see figure [0.4). To see this, the bound (x * x)
essentially reduces to bounding uniformly from zero
the probability that a Brownian path starting from
a point « € B(0,1/2) stays within some uniform in z
amount € > 0 close to a line of length < 2 (figure[9.4)).

By the geometry of the situation, an € > 0 exists, so that no matter where the BM starts in B(0,1/2),
there is a direction it can stay within epsilon to for times ¢ € [0, 1] that would guarantee it never touches
the boundary 0B(0,1) before the cone, in [0, 1].

We proceed with several reduction steps. By translation, we can let without loss of generality x = 0 and
consider only pe o = pe,0,q for € > 0,a € R?. Moreover, by containment of events that De,q is decreasing
in € > 0 and less than one away from zero with p. g = 1 for all € > 0. By independence of the components
of B and rotational symmetry, we have

d—1 1
Po(l|Be — atll o 0,0 <€) = (PO(HBHOO,[O,H < 6) P (HBt —llall -t o1 < 6)

We now show that for fixed ¢,> 0 and |\| bounded, one has a positive uniform lower bound on the
probabilities
Po(|W; — At| < €).

where W is a standard Brownian motion in one dimension. To show this it suffices to note that from
Lévy’s construction of Brownian motion, one constructs (W;,t € [0,1]) as an a.s. uniformly convergent
power series (starting from the iid sequence (Z;)4ep) as

W= Fu(t)
n=1
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where the F,, are independent, piecewise linear functions given by

27" 7, teD,\Du_
Fn(t) = 07 te anl

linear between consecutive points in D,,.

for n > 1 and define Fy by interpolating linearly between Z; and zero in [0, 1]. Now, a straightforward
computation yields that for ¢ > 0, n € N sufficiently large independent of ¢, P(|Z4| > ¢\/n) < exp (—627">
This in conjunction with the Borell-Cantelli lemma gives

P({3d € Dy, s.t. |Z4] < ev/n}) =0, for c> +/2log2.

Thus, using the continuity of P, there exists some M € N such that

P| () {llZnll < cvn272} | >o0.

n>M

Additionally, observe that for the truncated series Zﬁ;l F,, corresponds to the piecewise linear extension
of the dyadic approximations to W in Theorem Now, for || bounded, M possibly even larger, by
the independence of the Gaussians (Z4,d € D) it is not hard to approximate At on [0, 1] by the truncated
series up to stage M — 1 and then use the independence of the F,, and the above to obtain with a positive
probability that the tail is also uniformly close and the approximation at stage M — 1, hence proving
there is a uniform positive lower bound, thus proving ( * *).

In the final step, essentially we will iterate the bound (x* ) on nested balls surrounding the origin to get
exponential decay in the corresponding version of (x x ). More precisely,
Examples.Exponential decay step Let k € N. We want to bound

P.(Tan0,1) C 7¢), = € B(0,1/2F).
Now, we have
P, (ToB(0,1) € TC)

=E. [1(roB(0,1) < 7¢)]

{ToB(0,2-1)<TC}2T0B(0,1)<TC}

=E, 1(7’33(0727(1@71)) < Tc) £ [1(7’53(0’1) < Tc)|]:7—.23(012_(k_1)}

(A)

SMP
= E.; |Hmp,2-¢-1) <7c) Pp,
’ aB(0,2—(k=1))

(ToB(0,1) < TC)]

< P.(ToB(0,1) < TC) - sup Py (ToB0,1) < TC)-
yEB(0,2— (k=10

Now, for = € B(0,27k) consider P, (7yp(2-*-1) < 7¢). By scale invariance of Brownian motion and

56



the cone, C' we have with A\ = 2061

PI(TBB(O72—(k—1)) < Tc)

std BM -
=Po(inf{t >0: W, € B(0,2=k-)} < (inf{t >0: W, € C})

seale IMariance pinflt > 0: 1/ AWz € B(0,2-F-D)} < (inf{t > 0: /]AWhe, € C})
=Po(inf{t > 0: Wy, + Az € B(0,1)} < (inf{t > 0: Wy2; + Az € C})
=Po(1/A?inf{\* > 0: Wyzy + Az € B(0,1)} < 1/A2inf{\?t > 0: Wy2, + Mz € C})

=Py, (inf{t >0: B, € B(0,1)} <inf{t >0: B, € C})

= ]P)Am(TBB(O,l) < Tc) < sup ]P)y(TaB(O,l) < Tc).
ly]<2= (k=D

Thus, inducting on k € N and using (* * *) as the base case and (A) as the induction step we deduce that

sup  Pu(m9B(z8) < 7c.) < b 50, k—oo
z€B(0,27k)

which allows us to conclude the proof.

Examples.Example: Let d = 2 and let ¢ : 9B(0,1) — R continuous. Let v : D — R where
D = B(0,1) \ {0} be the unique solution to the Dirichlet problem on B(0,1) with boundary data ¢.
Augment ¢ to 9B(0,1) N {0} and observe that

u(z) = Eq [¢(Bryp)]

is not a solution if v(0) # ¢(0) since u(0) = ¢(0) = v(0) because Brownian motion does not hit points, as
we proved in Theorem

10 Donsker’s invariance principle

The main theorem of this section is Donsker’s inavriance principle, which states

Theorem 10.1 (Donsker’s invariance principle). Let X1, Xo,--- be iid R—wvalued integrable random
variables with law p, such that E[X;] = 0, and variance o € (0,00). Set Sop =0, S, X1 + -+ + X,
forn > 1 and S; = (1 — {t})Spy + {t}Sy+1, where {t} =t — [t] and [t] is the integer part of t > 0.
Now, define

Vo2N
for 0 <t < 1. Then, (S,EN],O <t< 1) converges weakly to (B, 0 < 1 < 1), that is to a standard

Brownian motion. More explicitly, we have for all continuous (in the local uniform topology) and
bounded functionals F : C([0,1],R) — R

S}N] SN

E [F(S[N])} N=% g [F(B)).

Before we prove it we need a supporting result, the so-called Skorokhod embedding.



Lecture 23

Theorem 10.2 (Skorokhod embedding). Let p be a probability measure with zero mean and variance
02 € (0,00). Then, there exists a probability space (2, F,P), a filtration (F;)t>0, a Brownian motion
(Bi)t>0 and a sequence of stopping times 0 = Tp < Ty < --- < such that
o The sequence defined by (Sp)nen = (BT, )nen for n € N is a random walk with step distribution
1.

o The sequence (T),)nen and steps of mean o?.

Proof. Define the Borel measures on B([0,c0)), for A € B([0, c0))

e (A) = p(AN [0,00))
1o (A) = p(=AN (=5,0)).

Let (Q,F,P) be a probability space on which we define a standard Brownian motion (Bi):>¢ and the
iid sequence (X, Yy )neny with law v(dz,dy) = C - p—(dx)py(dy) (independent from B) and C > 0 a
normalising constant. We have

| vy =1 = cuto.oo [ ap-(an)
0 0 0 0
+Cp((~00,0)) / yis (dy).

o

oo
Since p has mean zero, we also have that / zp_(dx) = p((—oo, O))/ yp+ (dy) which gives
0 0

c / " 2 (dz) = Cp((—00,0)) / T (dy) = 1.

Now, define the random sequence Ty = 0, and for n > 1
T7L+1 = lnf{t > Tn : Bt - BTn S {_Xn-‘rla Y7L+1}}'

We claim that the (7},)nen are stopping times with respect to the filtration F; = o(FF, Fy) for t > 0
where Fo = 0((X,,, Ys) : n € N).

Examples. (T},)nen are stopping times To see that the (T,),en are stopping times, we proceed by induc-
tion. Clearly Ty = 0 is a stopping time. Now, suppose for n € N that T,, is a stopping time. Now, Fox
s > 0 and observe that since T,,+1 = T;, + 7 a.s. where n = inf{t > 0: BT ¢ {—Xn+1,Yni1}}

(T S C{T, <t}
{Th1 < s} = {Tn<r} 0fn<sh
Observe, that 7 is o(Ff , Fo)—measurable. Hence, we have that {T,,41 < s} € o(Ff , Fo) N FZ. Noting
that we can express o(Fp ,Fo) =c({ANB: Ae FR B e Fo}) C FE, we conclude that {T,11 < s} C

FB for any s > 0, hence proving the statement.
Now, define the measurable (wrt to the usual sigma algebras) function

7:C([0,00)) x R =R
(f,x)»inf{t >0: f(t) ==}

and conditioning on X7, Y; we compute

P(Br, = V1[X1y,) = EL’;}(T(BY) <7(B,-X))|X1,Y1]
= X1+1Y1
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using the well-known Gambler’s ruin identity and the independence of B from (X,,, Y, )nen. Similarly,
we also obtain E [T | X1 y,] = X1 - Y1.

Now we determine the law of Brp,. Fix A € B([0,c0)) and compute

P(Br, € A) / / - +y ( + y)p—(dz)ps(dy)
= p4(A

Similarly, we have for A € B((—o0,0)) P(Br, € A) = u(A) and

E [T1] Z/OOO/OOOx-y-C(Hy)u(dd)u+(dy)=/ooow2u(dw)+/oooy2u+(dy)=0’2-

This tease with the case n = 1, for the general case one proceeds inductively using the strong Markov
property, that is (Byyr, — Br, )i>0 L .7-'% and essentially reduce the argument to what we have already
done. O

We now return to Theorem [T0.1]

Proof. (Theorem [10.1)) Without loss of generality, let 0 = 1 (by scaling). Now, let B be a Brownian
motion and a sequence of stopping times (7, )nen as in Skorokhod’s embedding theorem, on a possibly
enlarged probability space such that

d
(BT )TLEN = (Sn)neN-
Now, define B(N) VNB L oa standard Brownian motion by scale invariance. Let (T5 (v ))nN be stopping
times corresponding to B(N ) (again on a possibly enlarged probability space). Set SN = B(T]&) for all

n € N. Let St(N) be the linear interpolation of (SéN))neN. Observe that we have

(620, (T8 en) £ (S0, (Ta)nen).

Now, we need to show
E {F ((St(N))tgﬂ MR R F((B)e<h)]

for all continuous and bounded functionals F' : C([0,00) — R. It suffices to show that S¥) converges
uniformly in probability to B, that is

P(sup |St(N) — By| > e) N80

0<<1
for all € > 0, by Dominated convergence.
Now, for n < N,
g _ SV) B(ZYJ\)I) B \/NB(TJ,Y/)N _3
n/N — \/> f \/N TT(,,N)
where T~7§N) = # By the Strong law of large numbers, we have that T; "1 as. (from Sko-
rokhod embedding, the T, are a random walk with independent and identically distributed steps).
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Thus,

1 nere W)
—-sup|T,, —n| — 0, a.s. &(N)
N neN' | S_/

Since 5'7(5]2, = BT(N) foralln < N —1,

|

n
we claim that for all £ < t < 2l N N
there exists 7)) < u < TSR such that B
St(N) = B,. This follows from an applica- B 7™
tion of the Implicit Function Theorem and
using the continuity of B, S and that S is l ('N
piecewise linear. n n+1

So now we have

A = {|§t(N) — By| > € for some t € [0, 1]}
C |T7(LI/VI\)7—7—A‘[|2(5for some n > N ;= A
U{|Bt — B,| > e for some t € [0,1] and |u—t| <+ %} = As.

Hence we have the bound P(A) < P(A;) + P(A3). Take N > 1/§ and § > 0 sufficiently small so that
P(Az) < €/2 since Brownian motion is uniformly continuous on [0, 1]. O

Lecture 24

11 Poisson random measures

Recall that X ~ Po(A), A > 0if P(X =n) = e‘A% foralln e N. If A=0set X =0 and if A = oo, set
X = 00. Also recall the following basic facts about Poisson random variables.

Proposition 11.1 (Addition property). Let (Ni)ren be independent Poisson Ny ~ Po(Ag), A\, > 0

for all k € N. Then
ZNk ~ Po (Z)\k> .
k=0 k=0

Proposition 11.2 (Splitting property). Let N ~ Po(\), A > 0 and let (Y, )nen be an iid sequence
N

and independent of N with P(Y1 = j) =p;j, j=1--- k. Set N; = Z 1(Y, = j). Then Ny,---,Ni
n=1

are independent and N; ~ Po(Ap;).

Definition 11.3. Let (E,&,u) be a o—finite measure space. A Poisson random measure
with intensity u M is a random map M : Q x & — Z U {oo} such that if (Ax)ken s a disjoint
collection in &, then

. M(U Ak> :ZM(A;C)(w)7 for allw € Q
keN k=0

o (M(Ak))ken are independent random variables.

o Forallk € N, M(Ag) ~ Po(u(Ayx)).
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Let E* = {Z4+ U {o0} — valued measures on (E,€)}. Now for A € £ define the maps

X :E*x & — Zy U{x}
Xa: E* = Zy{oo}
(m, A) — Xa(m) =m(A4).

Furthermore, set £* = 0(X4 : A € £). We now can state the following existence (and uniqueness) theorem
for Poisson random measures.

Theorem 11.4. There exists a unique probability measure p* on (E*,E*) such that under p*, X is
a Poisson random measure of intensity ji.

Proof. Uniqueness: Let Ay, .-, A be disjoint in £ and nq,--- ,n, € Z4. Set
A*={m e E* : m(A1) =nq, - ,m(Ar) = ni}.

Let p* be as in the statement. Then compute

N
nj:

k o
w4 =] oAy ((A)"
=1

But, A* of the above form is a m—system that generates £*, so p* is uniquely determined.

Existence: First assume A = u(E) < co. Let N ~ Po(\) and (Y, )nen be an iid sequence independent of
N with law p/u(E). Set

N
M(A)=> " 1(Y, € 4), AcéE
n=1

Let Ay,---, A be disjoint in €. Need to show that M(A;);<, are independent ~ Po(u(4;)) random
N

variables. Consider X,, = j whenever Y,, € A;. The (X,,),<y are iid and M (4;) = 1(X, = j). By the

splitting property|11.2, we get that M (A;,---, M(Ay) are independent and M (A;) ~ Po ([L(E) . ’L((AE"))).

=

If u(E) = oo, let (Ex)ren be a partition of E into sets with u(Ey) < oo for all k € N. Then on some
probability space we can construct independent Poisson random measures M}, with intensity u|g, (on
some suitable product space). Then for A € &, set

. ~Po(u(ANEy)

M(A)=> My(ANE).
k=0

By the addition property |11.1) M(A) ~ Po <Z wWANEy) = u(A)). Independence follows since the
k=0

(Mk)kEN are PRM.

We have now constructed Poisson random measures on some probability space (2, F,P). Now simply
observe that p* = Pps (the pushforward under of P under M) is the probability measure on (E*,£*).
O
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Proposition 11.5. Let M be a Poisson random measure with intensity p. Let A € £ be such
that u(A) < 00. Then M(A) ~ Po(u(A)) and conditional on M(A) = k, then we can express

M = 25)( , where (Xq,---,Xk) are independent and identically distributed, with law ”ﬁ'&‘;‘).

Moreover is AN B =10, u|la is independent of p|p.

We leave the following as an exercise: let E =Ry ,0 >0, u=60-1(t > 0)dt. Let M be a PRM(p), let
To =0, (T, — Thm1)n>1 be iid ~ Exp(0). Set

iT<t

Then, (Ny, ¢ > 0) < (M([0,t]),t > 0).

Theorem 11.6. Let M be a Poisson random measure with intensity p. Let f € LY (u) and define
/f M (dy). Then M(f) € L' (u) and

1= [ fwm

Fix f: E — Ry measurable. Then for all u > 0,

E [e—uM(f):| — exp (/ (efuf(y) — 1)ﬂ(dy)) (Campbell’s formula)
E

Proof. The first part follows from a standard approximation by simple functions argument and Dominated
Convergence. Let (Ey)nen C £* be such that p(E,) < co. Have

E [evMUAE)] = iE (7 MUAED |0 (B,) = K]

k=0 X
.e—u(En) p(En)
ko

k
Now, given M (E,) =k, M = Z 0x, with (X3,---, X)) independent and each ~ pu|g, , hence
i=1
0o k k
E [e-vi0aE)] =y </ euf(r)“(dz))  o—nlBn) H(En)
k=0 E, M(En) k!

by independence and conclude with monotone convergence.
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