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Following the lecture notes and [1], let X; be a n-dimensional It6 process. That is,
dXt = b(t,Xt)dt'FU(t,Xt)th, XO =X,

where b(-,-) : [0,T] x R" - R" and o(-,-) : [0,T] x R" — R™", measurable vector
and matrix valued functions respectlvely In lectures, we have seen that the multi-
dimensional It6 formula for the transformation V (t,x) € C1?([0,T],R") is

n n 2y
dV(t,Xt):aa—‘:dH %dxi ; aaa dX; - dX; (1)
i=1 ! i,j=1

where dX; - dX; is computed using the convention dW; - dW; = o;;dt,dt - dW; =
0,dt-dt =0, where W,,i = 1,...,m are the components of an m-dimensional Brown-
ian motion.

Problems

Question 1
Part (i)
Let X, solve the It6 SDE
dX;=(m-Xy)dt+odW;,, Xy=x (2)

Find a closed form for X,.

Part (ii)

CSuppose x is deterministic. Compute the mean and variance of X;.

Part (iii)

Compute the second moment of X; for more general initial conditions X, indepen-
dent of the Brownian motion W, driving 11.

Part (iv)

Find the law of X; and compute asymptotically the weak limit of the law of X; as
t — oo.




Question 2

Part (a)

ai)

Find the generator of the Fokker-Planck equation corresponding to the linear SDE
dXt - b(Xt)dt+G(Xt)th, XO =X (3)

where b(X;) = uX; and o(X;) = 0 X;.

aii)

Consider for n > 1,n € N, M = (X;)", where X; is a solution to (12). Compute the
n—th moment [E[X/'].

aiii)

Suppose that for all t > 0, X; > 0 a.s. where the process X; solves SDE (12). By
considering the SDE satisfied by the process consider g(t, X;) = log(X;) € C?, find a
closed form expression for X;.

aiv)
Consider the Stratonovich interpretation of (12), namely
dXt = ’uXtdt+(7XtOth. (4)

Obtain the equivalent It6 SDE corresponding to 13 .

Part (b)

Consider the SDE:
dXt :f(t)Xtdt+h(t)Xtth, XO =X

for f,h continuous. By considering the SDE that the process V(X;, t) = log(X;) find a
closed form expression for X;.

Part(c)

Suppose X; solves the SDE
dXt - b(Xt)dt + Xi’dWi’

Find the transformed SDE that log(X;) satisfies.




Part (d)

Suppose now that X; is a solution to

1 n
C+§;0[j

]

n
dx, = Xtdt+XtZadej(t)

=1

By considering the function V(x,t) = log(x), solve the SDE.

Question 3
Part (a)
Find a solution to the SDE
dX,=dt+ Zx/Zth,XO =0 a.s.

Part (b)

Suppose that X; is a solution to the SDE:

1
dX, = (Z —Xt)dt+ VXdW,, X =x.

Find a closed form expression for X;.

Question 4
Part (a)

Let Y;,Y, be:
Yi(t) =cos(Wy), Y,(t)=sin(W,),

where W; is a standard one-dimensional Brownian motion. Find a system of SDEs
satisfied by (Y7, Y).

Part (b)

Compute the generator for the SDE obtained in part (b).

Part (c)
Let X, solve the SDE

dX,(t) = -Xo(t)dW; - 1 X, (t)dt, X;(0)=1
dX,(t) = X (H)dW; — X, (t)dt,  X,(0)=0.

Find a closed form expression for (Xi, X,).




Question 5
Part (i)
We consider the Stratonovich SDE

dX;=f(X;)odW;, Xo=x (5)

where f is positive and differentiable. From lectures, this SDE is equivalent to the

following Itd6 SDE

aX, = Sf(X)f (X)dt + f(X)dW,

Now, using

|
h(x :J —dz
W=, 76
solve the SDE.

Part (ii)
Solve the SDE

1
dXt:_EXtdt+ ].—thdwt, X():xe[_]-;]-]l

Question 6

In this question, we consider the following system of SDEs:

dq; =pdt, qo=4q,
dp; = —qdt +z;dt, po=p, (6)
dz, = —z;dt —p,dt +V2dW,, zy~N(0,1)

part (i)

Find the generator of the above SDE (18).

Part (ii)

By considering a suitable transformation, show that g, p; satisfy the following SDE:

QU

“=h @)
=g | pe s E)
0




Define the process F(t) by
t
F(t)=zpe™ " + \/EJ e dw, (8)
0

Investigate the properties of F(t). (Compute its mean, auto-correlation function and
law).

Part (iii)
Is (g4, p+) @ Markov process? What about (g, p;, z;)?
Question 7

Part (i)

Suppose X; satisfies the SDE

dX, = f(Xy)dt + g(X,)dW, C))
and let fo) 1d
x) ldg
(x) @_EE( )

By considering the function V (t,x) = e/ for some 0 to be determined, show one
can pick 6 in such a way so that the SDE satisfied by V(t, X;) = 93¢ is linear in V.

Part (ii)

Consider the SDE
dX; = (AX; - X2)dt + X, dW, (10)

By considering the process Y, = V(t,x) = /3% for some 6 to be determined, using
the previous part find a linear SDE solved by Y;.




Solutions

Question 1
Part (i)
Let X, solve the Ito SDE
dX,=(m-X,)dt+cdW,, X,=x (11)
By considering the integrating factor e, we apply Itd’s lemma to Y, = ¢! X, to obtain

the following SDE for Y; = g(t, X;) with g(t,x) = ' - x € C*(IR?):

dg dg 10%g

Y. === —2dX —___°
aYi=5pdt+ 5,0%i+ 550
=Y, dt+e'dX,+0-(dX,-dX,).

Now, substituting in (11) for dX;, we obtain:

(dX;-dX;)

= Ytdt+€t[(m—Xt)dt+Oth]

= (Y, +e'(m—X,))dt + oce'dW, = e'mdt + oe' dW,

Removing the dependence on Y; on the right-hand side enables us to solve the above
simplified SDE to obtain:

t t
Y, = Yo+f metdt+af eSdW,
0 0

with Yy = ¢(0, X)) = (0, x) = x giving

t
X,=xet+m(l-e)+ GJ e S aw,
0

Part (ii)

Assuming x is deterministic, we compute the mean and variance of X;:

t
o J e =)y Wsl
0

by linearity. Since the first two terms above contain deterministic expressions and
the last is the expected value of an It6 integral (in particular, the It6 integral of a
smooth deterministic function), it has to mean zero. Thus,

E[X,;] = E[xe "]+ E[m(1l -e")]+E

E[X, ] =xe'+m(l-e ) =m+e ' (x—m)

Now, computing the second moment of X;:

E[X?]=E [(xe‘t +m(1 - e_t))z] +IB [2 (xe‘t +m(1 - e_t)) : Jt oe_(t_s)dwsl
0




+IE

t 2
(J ae_(t_s)dws) }
0

t
= (xe_t +m(1 - e_t))2+2(xe_t +m(1 - e_t))IElJ oe 4w, |+E
0

:IE[Xt]2+O+IElJ
0

where linearity of expectation, It0 Isometry and the mean zero property of Ito
integrals for sufficiently regular functions (i.e. progressively measurable and in
L?([0,t] x Q)) were used. Thus the variance is computed easily as:

¢ 2
(J ae_(t_s)dws) ]
0

t

(726_2“_5)515]

Var[X,] = E[X?] - E[X,]?

t
= lf 026_2(t_5)dsl
0

t t 52
= f o2e 29 = e_th ole®ds = —(1-e?")
0 0 2

Part (iii)
By part (ii), the equation for the second moment is:

02
E[XP) = Z-(1-¢ %) + E[X, P

o? 5 2
= 7(1 —e )+ (IE[XO]e_t +m(1 - e_t))
here we allow for the case that X, is random, but independent of the Brownian

motion W; driving (11)

Part (iv)

We first note that X, is a Gaussian process since for all ¢, X, is the sum of a deter-
ministic part and an It6 integral of a deterministic function, which has a Gaussian
distribution. This follows as the integral above is defined as an L? limit of inte-
grals of simple functions, which palpably are Gaussian, being linear combinations of
independent Gaussians. This means that

o2
X, ~ N(m +ef(x- m),7(1 —e_Zt))

. : . 2 :
Asymptotically, as t — oo, the mean and variance visibly converge to m, 5. This
means that the first and second moments of X,, converge to the values above, yield-

ing the following convergence in distribution;

2
X, i./\/'(m,%).




Question 2
Part (a)

*ai)
The generator of the Fokker-Planck equation corresponding to this linear SDE

dXt = b(Xt)dt + G(Xt)th, XO =X (12)

where b(X;) = uX; and o(X;) = 0X,, is:
L) =V (-b(x) +3V (%)

with X(x) = o(x)o(x)T = o2x2. This simplifies to
d o? d?
N e

d 2 42
=~ (pe) + o (x2)

(x*))

;ilrll)sider forn>1,ne N, M = (X;)", where X, is a solution to (12). Applying Itd’s
formula to g,(t,x) = x" € C? gives:
AMP) = d((X,)") = X[ X, + n(n = D)XF2AX, - dX,)
Now, the last term being a product of two It differentials, we obtain
AdM]") = d((X,)") = nX! N (uX,dt + o X, dW,) + %n(n —1)X"(0%X?)dt

2
= nM(udt + cd W) + %n(n —1)M"dt

2
= (nny + %n(n - 1)Mf)dt +no M dW;

Thus, in integral form, the nth moments satisfy:

Mf:M{}+J‘

t 2 t
(nyM_f + %n(n - 1)M;1)ds + J‘ noMZI'dW;
0 0

where M = X = x". Now, taking expectations of both sides, we obtain
t 0,2 t
E[X{]=E[M/]=x"+E [Jo (nny + 711(11 - 1)M5”)dsl +E lfo noM;'dW;
using linearity of the expectation. Furthermore,

t 2
E[X{']=E[x]" + J E [n/qu + %n(n - 1)M5”l ds+0
0




where the expectation and the integration was exchanged, essentially an application
of Fubini’s Theorem and the last term vanishes as it is the expectation of an It
integral of the process M;', which is adapted to the filtration of Brownian motion
and is progressively measurable. Now, the above further simplifies to

E[X}] =E[x]" + J;t nulE[X!]+ %271(;1 - 1)E[X[]ds

Differentiating both sides now gives,

(72
LX) = (s Gt = 1) BIXE), ELX]) = B[

Solving this ODE gives
2
E[X!"] = E[x"]exp l(ny + %n(n - 1)) tl

*aiii) Suppose that X; solves (12) and consider g(t, X;) = log(X,) € C?, i.e. the natu-
ral logarithm of the process X;. We now apply It6’s lemma to obtain:
10%¢

0 0
d(log(X,) = dg(t, X;) = 22 dt + 284X, + 555

at ax (dXt 'dXt)

~ L uxdt+ox dW)—"—2x2dt—( —G—z)dt+adW
—Xtﬂt ttZtht_.uz t
The above is now a linear SDE with constant coefficients which can readily be solved
(by inspection) to give:
2
log(X;) =log(Xy) + (,u - %) t+oW;

Thus, exponentiating both sides finally gives the solution to (12):
2

X = Xpexp l([/l— %)t+ ath

o2
= xexp l(]/l— 7)t+ ath
*aiv)

We now consider the Stratonovich interpretation of (12), namely
dXt:’/lXtdt+GXtOth, (13)
From lectures, we apply the Stratonovich correction
1 d
(E(Ux)%(ﬁx)) (Xt)

to obtain the following equivalent Ito SDE:

2
X, = (,u+ %)Xtdt +oX,dW,

This is the same SDE as (12), except with the change of y — ( U+ %2) in the drift
term.

9



Part (b)
The SDE:
dXt :f(t)Xtdt+h(t)Xtth, XO =X

for f,h continuous can similarly be solved by applying It0 ’s lemma to the function
V(x,t) =log(x). The SDE that the process V(X;,t) = log(X;) solves is given by:

d(log(X,)) =dV(t,X,) = Z&x +o Z o ax ———dX;-dX;
1 ij=1 1

whence
1 H2(t)
d(log(X;)) = y(f(t)xtdf +h(t) X dWy) - —

t t

=(f<t>—@)dt +h()AW,

which in integral form becomes

X2dt

t 2 t
log(X;) = log(Xo) +f0 ( Fls)-" 2(5))015 +L h(s)dW,

and exponentiating both sides gives

t 2 t
X, = X, eprO (f(s) _h 2(5))515 +JO h(s)dWsl
t 2 t
— x-exp UO (f(s) _h 2(5))ds +JO h(s)dWsl

Suppose X, solves the SDE

Part(c)

dXt = b(Xt)dt + Xtth

Again, we consider the twice-continuously differentiable transformation log(X;). Us-
ing Itd’s lemma, the transformed SDE for log(X;) now becomes:

1 1
d(log(X,)) = Z(b(Xt)dt + X, dW,) - Edet
t

_(b(Xy) 1
_( X, 2)dt+th.

Now, relabelling the process Y; = log(X;), we obtain:
1
dy, = (e‘yfb(eyf) _ E)dt+ dw.,.

The above being an SDE with additive noise as required.

10



Part (d)

Suppose now that X; is a solution to

1 n
C+§ZOZ]'

=1

Xtdt+XtZadej(t)
j=1

dXt =

Applying It6 ’s lemma to the function V(x,t) = log(x). The SDE that the process
V(X t) = log(X;) solves is given by:

d(log(X,)) = dV(t,X,) = Z SdXit 5 Z P ax ———dX; - dX;
1 l]— 1

yielding
1 1
d(log(X;)) = —dX, — —(dX,;-dX
(log(X;)) X, t 2Xt2( t t)

Using the convention dW; -dW; = 6;;dt,dt-dW; = 0,dt-dt = 0, where W;,i =1,...,n
are the components of an n-dimensional Brownian motion, d X, - dX; becomes:

n
dX,-dX, = X> Zajzdt
j=1

The convention can be justified since

(S
ol

E[(dt-dW;)?]2 = dt

which can be ignored when considering first-order terms in dt. Hence,

c+2Za ]dt+Za dW;(t Zazdt

n

=cdt+ ) a;dW(t)

j=1

d(log(X;)) =

an SDE with additive noise. In integral form, this yields:

n

log(X,) = log(X,) + ct + Za]- Wi(1)
j=1

Thus, the solution to the SDE is

X; =Xp-exp [ct + Za]-W]-(t)]

=Xx-exp [ct + Za]-W]-(t)}.

j=1
as Yy = 1/(Xo) = /(%)

11



Question 3

Part (a)

Applying It6 ’s lemma (1) to the smooth transformation X, = x> of W,, a standard
one-dimensional Brownian motion, gives

dX; = 2WdW; + 5 Loa

and also observe that X, = W¢ = 0 almost surely as Wt is a Brownian motion. Thus,
X; indeed solves the SDE in question.

Part (b)

Suppose that X; is a solution to the SDE:

dX, = (% —Xt)dt+ VXidW,,  Xo=x.

Consider the twice- contlnuously differentiable transformation Y, = v/X;, from It6 ’s
lemma (1) with V(t,x) = v/x, the process Y; satisfies the SDE

av 1d%v

dY, = = dX,+ 5 (dX, - dX,)
‘;V(t X,)dX, + ;‘;2 (t, X)X, dt
2\}_[(1_Xt)dt+\/_dwt]+%(—4(;)3 X, dt
:—2\}2Xtdt+%dwt

1 1
= _—Ytdt+ —th
2 2

This SDE, can be by applying It6 ’s lemma to the process Z; = eéYt, i.e. using (1)
with V(t,y) = e%y yields the SDE

174 vV 1a2v

(£, Y)dY; + - —=—(t, V) (dY;-dY;)

I t I tf 1 1
:EezYtdt+e2dYt:EeZYtdt+ez(—§Ytdt+§th)
1

2
= %th

12



In integral form, this becomes

t S

t 3 5
%dWs

t ez
eZYt:Zt:ZO+J _dWS:Y0+J
0 2 0

Thus,

t _(tz_s) 2
X, =Y2= [\/Ze—é +j erWS] .
0

Question 4
Part (a)
By definition, Y;, Y, are:
Y1 (t) = Reh(Wy),  Yo(t) = Imh(W;),

where h(x) = ¢’*. Now, Itd ’s lemma (1), applied to V;(t,x) = Reh(x) and V,(t,x) =
Tmh(x) gives

2
Yy (1) = dVy(t, W) = D0(t, W,)dt + 2 (t, W,)d W, + %aasz; (t, W,)(dW, - dW,)
dY,(t) = dVy(t, Wy) = Z2(t, Wy)dt + S2(t, W) d W, + LS 2 (8, W) (d W, - d W)

which further simplifies to

dY|(t) = =Y (t)dW, - 3Y (t)dt, Y1(0) = Reh(Wy) = Reh(0) = 1 (14)
dY,(t) = Y| (t)dW,; — $Y,(t)dt, Y,(0) = Imh(W,) = Imh(0) =0
by virtue of the fact that
dh(x) . d*h(x) _
e ih(x), F R h(x)
yielding
dReh(W;) d*Reh(W;)
and T o’
dImh(W,) d-Imh(W;)
I = Reh(Wy), 12 = —Imh(W,).
Part (b)
The above system can be written more compactly as

_[-53n _|-Ya(1) _|Y1(®) 1
i< o) el ol

13



The generator of the above SDE (18) is given by

L=by) V+ %E(y) : D?

1 9 1 9 & 92
BTRE A B e

where

5 — ool = [yi —ywzl
ny2 3-’1

Thus, the generator is

1 o 1 4 y2 9? 9° yl 0°
—5Y%1 — 50 —Y1¥2
2719y 2723y, " 2 ayom 919y, | 2 99299

Part (c)

Consider the processes X;(t) = V;(t, W;) = cos(W;), X5 (t) = Vo (t, W;) = sin(W;). Since
these processes are smooth transformations of the same standard Brownian motion,
td ’s lemma applies yielding the following system

dx, (1) = 2t Wt)dt+ ", W) AW, + %%VZ(,wt)(dwt-dwt)
X, (t) = DA (t, Wy)dt + 2 (t, W,)d W, + %yxv(,wt)(dwt.dwt)
dX;(t) = =X(t)dW, — 5 X, (t)dt, (0)=1
dX,(t) = X, (H)dW; — £ X, (t)dt, X;_(O):O

which is the same SDE as (14). Since the above system is a lienar SDE satisfying the
conditions
b(x)|+lo(x)| < (1+]x), xeR?

and the initial condition p is deterministic implying boundedness of its second mo-
ment, by the Existence and Uniqueness theorem for SDE’s,

_ [cos(Wy)| _
X = [sin(W:)] =Y

for all ¢+ almost surely. Thus,
Yi(t) =cos(W;), Yy(t)=sin(W;)

for all ¢+ almost surely.

14



Question 5

Part (i)

We consider the Stratonovich SDE

dX;=f(X;)odW,, Xg=x (16)
where f is positive and differentiable. From lectures, this SDE is equivalent to the
following Itd6 SDE

aX, = Sf(X)f (X)dt + f(X)dW,

Y1
h(x) = J; mdz

which is well-defined by the positivity of f(x). Also, by the fundamental theorem of
calculus, and the differentiability of f, g(t,x) is twice differentiable. Applying It6 ’s
lemma (1) with V(t,x) = h(x) gives

Now, define

dh 1d%h
dh(Xt) = ﬁdXt + Eﬁ(dXt . dXt)

dh (1 , 1d%h ,
L SFXOF (Xde+ FR)AW, )+ 555 F(X s
But, by the Fundamental theorem of calculus, we have

dh 1 d’h _ f'(x)
dx ~ f(x)" Tdx2 T fix)

Thus,
_ (L / _ )
Ah0%) = 55 (30 XA+ (X)W, )= s 2 (X
_ (%f’(Xt)dt+th)— f,éx)dt —dW,

This yields that h(X;) = h(Xy) + W; = h(x) + W;. Since f(x) is positive, it follows that
dh

% > 0, meaning h(x) is both strictly increasing and differentiable, hence invertible.
This allows us to express X; as

Xy = h (h(Xy)) = B (h(x) + W),

Part (ii)
Now, to solve the SDE

1
dXt:—EXth 1-X2dW, Xy=xel[-1,1],

15




we notice that it is equivalent to the Stratonovich SDE (16) with f(x) = V1 —x?2,
which is non-negative and differentiable, since the drift term

1
_X,dt
2

is precisely the Stratonovich correction term

1 )
S/ (X0f /(X
with f as above. Thus, by part (i), the solution to the above SDE is given by
X, =h7' (h(x) + W)

where

| R | )
h(x) = J; mdz = J; - _szz = arcsin(x)

X, = b Y (h(x) + W,) = sin(arcsin(x) + W,).

Finally giving

Question 6
In this question, we consider the following system of SDE:s:
dq; = pidt, o =4,

dpt = _Qtdt + tht, pO = p, (17)
dz, = —z,dt —p,dt +V2dW,, zy~N(0,1)

part (i)

The above system can be written more compactly as

where
X 0 q:
b(x): —X1 tX31, O’(X): 01, Xt: Dt
—X3 = X3 V2 Zt

The generator of the above SDE (18) is given by

L=b(x)-V+ %E(x) : D?

0 1% 9?
— x4+ (— — 4 Yoo~
xzaxl +(=x1 +x3)8x2 (x3 +x2)8x3 + 5 = i Jx;0%;

16



where

Thus, the generator is

d d 0?

L= Xza—xl + (—Xl +X3)a—x2 —(X3 +X2)a—x3 + m

Part (ii)

Define the function g(t,x) = e’x3. Now, applying It6 ’s lemma (1) to g(t,X,) gives:

P
dg(t,X,) = a—f(t,xt)dt +Lg(t, X,)dt+(Vg(t,X,), o(X,)dW,)

= g(t,Xt)dt — (Zt +pt)etdf + \/Eetth
= —ptetdt + \/Eetth

In integral form, this reads

t t
g(t,X;) :g(O,XO)—f psesds+\/§f e’ dW;
0 0

or equivalently,
t t
2 =20 — f pee " ds + \/EJ e =dw,
0 0

In view of the above, we obtain the following for g;, p; in (17):

dq: _
at — Pt t 19)
Bq- | p s

where the process F(t) is given by
F(t)=zge T+ V2 f e =9 aw, (20)
0
We now investigate the properties of F(t). First, we see that it is mean zero, as
E[F(t)] = E[zpe ']+ E [\/EJ: e_(t_s)dWSl =0

by linearity of expectation and that z; ~ A/(0, 1) and the second term is an It6 integral
of a smooth deterministic function (is adapted and measurable). To compute the
auto-correlation function, we use It6 ’s isometry to obtain

E[F(s)F(t)] = E [(zoe_t +V2 f e‘(t‘s)dWS) (zoe_s +V2 JS e—“—”dw,)]
0 0

17



t S
=E[z3]e ) +2-E [J e aw, J e_(s_”)dwvl
0 0

where the independence of z, from W, allowed us to factorise the cross terms and
use the mean zero property of the It6 integral. Without loss of generality, let ¢ > s.
Now, we compute the second term:

t S S S
IEU e_(t_”)dwuj e_(s_”)dwvl :IEU e—“—”uwuf e‘“‘”dwvl
0 0 0 0
t S
+1EU e_(t_”)dwuf e“s—”dwv]
s 0

s s
- [j e—(s+t)62udul — e—(s+t)J- 2 dy = le—(s+t) (825 _ 1) — l (e(s—t) _ 6_(S+t)).
0 0 2 2

By an extension of the It6 isometry to products of progressively measurable and
square-integrable functions. The second term vanishes since the simple approxima-
tions to the integrals (of deterministic functions)

t S
I, = J 6_(t_”)qu, I, = J e—(s—v)dwv
s 0

involve sums of increments of the Brownian motion W, over intervals of disjoint
interiors. Thus, by independence all terms vanish when taking the expectation of
the product

0 =E[l,[5,] = E[I,],]

where I,,,1,, — 1,1, respectively in L?(IP), are integrals of simple approximations
to the integrands. Thus,

]E[F(S)F(t)] — e—(s+t) n (e(s—t) _ e—(s+t)) — e(s—t) — e—|t—s|

as we assumed ¢ > s. By symmetry, the case for ¢t < s is nearly identical, and we
obtain that the auto-correlation function is

E[F(s)F(t)] = e

as required. Note from (20) that the process F(t) as defined is a Gaussian pro-
cess, being a sum of the It0 integral of a deterministic function and the normal
random variable zye™ that is independent of the Brownian motion defining the inte-
gral (Gaussian random variables are closed under L?(IP) limits). This is because the
sum of two independent Gaussians is a Gaussian random variable.

Stationarity now follows because the auto-correlation function and the mean of the
process being always zero, both only depend on |s — ¢,

the relative separation in time and the fact that the auto-correlation function and
the mean are sufficient to determine finite dimensional joint distributions since F(t)
is a Gaussian process.
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Part (iii)

By inspection of the system derived for the process (q;, p;) (19), we notice that the
derivative of p; depends on the entire history of p,,s <t in a non-trivial way. Hence,
we conclude that (g;, p;) is not a Markov process [2].

However, we note that the system (17) is a linear sde with constant coefficients,
additive noise and only depends on the present state of (g;, p;, z;). Thus, by a result
from lectures, it has a strong solution that is a Markov process.

Question 7
Part (i)
Suppose X; satisfies the SDE
dX; = f(Xp)dt + g(X;)d W, (21)
Let V(t,x) = e?B¥). Assuming V (¢, x) is sufficiently regular to apply It6 ’s lemma, we

have
A% 1 0%V

IV
ot 0x 2 9x?
= OB'(X;)e?PXd X, + ~ (QB"( e?PX) 1+ 02B(X,)?eP X)) (dX, - dX,)

AV (t, X,) = 2 (8, X)dt + Z2(t, X,)dX, + = (1, X,)(dX, - dX,)

= OB'(X,)e"PX(f(X,)dt + g(X,)dW,)

%(QBH( e GB(X”+GZB’(Xt)zeeB(xf))gz(Xt)dt
Now, we note that
, dB 1, d’B g'(x)
B(x)=—=— B’(x)= — = — .
R R R FElETPY

Substituting the above, we obtain:

dV(t,X,) = 9e93<xr>(gx ))

2

_ o)) (Xe) 1, 0 0B(X,)

—e O——— ——-0¢'(X;)+ —|dt + Oe dw,
(g(Xt) 508'(X;) 2) :

dt+dW, )+ (—9 g(Xp)e?BX) 1 208X 4

2
= PP (02(X,) + %)dt + 098X g,

where

Now, since
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we can rearrange and integrate both sides to obtain

az 0 A
ax @2 5

where A is some constant. We notice that this is a first order linear ODE and is
readily solved by multiplying both sides by the integrating factor

1
exp l@f %dsl =V(x)

which gives

d A 0 AdV
3 V()= EMV(X) =0 dx
(note 6 = 0), implying that
Z =2, B (22)
"otV

for constants A, B. Returning to the transformed SDE for V(t, X;) and substituting
for Z(X;):

2
dV(t,X;) = V(t,X)(A+ %QX) + %)dt +OV(t,X,)dW,
» L)t

2

- [BQ + V(XA + %)]dt +OV(t,X,)dW,

reducing the SDE (21) into a linear one as required.

Part (ii)
Now, we consider the SDE
dX; = (AX, - X2)dt + X,dW, (23)

Setting f(x) = Ax —x? and g(x) = x, Z(x) now becomes

_flx) ldg, 1
Z(X) = M - EE(X) = (/\— E)—X.
Now, we also compute 6(x):
d dz d
0 =~ 15 (0052 | = 5 -0 =1
dx

a constant. Also, we obtain the transformed process Y; = V (t, X;) = exp (6 B(X;)) with

B(x):
S| 1
R R g
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as
1
Yy = V(t,X;) = exp(0B(X;)) = exp (—log(x) = X,
We notice that Z(x) is of the desired form in (22) with A = (% - /\),B =-1,V(x)=1.
Thus, the discussion in the previous part applies, that the process Y; is the solution

to the linear SDE )

dy, = lBQ +Y,(A+ %)ldt +0Y,dW,
1
= [—B + Y (A+ E)] dt — Y, dW,.

=[1+Y,(1-A)]dt - v,dW,.
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