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Prerequisites Part II Analysis of PDEs
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« Gilbarg and Trudinger, Elliptic PDEs of 2" order, [GTGTT7]



o (Paper): L. Simon “Schauder estimates by scaling”, Calc. Var. PDE 5 (1997), pp. 391-407.

o (Old lecture notes): winterscompositeness.wordpress.com/lecture-notes/

Broader reading;:

¢ Folland “Introduction to PDEs”
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1 Introduction

We study 2°¢ order elliptic PDEs on (a domain in) R™, as e.g. arising from variational problems,
and ultimately, non-linear PDEs. But first, it is imperative to understand linear theory.

Setup: Consider for 2 C R™ open, bounded
F:OxRxR"—R (z,z,p) — F(x,z,p)

and consider the variational problem of extremising the functional:
Flu] = / F(z,u(z), Vu(z)) dz, u€S,
Q

where we adopt the notation 0 = D = V, assuming F is sufficiently regular and S a suitable
vector space of functions u : 2 — R, frequently

S=H'Q)={feL*Q):VfecL*Q)}
S=CQ), ac(0,1),

which we will encounter later.

Suppose now that u minimises F|[u] subject toE] u|pq = g for some given g : 9 — R. So for all
p eS8 Flu+ty] > Flu]. This means that

d
el to] =
dtt:o]:[u+ 0l =0
or J
— /F(x,u—l—t(p,Vu—i—thp) dz=0.
dt t=0JQ

Assuming enough regularity to exchange d/dt and [, get
/ (0.F (2, u, V) + divy (8, F) (2, u, Vau)) dz = 0. (1.1)
Q

To ensure the perturbed function u + tp has correct boundary conditions (BCs), we need
¢loa = 0. Integrating (1.1]) by parts yields

/Qcp(:z:) (0.F — 0;Dp, F) (z,u, Vu) de =0

Lthis tends to be needed for well-posedness.
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for all ¢ € § and so the Fundamental Lemma of Calc. of Var. gives
OF oF
= —0i(5-)=0 me,
0z (8Pi> 0 in

that is, the Euler-Lagrange eqns for F'(F), which can be re-written as

oOF O*F

A9, — 1.2
0z ! J“apiapj (12)

—a 2" order quasilinear PDE in u, which means the term in front of 9?u does not depend on 9?u.

More generally, consider the PDE

0; (aij(x,u, Vu)@?u —b(z,u, Vu)) =0. (1.3)

Definition 1.1. We say is elliptic in € if a;j(x, u, Vu) is a positive-definite matriz in
Q. In the case , this is then equivalent to “F is convex in p”.
Examples 1.2 (Dirichlet energy). When F(z,z,p) = |p|* one gets

Au=0. (1.4)

Ezxtremizers of are called harmonic functions.

Examples 1.3 (Minimal surfaces). When F(z,z,p) = \/1 + |[p|? (observe the interpretation
of the functional Flu] [@] ), one gets

Vu
v <\/1 ¥ \vu|2> =0 (05)

— the minimal surface equation.

Remark. Locally Vu = constant, so looks similar to , and so solutions have similar
local properties. But the existence theory for is “trivial”, while the existence theory for
may fail. (Global properties are important!) For entire solutions (i.e. defined on all of R™), global
behaviour very different:

Theorem 1.4 (Liouville). Let u : R® — R, u € C?, Au = 0 and u is bounded, then
u = const.

Theorem 1.5 (Bernstein). The only entire solutions to in R™ are planar (u is linear)
& n<T.



1.1 Harmonic Functions
1.2 Basic Properties

Let © C R™ be a domain (open and connected).

Definition 1.6. A function u € C*(Q) is harmonic if Au = 0, subharmonic if Au > 0,
superharmonic if Au <0 in (.

Write B,(y) = {z : |z — y| < p}.

Theorem 1.7 (Mean Value Property (MVP)). If u € C?(Q) is subharmonic and B,(y) C €,

then 1
u(y) < / u(x) de, w, = |B1(0 1.5
(y) o 5,0 (2) n = [B1(0)] (1.5)
i.e.,
1
U < —/ u(z) dz. 1.6
W) S st o ) (16)

If u is superharmonic, then the inequalities are reversed. Finally, if u is harmonic, then we
have equality.

Proof. Let u € C%() be subharmonic. Then, we have

0< / Au dx
By (y)

IBP / Vu-v do, v =outward unit normal
9By (y)

T=y+pv
Al Vu-pdo
Sn—1

_ /Sn_l aap (u(y + pv)) do .

This is true for all p > 0
0
< —
0< 9p /SW1 u(y + pv) do

i.e. the map p+— [gn_1u(y + pv) do is increasing. Hence, for 0 < p <r

/ u(y + pv) do < / u(y +rv) do.
Sn—1 Sn—1
By continuity, taking p — 0 gives
nwpu(y) < / u(z) dz.
9By (y)

This gives (1.6]). To get (1.5), integrate in p. The superharmonic case is similar and the harmonic
case combines both. O

Remark. The MVP characterises harmonic functions [fé{] . Hint: can either proceed via a
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mollification argument for u € L}oc or if u € C° an alternative approach is to use the solvability of

the Dirichlet problem in balls by elementary means (i.e. using the Poisson kernel), while only
assuming the u satisfies the local MVP, that is for any point in the domain, there is a ball s.t. the
MVP holds on that ball.

Theorem 1.8 (Strong Maximum Principle). Suppose u € C?(2) is sub-harmonic on
(Au > 0), and suppose there exists yo € Q such that

u(yo) = supu.
oN

Then u = const.
Remark. If u is superharmonic, then same statement holds with “sup” — “inf” If u is
harmonic, both work.

Proof. Let M = supu < oo and let
Y={yeQ:uly) =M}

By assumption, X # () since yp € X, and X is closed as u is continuous. As 2 is connected, it
suffices to show that ¥ is open. Then ¥ = Q.
Pick y € ¥. By the MVP for p > 0 s.t. B,(y) C €, then

1
M =uly) < /. PORE
SO
1n/ (M —u(2)) dz < 0.
Wnp By(y)
But of course, M —u > 0, so must have u = M on B,(y). So ¥ is open. O

Here the SMP is easy given the MVP. For more general PDEs, this is not so, we prove a weaker
statement first.

Theorem 1.9 (Weak Maximum Principle (WMP)). Suppose Q@ C R™ is bounded and u €
C*Q)NC(Q). If u is subharmonic on ), then

Sup ¥ = sup u.
Q o2

Proof. Immediate from SMP: since ) is bounded and u € C(Q) = sup and inf are attained. By
the SMP, these are not attained in 2° (unless u = const). O

Remark. If u is superharmonic = replace “sup” with “inf”. If u harmonic, both hold.

The MVP states that u always an ‘average’ of itself. Suggests that u cannot vary too much.
Can we use this to relate sup and inf? It turns out we can.



Theorem 1.10 (Harnack’s Inequality). Suppose u € C?(Q),u > 0 and Au =0 in Q. Then
if ' C Q is any closed subdomain, we have

supu < C -infu
Q Q

for some C = C(V,Q) > 0.

Proof. First, choose y € ' and p > 0 s.t. By,(y) CC Q and pick z1,z2 € B,(y).

The MVP gives
1

wn p'!L

1 1
< u(w :7/ uZ/ U(), B C B (29) .
(z2) Wn(30)"™ JBs,(x2) Ba(y) on(3p)" 20(y) C Bap(w2)

Combining these gives

1
u@) = —— [ wde, By © Boly) = uw) < — [
Bp(z1) B2y(y)

Wpp™

w(z1) < 3"u(xe) Vri,x2 € By(y).

So Harnack holds locally in balls with constant independent of x1, x2,y as long as By,(y) C 2.
Now, choose x1,29 € ' C Q, s.t.

supu = u(xy), infu=u(zs).
o v

Then by path connectedness of ', there exists a path v € ' joining x; and x».

4p < dist(Q, 09) < dist(vy, Q)



Choose p > 0 s.t. 4p < dist(y,99). Now choose N = N(Q,Q) s.t. we can cover v by A balls
of radius p, v C U B,(vi), yi € .
Then apply the local result along each ball to get

u(wy) <3"-3"-- - 3"u(ze) < 3”Nu(:c2) :

Theorem 1.11 (Derivative Estimates). Suppose u € C?(Q) is harmonic in Q@ C R a
domain. Then if B,(y) C Q, then

C
[Vu(y)l < — sup |ul
aBP(y)
for some C = C(n).
Proof. Observe that for each i <i <n, Au =0 and so 0 = 9;(Au) = A(9;u) in Q. So for all 7,
O;u is harmonic. By the MVP,

1 1 1 d
Oiu(y) = n/ o;u = n/ Vu-é}zin/ u~fi-é}-—s
Wnp Bp(y) Wnp Bp(y) Wnp aBp(y) p

So

n n
|0iu(y)| < —— 7 sup \u|/ ds=— sup |ul.
Wnp 0By(y) P 8B,(y)

Remark. Can apply this result repeatedly to get that for ' C Q and any multi-index « s.t.
la] <k < oo, and u € C?TF(Q), Au =0 in Q, then

sup |0%u| < C - sup |u|
Q Q

for some C'= C(C(n),a,Q,Q) > 0. Thus, |0%|coqy < C - ulco
Also by the MVP for some y € B,(z) C Q
<c [
Q

Ql

1
sup [u(y)| = |u(z)| = ’|Bp(y)| - u(z)dz

7



i.e.
[0%ul|cory < C - |ulp g

Theorem 1.12 (Uniqueness of solutions to Dirichlet problem). Suppose that Q is bounded
and ui,us € C2(Q) N C(Q) and Au; = f in Q, uy = uz on Q. Then u; = uy on .

Proof. Set w = u; —us. Then Aw =0 in  and w = 0 on 9f.

By applying WMP, get w = 0 in 2. O
Remark. Can of course integrate by parts where last WMP won’t apply for non-divergence form
equations.

Lecture 3 Last time, recall we showed that for Q' C Q

sup |0%| < C / lul .
o )

Theorem 1.13 (Liouville’s Theorem for Harmonic Functions). Let u € C*°(R™) be harmonic
on R™ and suppose u grows sub-linearly at oo, then u = const.

Remark. “Growing sublinearly” means

lu(z)] <C-(1+1z|*), aec(0,1).

Proof. From derivative estimates (Thm [1.11]) we know that for all y € R™
C
[Vu(y)] < — sup |ul.
By(y)

Plugging in the growth assumption gives

C C

[Vu(y)] < — sup |u] < —(1+ (p+|y])*).
By(y) p

Finally, taking p — oo gives Vu(y) = 0, but y was arbitrary, so we are done. O

1.3 Existence Theory for Harmonic Functions

Classical problem: solve the Dirichlet problem for the Laplacian on € bounded and
¢ : 2 — R continuous,

we wish to find u € C°°(Q) N C°(Q) such that

Au=0 1in Q
u=¢ on 0f)

We will assume for simplicity that 09 is smooth and ¢ € C*(Q, R).

Methods to solve the problem:




(I) Hilbert Space Method: Use the Riesz representation theorem to get u € H'(£2). Then
deal with regularity afterwards. Relies on the equation being linear (cf. Analysis of PDE).

(IT) Direct Method of Calculus of Variations: Rephrase Au = 0 as a variational problem
(i.e. the Euler-Lagrange equation of [ |Vu|?), and prove existence using the functional.

(IIT) Perron’s Method: Use the fact that solvability in balls implies solvability in more general
domains. More later. Based on maximum principles.

Remark. In all cases we obtain a reqular solution first, and improve reqularity later.
Let us look at (II) in detail. Define
c={weH'(Q):w-peHQ)}

i.e. H' functions which agree with ¢ on the boundary. Check ¢ € £, so £ # (. Set

E[u]:/ V2
Q
and define
= inf Bfuw].
f= Bl

By definition of inf, there exists (w;) C L s.t.
J—0

E[wj] — ,3

We want to extract a convergent subsequence and show that its limit is a solution. Clearly for j
large

/|ij\2§ﬁ+1.
Q

Since w; — ¢ € H§ (), by the Poincaré inequality,
[ =P <c- [ 1V, - o)
Q Q

= [ wjl? < C(@0.8) < .
Q

Indeed,
wj — @lF2(q) < C'IV(wj = ¢)|72(0) < C(Q 9, 8) < o0
|wj|2 - 2<wj790>L2(Q) < 0(97907/6)
1
= |wj|72(0) < Cle, 2, B) +elwy|7 + g!w\%2
= |wjl72i) < Cle, 2. 8).
Indeed,

wj — |72y < OV (wj = 9)|F2(q) < C(Q 9, 8) < oo

|wj|* = 2(w;, 0) 120y < C(Q, 0, B)

9



1
= \wj|%2(9) < C(tp, Q, B) + e\wjliz + g|§0‘%2

= |wjl72i) < Cle, 2, 8).
So we have ‘wj@ll(ﬁ) < C for j large, so by Banach—Alaoglu
wj —w in HY(Q)
and by Rellich-Kondrachov (see below)
wj, = w in LP(§2)

for some w € H(Q).

Theorem 1.14 (Rellich-Kondrachov). Let Q C R" be a bounded domain, 1 <p <n
WhP(Q) < LP"(Q) and Wol’p(Q) CC LI(Q) forl<gqg<p",
where p* = %. When p = 2,

2n
Pt = >2=p iffn>2.
n—2

I Proof. Omitted, see the book of Evans, [Eva22]. O

Hence for all v € H'(£2) we have

/ij-Vv%/Vw-Vv.
Q Q

Also, it is clear that w; — ¢ — w — ¢ in H(Q) as ¢ is smooth. But w; — ¢ € H}(Q) and H}(Q)
is norm-closed, hence weakly closed. This follows from Hahn—Banach for any convex subset of a
Banach space. For completeness, see the lemma below.

Lemma 1.15 (Mazur). X a Banach space. Then if C C X a convex subset then
C is norm closed <= C' is weakly closed.
Proof. <—: [/] .

= : We show X \ C' is weakly open. Let x € X \ C. By Hahn—Banach separation, there exists
f such that f(x) = e and f(z) < a for all z € C. Then

x € {ZEX f(z) —al < ;]f(w)|} C X \ C is weakly open.

O]

Hence w € H*(Q) i.e. w € L. Finally since €[] is sequentially weakly lower semicontinuous in
H(Q), we have:
Elw] < liminf Elw;, | = B

k—o0

10



so E[w] = B. €[] is sequentially weakly lower semi-continuous means for all u; — u in H(€2),
Elu] < liminf; o E[u;]. To see this, note

/Duj~Dv—>/Du-Dv
Q Q
so with v =u
/Duj-Du—>/ | Dul?
Q Q

E[u] = lim / Du; - Du = lim‘inf/ Du; - Du < lim inf E[u;]*/2€[u]'/?
Q J Q

Jj—00

SO

We have found a global min w, i.e.
Yo € HY(Q),u+tve L, Ew+tv] > Ew]
i.e. the derivative of E[w + tv] at ¢ = 0 vanishes.

Elw+ty] - &
t

f(t) = Ew + tv] = lim [l :2/Dw-Dv Vo € HY ().
t—0 Q

This is the weak formulation of Au = 0.

Next time: regularity theory (even if solutions of Au = 0 are smooth).
Lecture 4

1.4 Interior Regularity

We wish to prove more regularity for the weak solution. A key result in this direction is the
following.

Theorem 1.16 (Weyl’s Lemma). Weakly harmonic functions are smooth. That is, for
Q C R" open and u € L},.(Q), if

/ wAv=0 YueC®(Q)
Q
then u € C*°(Q) and Au = 0.

Proof. Mollify u: take ¢ € C2°(R™) such that ¢ =0 in R"\ B.(0), ¢ >0

R"™

Figure 1: empty image

11



and

/ p=1.

w.l.o.g. take ¢ to be radially symmetric. For e > 0 put

ple) = —¢ (%)

/ e = 1.
R

ue(r) = (pe * u)(x).

Then ¢, € C°(B(0)), . > 0 and

This is the “standard mollifier”. Define

Then this is well-defined for x € Q== {x € Q : dist(x,0Q) > €} (u only defined in £2). Then wu,
is smooth in Q¢ and ue — u in L] (). [Eval8, Theorem 4.1] and also Au, = 0 give

(96;“6(“:) - /QU(y);xisoe(af —y)dy =~ /Q u(y) ai,- pe(z —y) dy

= Auw) = [ ulp)Aypela—y) dy =0,

By a priori derivative estimates for harmonic functions, for Q' cc €,

sup | Du <C [ Ju
o QL co

for some €; = €;(Q2) small, where
QL :=Q U{r e Q:dist(z,00) < e1}.

But u. — u in L (€2), so for small enough e,

[, = ([, 1)

€1 €1

sup|D%u| < C (/ Jul +1>
Q/ Q7

€1

Hence

i.e. D%u, uniformly bounded in L (). Hence (as bounded derivatives = equicontinuous) by
Arzela—Ascoli

Iej)in C () st Fi € C(Q) st ue, — @ in CH(Q) Vk eN.

Hence
At = lim Aue; = 0 in ©

as Q' was arbitrary. But also ue — u a.e. in Q (properties of mollification) = u = @ a.e. O

Remark. We do not say anything about boundary reqularity. But it is possible to get at least

12



u € C>®(Q).
Let’s now improve our C*°(Q2) by also establishing continuity up to the boundary.
Theorem 1.17 (Existence and Uniqueness for the Dirichlet Problem with C%(0Q) data).
Suppose Q is bounded with sufficiently regular (*) boundary 0. Then for any ¢ € C°(09),

there exists
Au=0 inQ

u € C®(Q)NCY°Q)  solving
u=¢ ondf.

Remark. We might have [, |Vu|*> = oo for this solution.

Proof. Choose a sequence (¢y), C C°(R") s.t. ¢, — ¢ on 0N uniformly. Then we know there
exists u, € C®(Q) N C%Q) s.t.

Aup, =0, u, =, on 0.
Then for all n,m € N,
Aup —Up) =010 Q, Uy — Uy = ©n — ©m on IS
By the WHP,

SUp |Upn, — U | < SUP Uy, — U | =sup|en —om| -0 asn,m — oco.
a a9 99

So (un)n is Cauchy in C°(Q). By completeness of C°(Q), there exists u € C°(Q) s.t. u, — u
uniformly on . In particular, u = ¢ on 0.

Furthermore, by the derivative estimates for (u, ), also converges in C*(Q) V€ C Q so u €
C*(Q) and Au = 0. O

Remark. If 052 is C2, then (*) is satisfied, [fé{] . More generally, enough to have exterior
sphere condition:

By(y)

z

Figure 2: Exterior sphere condition: B,(y) N = {z}

There exist bounded domains in which this fails (and the conclusion of the Thm fails), e.g.
when 02 has a cusp.

13



Figure 3: A domain 2 with an upward-opening concave cusp on the boundary

Having established the basic theory and properties of Harmonic functions, we turn out
attention to more general 2" order elliptic ddifferential operators.

2 General 2" Order Elliptic Operators

From now on, write
Lu = a”D?ju + b'0;u + cu.

Work on ©Q C R" open and u € C%(Q), with a¥,b?,c: @ — R and consider the Dirichlet problem
{Lu =f inQ
u=¢ on Jf)
for given f:Q — R and ¢ : 92 — R. If we can write L in divergence form,
Lu = 9;(a"” 9ju) + b'Ou + cu,

then one can use Hilbert space theory. If not, we have to use Schauder theory. The main idea is
to deform L into A using a series of rescalings (does not involve Sobolev spaces)! Since
u € C%(Q), let’s assume a¥/ = a’*.

Definition 2.1. (1) L is elliptic in Q if the matriz a¥(z) is positive definite in 2. That
18,

0 < A@)I¢]* < a¥(2)6i; < A@)Igl* Ve € R™\ {0},
where \(x) = min. eigenvalue of a”(x), A(z) = max.
(II) L is strictly elliptic in Q if there exists \g > 0 s.t. AN(z) > o for all x € Q.

(III) L is uniformly elliptic in Q if L is elliptic and A(zx) is uniformly bounded in ).
Remark. uniform ellipticity does not necessarily imply strict ellipticity.

Examples 2.2. Minimal Surface Equation

Du
V| ——| =0
(x/l—i- |Du2>

DiuDju 1

" 1+[Dul’ 1+ |DufP

i.e.

a” = 5@']‘

1s elliptic, but not uniformly.

14



Lecture 5 Goal: to obtain existence and regularity results for general 2°4 order elliptic operators with
a’ bt c € C%¥(£). Note we do not exploit (yet) any divergence structure for L (a%,c € C1).

2.1 Basic Properties

Theorem 2.3 (Weak Maximum Principle). Suppose that L is elliptic and that

i

sup < 00.

Q

Suppose Q is bounded, open and u € C*(Q)NC°(Q) satisfies Lu > 0 (i.e. u is a subsolution)
then

1. If ¢ =0, then supg u = supyq U.

2. If ¢ <0, then supq u < supyq u™ where u™ := max(u, 0).

Remark. The assumption that ¢ <0 in Q is crucial: e.g., n=1, Q= (0,7), v’ +u =0,
u(x) =sinx, with c =1,

supu =1, supu=0.
oN

Orn=1,Q=(0,2m)%, Lu+2u =0, u(z,y) = sin(x)sin(y). Here also u|pg = 0.

Proof. (1) (¢ =0). If Lu > 0 in Q, then in fact SMP holds. Indeed, if xg € Q is a local max,
then

Du(zg) =0 and 0;0ju(zg) < 0.
Since a¥(zo) > 0, have a*9;0;u(zo) < 0 = Tr(A - V?u(xg)) < 0. To see this briefly, diagonalise
both to see that

| A ()] <o
~~

=0 <0

Hence - '
0 < Lu(xzg) = a“D?ju(xo) + b Oiu(zo) <0 .

More generally, if Lu > 0, consider v(z) = €7*! for some 7.0 to be chosen (or more generally
any index i, here w.l.o.g. taken to be ¢ = 1, for which sup ’%’ < 00). We thus have
Ov=~e""1 Jw=0 Vi#£l,
Mo =21, 9i0jv =0 Vi#j.
Then
Ly — 1%t (a1172 + blv) — ('yZaH +7b1)

bl
= A" (72 + /\'y> > 0 in Q by choosing v large.

Since Lu > 0 = L(u+ev) >0 Ve > 0. Applying the first case, have

u(z) < sup(u + ev) < supu + esupv
o0 o0 o

15



< supu + esupw.
a0 9)

Take ¢ — 0 to get u(x) < supgqg u. True for all z, so supg u < supyq u. The inequality

supu < supu
o0 9)

is trivial. (2) (¢ <0).

Define - ‘
Lou = a”DZ-qu + b*0;u,

and set @

QOF = {x € Q:ulx) > 0}.

Since cu < 0,

Lou=Lu—cu>0onQ".

Note: if Q7 = (), then u < 0 on Q and so u™ = 0, so conclusion is trivial. w.l.o.g. assume
QF # (. Then 9QT N OQ # O and there exists zg € IQT N Q such that u(xg) = 0. (If not, then
00T NQ =0, then

o0t c Ot cQ,

S0
IOt C O\ QF, so ulgo+ < 0. But this contradicts (1) for Ly on QF.) Hence

supu =supu = supu’ < suput, as QT £,
Q Qt ont ont

<suput as points on 90T are either in Q° or .

o0
O]
Some corollaries
Corollary 2.4. Let Q be bounded, open and 2 € C*(Q). Suppose L is elliptic and
bi
sup |—| < oo, ¢<0 in .
Q | A
Then
(1) If Lu < 0 and then u > infsq u = min(u, 0),
(2) If Lu = 0, then sup |u| = supyq |ul.
I Proof. [féﬂ . O

16



Corollary 2.5. Let L as above. Suppose
u,v € C?(Q)NC(Q) satisfy Lu >0, Lv=0, Lw<O0.
Then
(i) If u < v on 99, then u < v on .

(ii) If v < w on 0N, then v < w on Q.

I Proof. [f@ﬂ .

We want to work towards a SMP. This is achieved by the following geometric lemma.

Theorem 2.6 (Hopf Boundary Point Lemma). Let  C R™ be open, C', y € 0Q. Suppose
further that 02 satisfies the interior sphere condition at y: there exist R > 0,z € )
5.t.By(2) C Q, y € 0B,(2). Let L be uniformly elliptic in 2 with

sup |b*| + sup |¢| < oo.
Q Q

Suppose u € C%(Q) N CY(QU {y}) and satisfies u(y) > u(z) Vo € Q, Lu >0 in .

Finally, assume one of the following:
(i) ¢ =0 inQ,
(i) ¢ <0 on Q and Dyu(y) > 0,
(7ii) Dyu(y) =0 (and no assumption on c).

Then 5
ai:(y) < 0 if it exists, where

v is the outward unit normal at y to 0B,(z).

Remark. %(y) > 0 is given by the WMP.

Proof. Let A = Bgr(z) \ By(z) for some 0 < r < R.
Cases (i)/(ii): on A consider

’U(Jj) = €7Q|I*Z|2’ e*OZRQ
Oiv(x) = —2a(x; — ,Zi)ffo“"’““’z‘2
Oidjv(w) = —2adi;e 1 40P (@ — ) (g — z)e T

Soon A

Ly = e ole—2 (aij(—Za(Fij + 4o (@ — 2) (zj — zj)))

> emole—2l? (4a2|x — 2z A= 2aAn)
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Lecture 6

—2-supb| - [ — 2| — |¢]
Q

> ¢ad(@)?/2 <2a)\ —2an - Slgl)p|§)\| — sgp ‘§\|> — ostgp|i| — sgp ‘§\|
Thus far, we have constructed , ,
v<x)::€—au—z|__e—aR
such that Lv > 0 on A. Put
w(z) = u(zr) —u(y) +ev(z), €>0TBD.
Have
Lw = Lu+eLv—cu(y) >0 in A by above. Y o0
Also have v|pp,;) = 0 and u(z) < u(y) on Q, so 4\ 0
wlop, () < 0. Also, u(z) < u(y) on dBg(2), so we
can choose € > 0 small enough s.t.
OBR(2)
W|gBa(z) < 0. 9B, (2)
Hence w < 0. Applying the WMP to w in A, we get
u(z) —u(y) +ev(x) <0 in A.
Choose t < 0 so that
uly +tv) —uly) vy +tv) —v(y) )
t - t o0
Sending ¢t — 0: Q
ou ov (yi — zi)
_ > e [ 8i AN
5, W) 2 —e5 (y) = —edwly) - ——F Ba(2)
= 20eRe " > 0.
Case (iii): (u(y) = 0) Consider
L*=L—c"st.
L*u = a"0;0;u + b'0u + (¢ — ) u.
———
¢ <0
Then _
Lu=Lu—ctu>0
So apply the previous case to L. O
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Theorem 2.7 (Strong Maximum Principle (SMP)). Suppose Q@ C R™ is a domain (not
necessarily bounded) such that OQ # () satisfies the interior sphere condition for all y € 0S).
Let L be uniformly elliptic,

sup<|b|1—|c|><oo, u e C*Q), wuel(Q),
Q

M:sgpu<oo, and Lu >0 in Q.
Then:
(i) If c =0 and u(y) = M for some y € Q, then u= M in Q.
(ii) If c <0, M >0, and u(y) = M for some y € Q, then u= M in Q.
(iii) If M =0 and u(y) = M =0 for some y € , then u =0 in Q.

Proof. Let ¥ = {z € Q: u(x) = M}. By continuity, ¥ is closed in Q. Suppose Q\ ¥ # (). Pick
z € Q\ ¥ such that

dist(z, 0€2) > dist(z,0%).

How?
o first pick z1 € 0¥ N,
o then pick r > 0 such that B,(z1) C €,
o then pick any z € By(21) \ 2.

Then let
R=sup{p: B,(z) CQ\X}.

By construction, there exists y, € 0B,(z) N X. Since u(y) = M, this contradicts the Hopf
boundary point lemma. So \ X = () implies 2 = X. ases follow directly from Hopf. O

Corollary 2.8 (Comparison Principle). Let Lu = a”8;0; + b'd; + ¢ be uniformly elliptic in
Q C R™ with
(e
p < 00
QO A

Suppose u,v € C%(Q) N C(Q) satisfy:
Lu<Lv Yu<ovinQ.

Then u=v on 2, or u < v on ).

Proof. Then (u —v) > 0 in Q and Lu — Lv < 0 in Q. If there exists xp € 2 such that
u(xo) = v(zp), then
SMP(III) = v = v in Q.

If not, then u # v in © and so u < v in €. O
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Corollary 2.9 (Uniqueness for Neumann Problem). Suppose Q C R™ is a bounded domain
and 0S) satisfies the interior sphere condition at each point. Suppose L is uniformly elliptic
with
] + |c]
A

Then if uy,ug € C*(2) N CY(Q) such that

€ L*(Q), ¢<O0.

Lu;, = f inQ
aauyi:g on 0N

for some f:Q — R, g:00 — R, then

u1 = ug + ¢ for some constant c.

Proof. Let u = uy — us satisfies

Lu=0 1in Q
ou
5—0 on 0f)

Let M = supgu > 0 (otherwise take —u). By the SMP, if u # M on €, then there exists
y € 09 such that u(y) = M and u(z) < u(y) for all z € Q. By Hopf’s Lemma,

ou

5(1/) # 0,

a contradiction. O

Remark. This says that the trivial Neumann problem with zero data has solutions which are
constant, i.e. Lu =0 = u = const. But Lu=cu= u=cu forallx € Q, so if c#0, u=0. This
constant only non-zero when ¢ = 0.

What happens for non-zero RHS?
The following will be critical for Schauder theory.

Theorem 2.10 (Maximum Principle A Priori Estimate (MPAPE)). Suppose Q C R™ is a
bounded domain, L elliptic, c <0, = Lf\' € L>®(Q). Letu € C?(Q)NC%Q) and f: Q — R.
Then if Lu > f, then

1. supqu < supyn u + C' - supg (%)

2. if Lu = f, then
f

sup |u| < sup |u| + C - sup (‘)
G o \A

C = C(B,diam()).

Proof. Put d = diam(§2) = sup, ,cq |z — y[- As Q bounded, we have

QC{z:zeR"|z|] <a+d}
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for some o € R, w.lo.g. a« =0.
Idea: construct subsolution and use WMP. Let

v(z) =supu’ + Ce® — 1 sup <|f|>
o0 Q

where « is to be determined. We now estimate using ellipticity taking a = g+ 1

(a"0;0; + b'0;)e™™ = e (a?al! + ab')

> )\ [ a? + Ea
- A

> e (a2 — 604)
> A

Hence,

LU:< 380 +bza)< wlsup({‘))—%cv

w_ggp(\f\) )
o (5)

Now, since Lu > f, it it follows from the above that

IN

IN

Ifl
L(u—v)Zf—vaf—i—)\sgp()\)ZO.

To Be Continued... O
Lecture 7
Proof (continued). Had

v(z) == supu’ + (e(ﬁﬂ)d - e(ﬁﬂ)”) sup |f’
o0

and showed L(u —v) > 0. Since u < ut, u|sgg < v]gq by construction, so by the WMP, u < v
in Q, so

supu < supu+ C - sup <‘f’> ,
Q o0

where C' := supgq (e(ﬁ—i-l)d _ e(BHDz1)
Finally, to obtain (II), namely, when Lu = f, apply (I) to —u and combine. =

2.2 Holder Spaces

Fix © C R™ open, let « € (0, 1).
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Definition 2.11. We say that u : £ — R ¢s uniformly Holder continuous with exponent
or uniformly a-Hoélder continuous if

u(z) — u(y)|

[Ulgs0 == sup ————F—— < 0
T emgeq lx—yl®

This is the Holder semi-norm.
If o =1, this says u is uniformly Lipschitz. If a > 1, that would make v = const (MVT [@} )

Definition 2.12 (2.19). We say that u is locally a-Hélder continuous in Q2 if for all K CC €,
ulg is uniformly a-Hélder continuous.

Let k € NU {oo}. Recall for a multi-index g € N", || := " f5; and
Ck(Q) = {u : Q — R : DAy exists and is continuous Vf s.t. |B] < k:}

Definition 2.13 (2.19 continued). Define the Hélder spaces C*(€):
che Q) = {u e C*(Q) : DPu is locally a-Hélder continuous V3, |3| = k:}

and
che(Q) = {u e C*Q) : DPu uniformly a-Holder cts} .
We write for « € (0,1),
C%¥(Q) == Holder C%*(Q) := CY(Q)
cH(Q) = Cc*(Q), c*@Q)=Cc*@Q), keNu{o}

Remark. Note C**1(Q) c C**(Q), indeed: Lipschitz = ctsly diff-able. (But Lipschitz #
diff-able a.e., see [Eval§)]!)

Finally, define
CEQ) = CPQ)  ie ue CPQ) = {ue CPD : supp(u) cc Q)

where as usual supp(u) = {z € Q : u(z) # 0}. To get norms on these spaces, put for k € N,
u € CkQ),
[ulg.o = [Dﬁu} o (recall for a = 0 norm is C%-norm)

)

= sup ‘Dﬁu‘ = sup sup’DBu(x)‘
|B|=k z€Q

For v € C**(Q) put

— B _ 8
e = (070, = s [0
|Bl=k
Note these are semi-norms. To get norms,
k .
[ullor iy = lulko = > ‘Dju‘ and
= 0,0



— — k
Hunck,a(ﬁ) = |ulka0 = |ulko + [D u}a,ﬂ

With these norms, C* and C*® become Banach spaces.

Theorem 2.14 (Arzela-Ascoli for Holder Spaces). Let  C R™ open, k € N, o € (0,1). If
u; € CF(Q) satisfies
Sup |t [k,a;0 < 00
J

for all

Q' CC Q, then there exists u € C**(Q) and a subsequence (uj,)j s.t. uj, — u in C*()

Remark. Nothing is said about convergence in C**(Q).

I Proof. A bit tedious, but good for the soul! [@ .

Two more ingredients before starting Schauder theory.

Interpolation: Consider Banach spaces
XccYcZz,

then we can bound the norm in Y by X and Z norms. Interpolation is the exchange of sizes of

X-andZ-norms. Here
Ch(Q) cc CF(Q) c CV(Q)

Theorem 2.15 (Interpolation Inequality for Holder Spaces). Let e > 0, |{ € N, o € (0, 1].
Then there exists C = C(n,m,a,¢) € (0,00) s.t. if u € C14*(Bg(xy)), then

R | Dleu| <eR* [Dfu] - +CJuloBageo)

0,BRr(0) a,Br

for all xg e R", R< L.

Sketch Proof (details [/Q] ). By rescaling and shifting, i.e. considering
v(x) == u(xo + Rx)

suffices to prove for R = 1, g = 0. Then argue by contradiction and Arzela-Ascoli.

Ingredient 2 (Simon’s Absorbing Lemma)
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Lemma 2.16. Let B,(z) C R" be fized, S a non-negative, sub-additive function on the
collection of sub-balls of B,(x), i.e. if

N
B,(y;) C U By, (yj) C Bp()
j=1

then
N
S(By(y)) <> S(Br,(y5))-
j=1

Let X € [1,00), 0 € (0,1]. Then there exists § = 6(n,\,0) > 0 s.t. the following holds:
Suppose that for all balls B,(y) C Br(x) we have:

p*S(Bap(y)) < 8*S(Bo(y)) + 7

for some fixed v > 0. Then
R*S(Bgys(x)) < Cy

for some C = C(n, A, 0).
Remark. This says that if S is a local bound on S, then we can “absorb” the S-term on the RHS
to get a global bound.

Lecture 8

Proof of Simon’s Absorbing Lemma. Put

Q= sup  p*S(By,(y)).
Bep(y)CBR(I)

Recall we had
(%) p*S(Boy(y)) < 6*S(Bp(y)) +7-

By the subadditivity of S, we have
Q < R*S(B,(z)) < co.

Fix any B,(y) C Br(x). Cover Bg,(y) by a collection of balls

N
{3(1—9)9%(2]')}].:1, N <C(0,n), =z € Bgp(y)-
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B_p)e2,(2;)

How? Choose a maximal, pairwise disjoint collection of balls
N
{B(1—92)92§ (Zj)}j:1 .

We claim that these z;’s work. Indeed, if not, then there exists z € By,(y) \ UJ 1 Ba—eye2p(25)

and we have that
dist(z,2;) > (1—0)6%p Vj.

So
B _g2)2(2) N B_g2)2(z) = 0.
Which contradicts maximality. Now, to bound N first note (from considering the radii)
N
U B _g2)2(2j) C B1_p2)216,()-

Jj=1

Since the LHS is disjoint, by volume bound:

(1—6)62p\" (1-0)6% " (1-60)02+2\"
o () o () s (225

Which is independent of p and 6. By sub-additivity, we have
p*S(Bgp(y)) < p ZS( (1-0)62p ))

From (x), we have:

N
Pt = (1-0)0 =< (1-0)0) D (8((1 = 0)0%9) (B2, () +7) < 8((1-0)8) *NQ+Ny((1-6)0)

J=1
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Now take the sup over all By,(y) C Br(z):
Q <6C1Q + Coy
where C, Cy depend on n, 0, . Then choose § > 0 small enough (= ﬁ), then

Q < 2C97.

3 Schauder Theory

3.1 Interior Schauder Estimates

We will first prove interior estimates in the unit ball, and then extend them to more general
domains.

Main point: if coefficients of L are a-Hélder cts, then any C*“ solution of Lu = f can be
bounded in C? on a smaller ball by |u| and |f]|.

Theorem 3.1 (Unit Scale Interior Schauder Estimates). Let o € (0,1), 8 > 0, and suppose
a, b’ c € C%(B(0))

with - ‘
|6 0,0;8:(0) + 10°10,0:51(0) + [€l0,0B10) < B-

Suppose L is strictly elliptic, i.e.
A >0 s.t. a¥(x)&& > NEPP VY € B1(0), € € R™
Then if u € C%>*(B1(0)) N C%*(B1(0)) and f € C¥*(B1(0)) satisfy Lu = f in B1(0), then
|ul2,0:B, 5(0) < € (|U|O,B1(0) + |f|0,a;B1(0)>

for some constant C = C(n, A, «a, 3).

Remark. o Can never take « =0 or a =1 in these cases (The statement in Thm with
a=0,a=1is falsel).

o Strict ellipticity gives lower bound for A\ and upper bound on |aij|07a;B1 (0) gives an upper

bound on A, so 6 = % s bounded above = strict = uniform ellipticity.

o Remarkable result: sup |u| controls the derivatives of u!

o Will in fact strengthen this to
[ul2,0:B, 5(0) < € (’U\O,Bl(O) + ’f’o,a;Bl(O)) Vo € (0,1), C=C(n,\aq,pB,0).

o There are no assumptions or conclusions about the C*-norm up to the boundary.
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o The Schauder estimate gives a compactness property for the space of solutions to Lu = f.

If (ug) C C%%(B1(0)) N C%(B1(0)) solve Luy = f in B1(0) and

v = sup sup |ux| < oo,
k  B1(0)

then estimate =
‘uk|27a;B1/2(0) < C(’Y’ n, 0,8, a9, f)

So by Arzela-Ascoli there exist (uy,),u € C**(B1(0)) s.t. ug, — u in C%(By(0)) for all
0 € (0,1). Passing to the limit, then Lu = f.

Proof. Write for r > 0, B, := B,(0). Working in a slightly smaller ball, we can assume w.l.o.g.
that |u|2 B, < co. We proceed in three steps:

1. Reduction step
2. Contradiction step
3. Simplified PDE step

Step 1: Reduction Step.
Claim: It suffices to prove the following:
For any given § € (0,1), C > 0 s.t.

[DZU]a;Bl/Q <4 ([DQU]O,a;(Bl) +C (|U’2,Bl + |f|0,a;(Bl)>) (3.1)

Proof of claim:
Suppose Lu = f = wu satisfies By the Holder interpolation inequality, one has

[DQU]OC;BUQ <2 ([Dzu]a;Bl +C (’u’0,B1 + ‘f|07a;(B1))) .

Strategy for step 1: take B,(y) C B1(0) and shift and scale: @(x) = u(y + px). Then @ will

satisfy a new PDE and a new inequality, which we will call .
Lecture 9 Now, take any sub-ball B,(y) C B1(0) and write

u(x) = pu(y + px).

Then u satisfies

a" D+ b0t + ¢t = f (*)
where L
@il (x) = a (y + pa),
b'(x) = pb'(y + p),
é(x) = pPely + pa),
f@)=0p"f(y + px)
Furthermore,
~ij 7i ~ ij ol ij
@ 0,a;B1 0,a;B1 +‘ ’O’a’Bl =@ O,Q;Bp(y)+p |:a }a;Bp(y)
+ bz + 14+« bz
P om0 P | L;Bp@)
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+ similar for ¢
<p asp<l.
Since @ (x)¢1¢7 > A|€|?, the PDE () is strictly elliptic. So by assumption (3.1)) holds for 4, call
it (3.1). Expressing (3.1) in terms of u gives:

pte {D2u} < 25p2te [DQu}

a§BP(y)
+C (\u!o;B,,(y) + P2+a\f\007a;3p(y))
<20p* [D%u| +C (Julos, + | flenes, )

D, /2

a;By(y)

=y, indep. of p and y.

So by the absorbing lemma, choose & suitably, have

2
< . .
[D u} a;Byjp T ¢ (‘u’O’Bl t ‘f‘co, ’Bl>
where C' depends only on n,a, A\, 8. This is the conclusion of the theorem (use interpolation

again).

Step 2: Contradiction via Arzela-Ascoli Suppose there exists 6 > 0 such that for all £ € N,
there exists a;/, b, ¢ such that

lal/|, bk, lck] < B (8 independent of k), af &€ > A|¢f?,

and
U € CQ’Q(B1) N CO‘(El) solving Liup = fr, for fi € Co’a(Eﬂ

but

D], >80P, (sl + k) o2

By definition of [D?uy]
Tk, Yr € By/p and fixed limit s.t.

0:By s and by passing to a subsequence, we may assume that there exist

| Demug(2) — Demug (yr)|
|8 — Y|

>1 [D2uk} .
=2 04;31/2

By taking an appropriate subsequence in {xg, yx}, for all k, let py := |z — yx|. Then

D D 2wl
%[D%k} - | Dok (k)| + [ Demur(yr)| _ |uk|2,Bl‘

a;By /2 p% o ,0%
Inequality (3.2)) thus implies
2 [D?u],,.
2[pt] < LD e
a;By /2 k',Ok

So in particular,

4
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( Note ae = 0 does not imply pr — 0.) Next, rescale appropriately and take the limit, set

_ ug (x4 prr) — qrp()
() =
szFCM [Dzuk]a;Bl

9

where )
qr () = ug(p) + pra’ Ojug (zx) + %l‘i?ﬁjD?juk(%)-

Note. x has nothing to do with x.
By construction, @ (0) = 0, Diig(0) = 0, D%z (0) = 0, and i, is defined on B; and

~ x
iy, defined on By, <_p:> D Bip,(0), xk € Byjp(0).

So by direct calculation

[Dzﬂk} <1. (Taylor with remainder)
;B1/(2p,)(0)

Hence for any R > 1 (using (3.2) to control ix|p,) we have

‘ak|2,a;BP S C- R2+a-

Now, by Arzela—Ascoli, passing to a subsequence, there exists v € 02’0“(]1%") s.t. U — v in

loc
C?%(B,(0)) for all R > 0 and s.t.
[Dzv} <1

a;R? T

Step 3: Find a PDE for v. . )
First put wg(z) = ug (2 + prx). This satisfies Lywy, = fi in By /(,,)(0), where

Ly, = aj/ D2 + bj,0; + c,

where &ZJ are as before with p — pp and zp — vy, i.e. ELZJ = azj (zk + prx) etc. We now have

wi(x) = pi+o‘ [Dzuk}a-Bl tg(z) + qr(z),

and also - -
Jr — Liqr
pi+04 [D2uk]a;31

Lyiy, = gy =

We will find that L tends uniformly to a constant coefficient operator, and g — constant.
Indeed,

[&Zj] - S ok [aﬂ 5 <py—0 ask—oo0 (a>0asabove: scaling and containment).
A5 51/(2p1) [e2F 5%

o = 0 fails here!

By Arzela—Ascoli on d?, we get (up to subsequence)

dzj — @9 € CO*(R™) locally uniformly, and the limit has [a¥ lagn =0 Va < 0.

loc
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Hence, @ is constant [@] .

Biloi, ,, < Pl =0,

[Cklo:B,,,, < ,0';(3 — 0,
SO I;i — 0, and ¢ — 0 locally uniformly on R™. Finally, g — 0 locally uniformly [@ . Taking
the limit in ak D2 Uk = g, we obtain

a“D}5=0 onR" (3.3)

where @ are constants. Also, in the limit a“¢'¢d > M|€|?, so we are still strictly elliptic.
Diagonalise A = (%),

A1
PAPT =@ = . N >A>0 Vi
An

Let w(z) = v(PTz). Then
D*w(z) = PTD*3(PTz)P,

so (3.3) becomes

0 = tr(AD%®) = tr(QD*w( Z N DZw

and we deduce N

Z N DZw(x) = 0.

i=1
Rescaling w(z) = w(v/AMz1, ...,V Any), gives

A =0 onR" and [D*@]yrn < 00 [@]
and in particular, that @ is smooth and so A(D%ﬁ;) = 0 on R". But by Holder continuity,
|Djiv(w)| < |DFw(0)] + [D*]arn ||,
A Liouville’s Theorem gives D?jﬁ) = const( cannot use Liouville for v = 1).

Lecture 10 Recall, we found 1 s.t. D?@ = constant or a limit, of uy — © in C2. But D?v(0) = 0, so
D%y = 0. On the other hand, consider ¢}, = x’“ & with [(x| =1, and

ug (T + kak) = ui(yr)

SO

pi D} Uk(yk) D} uk(z)

. [D2uk]a B

1
Ukl s By = 20 [D%uk)as,

By choice of xp, yi

D? @ —_— . 3.3
Since ( is bounded and have, up to a subsequence, Ck — (, then in the limit
1é
D30(Q)] < 6/2% 5.
This contradicts D% = 0. O
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So we have proven
[ul2,0:8, ,, < C (|ulo;, + | floa;B:) -

Corollary 3.2 (Scale-invariant interior Schauder Estimate). Suppose B,(z9) C R™ and
a, fi,c € C¥*(B,(x0)) are strictly elliptic,

a(2)e¢ > M2, A >0, Vz € By(wo), VEER™
Suppose also that
‘aij‘O;Bp(xo)—i_Ra[a'ij]a;Bp(xo)_‘_R(’bi‘O;Bp(xo)"i_Ra[bi]oa;Bp(:co))+R2(’C’O;Bp(a:0)+Ra[c]a;Bp(a:0)) < /Ba

for some B> 0. Suppose u € C**(B,(x0)) N C°(B,(x0)) satisfies Lu = f € C%*(B,(xp)).
Then,
|u|/2,oz;BR/2(x0) S C (‘U|O;BP(SC0) + R|f|O;BP(1‘0) + R2+a[f]a;Bp(x0)) )

where

k
(Ul 0, = D P 1D ulo;, () + (D ula;, ),
5=0
and C = C(a,n, A, B) (indep. of uw and R).
Proof. Apply Theorem with = == z¢ + Rz. O

Corollary 3.3 (Exterior Schauder Estimates in General Domains). Let o € (0,1) and let
Q C R™ open, bounded, and suppose that a”,bt,c € C**(Q) where

laY [0, + |6 |0,0s02 + Iclo,a2 < B

with a¥ (2)£¢7 > M€ > 0 for all z € Q, € € R™. )
Suppose u € C>*(Q) N C°(Q) solves Lu = f € C%*(Q). Then for all 2 CC Q,

|u|2,a;f~2 S C (|U|0;Q + ’f|0,0¢;9) 9

where C' = C(a,n, B, A, dist(Q, 0Q)).

Proof. Let d = d{st(f),aQ) = sup{r > 0 : (Q), c Q}, where (Q), = Uyeq Br(z) is the 7-
neighbourhood of Q. Then x € Q = Vx € Q, By/p(x) C Q, so

|a’ij|6:a§3d/2(ff) + d|bi|67a;3d/2(x) + d2|c|6704;3d/2($) < C(d)- 6.
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Then by Corollary (3.2]), we get
[Ul0;5,5(2) + A DUlo;B, () + d*1D%ulo;, (2
242
+d*t [D u]a;Bd/z(m)
<C <|U|O;Bd(x) + d2’f|0;Bd(a:) + d2+a[f]a;Bd(x))

< C(luloe + [ flo.0s02)
= C=0C(n,\q,pb,d).

In particular,
u(z)| + [Du(z)| + [D?u(z)| < C (juloo + | floa) Vo€ Q.
Hence,
’u|2,a;fl <C (|u’0;Q + |f’0,oz;Q) .

But also by (3.4))
| D?u(z) — D?u(y)|
sup

w;éyGQ,|:rfy|<g |$ - y|a

On the other hand, if |z — y| > d/2, then

< C-RHS.

D?u(x) — D?u(y)| AN

|z — y|~

Hence,
[D?u] . < C-RHS.

Finally, combining (*) and (**) allows us to conclude the proof.
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Lecture 11

4 Boundary Schauder Estimates

Let us establish some notation used throughout this section. Write

1= {(a,2") 2’ € R" 2" 20},
Bjt(y) = B,(y) NR%, B;t = B;f(o),
Sp(y) = By(y) N{2" =0}, Sk = Sr(0).

Theorem 4.1 (3.4 (Boundary Schauder Estimates on Unit Ball)). As before o € (0,1),
a b, c € C%(BY) and

‘ai]’l),oz;Bfr + ’bZ’O,oz;B;r + ’C‘O,oz;B;r S 5’
and a&;€; > NE? for all x € By, for all € € R™. Suppose u € C**(By") solves:

Lu= f € C% in By,
u=p € C?>(B]) on Si.

Then

‘u’2,a;B;r/2 <C (‘“’0;31* + ‘f‘o,a;Bj + "P‘z,a;Bj> :

Proof. By considering v := u — ¢, it suffices to consider the case ¢ =0 (¢ € C%%(B])). Proceed
as in Thm The reduction step is exactly the same (note a boundary version of the absorbing
lemma is needed, and upon making the natural modifications to the statement one argues as
before). Steps 2 and 3 are key, which we now detail.

Step 2:

Claim: for all § > 0, there exists C = C(n, A, , 3,0) s.t.

(D] v < 01D%u], g+ C (Julypr + [ Fly e ) -

1/2

Proof of claim: Argue by contradiction. As before, up to a subsequence there exist xy, yr €
B, up € C*>%(B7") that solve Ly = fr € C*(B;") and

(D%l pe > S[D%uk] s+ [kl + [kl ao )

1/2

as well as
Tk — yi|®

2
> %[D uk]a;BTm.

Then, as before, py = |z — yr| — 0 as k — co. We now have two cases to consider, either

(D) et
> ist(zg, S1)

lim su = 00,
k—oo Pk
or (II)
dist S
limsupm = p < 0.
k—o0 Pk
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Claim: for all § > 0, there exists C' s.t.

(Dl gy, < 0Dy +C (Il + | loiny )

1/2

Two cases:

dist(zg,S1)

(1) either limsupy,_,, o

= 00,

dist(xg,S1) _

(2) or limsupy o = =p < oo.

Case 1: Here for all R > 0 and k sufficiently large

|
5 = dist(z, $1) 2 Ropp (as 2 € Bfly),

so we have

Brp, (7x) C By .

Set (as before)

)

_ o ug(zg + o) — qi(w)
uk(gc) - 2+a M2
pe D Uk]a;Bj
where )
ar(z) = u(zr) + (prw)" Diug(wg) + §Pi$1$‘7D?juk(ﬂfk>-

Then 4y, is defined in Bgr(0), and

|

2,0:8,(0) < C(R)

using Arzela—Ascoli, proof goes through as in Thm
. dist(zy,,S
Case 2: Her.e lim SUPg 00 % = p < 0.
Let zp = projgzn—oy(zx), i-e.
2 = (z,. .. ,xzfl, 0).

As before, look at C%?, i.e. define

_ _ug(zr + prr) — qr(w)
uk(w) - p2+a[D2u ]
k k oa;Bl+

I

where

2
@(@) = ur() + (py2) Din(zp) + ' Dy ().

2 . .
= (prOnuk(zx))x" + %D%juk(zk)xzxj

because u|g, = 0 and d;u|g, = 0 for all ¢ # n. In particular, as before, have

[DQﬂ’fL;Bf(o) =

and for any R > 0,
|ﬂk|2,a;3f(0) < C(R) for k suff. large.

Also,
Uk|s, =0 since on {z" =0}, gi(xz)=0.
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Set

Tk — 2k Yk — 2k
&k = s M= :
Pk Pk
Then for k sufficiently large,
&l <2u and
] < Tl e El g,
Pk

So both sequences are bounded (and lie in compact subsets of R™), so can find convergent

subsequences &, — &, ny — 1. Then

Dyt (&) = )
tm P% [l)zu’k]o[;Bl+
and DQ ( ) D2 ( )
. Up\Yk) — P Uk 2k
D2 Uk:(nk) — /m .
tm Pg[D2uk]a;Bf
So,
D} ui(zp) — D7 u(yr)| _ 1 0
D2~ _D2~ :‘em £m >—D2 >—->0
‘ o s (&) emuk(ﬁk)‘ P?[DQUk]a;Bj - 2[ uk]“%Bf/g 2

(using contradiction assumption of proof of claim for the first inequality).
Then by Arzela—Ascoli we obtain

v e CPHREN{z" =0}) st G —v
in C? on compact subsets of R U {2" = 0}. As before, v satisfies
aZjDZ-ij =0 - elliptic,

and &ZJ is constant in k, and also
V|gn=o = 0.

Then again as before, by rotation and scaling, we get that there exists w € C%(H), (H = {z" >

0}), such that

Aw=0 onH
w=20 on OH

By making an odd reflection in 0H (see below), we can extend w to a harmonic @ on all of R"
with [D?],ge < co. But then this implies that 9?1 is harmonic and grows sublinearly, hence
w is constant (by Liouville). But then this contradicts (x) after taking it to the limit and so we

are done with the claim.

To finish the proof of the theorem, by interpolation and scaling. Just as in Thm we have

for any B,(y) C By with y € {2" = 0}, we have
24+-a1 2 2+arn2
p*t [D u]a;B:/Q(y) <§5-ptt [D u]a;B;r(y) +C- (‘U|O;Bl+ + ‘f|0,a;BIF> .

Also, by the interior estimate, for any B,(y) s.t. B,(y) C By, we have

Then the conclusion now follows from the boundary absorbing lemma.
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Proposition 4.2 (Reflection Principle for Harmonic Functions). Let Q@ C R be an open
subset of Rt and let T = 0T N {a" = 0}. Let Q™ be the reflection of QT in {2™ = 0}, i.e.

QO ={(z',—z™) : («/,2™) € Q1}.
Let v € CHQT)NCYQT NT) and v be the odd reflection of v in T, i.e.

/ n / n c Q+
7:QTUTUQ =R, o(z',z") = v, a"), (@', 2")
—v(a', —2"), (2/,—2a™) e N .
Then if Av =0 in QF and vl =0, then
7eCH((QTUTUQ)?) and AD=0.
Proof. [/éﬂ (Use that the even-odd extension is continuous on QT U T U Q™ and recall that

the local MVP for continuous functions implies Harmonicity, using the maximum principle to
conclude). O

Remark. This is trivial if T =0, as then QT U Q™ disjoint. Important part is C* across T.

Proposition 4.3 (Absorbing Lemma, Boundary Version). Given 6 € (0,1), u € R, then
there exists 6 = d(n, 0, ) and C = C(n,d,p) s.t.: if R >0,

B={B,(y) C BL0)}, B*={B} () :y"=0,B,(y) C B;0)},
and S : BUBT — Rxq sub-additive function satisfying:

p'S(Bg,(y)) < 8- p"S(BSf (y)) +~ for all Bf (y) € BY,

and
p"'S(Bap(y)) <6 p"S(Bp(y)) +v for By(y) € B,
then
R*S(Bj,(0)) < Cr.
I Proof. [/,@)\] . O

Lecture 12 Shorthand: write “hypotheses (H)” for: “Suppose 2 C R" is a bounded domain and a € (0, 1).
Suppose a¥, b%, c € C%((2) are such that

|aij|0,oz;Q + |bi|0,a;Q + |C|O,a;Q < 5)
and suppose that there exists A > 0 such that
a ()¢ > NE[P Ve e Q€ eR™

As always, L = a¥ 0;0; + bo; 4 ¢
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Theorem 4.4 (Boundary Schauder Estimates in General Domains). Suppose (H) holds, 2
is a C** domain. Then there exists ¢ = £(Q) > 0 such that if u € C>*(Q), f € C*¥(Q),
¢ € C?%(Q) solve

Lu=f, inQ,
u=¢, on 0,

then for all x € OS2,
Pt [D*uls 0.5 ()00 < C ([ulog + | floaa + |@l2,a0) -

Remark. Need Q to be C** to have any chance of u being C*>* on 0.

Proof. Pick z € 0. By definition there exists R > 0 and ¥ : Br(z) — D C R" a 0%
diffeomorphism such that:

Br(z)

In other words, ¥(Bgr(z) N Q) C {y" > 0} and ¥(B,(z) N9N) C {y" = 0}, i.e. ¥ rectifies 9N

near z. Let x = (z',22,...,2") be coordinates in Q and let y = (y',%2,...,y") be coordinates

in D. Let @(y) = u(¥~1(y)) be the pullback of u along ¥~1. Then

il gyn—oynp = (9 0 U )| ynoynp =1 @

To apply Theorem (Uniq. boundary Schauder) need to find PDE satisfied by @ and show it
satisfies the hypotheses. Note u(x) = a(¥(z)), so

ok

Dmiu = Dyku %,

SO

5¢K a¢k 82¢k
- — u(\W ———

ozt Qxd + Dy (¥ () Ozt

Hence can find the coefficients of the new PDE explicitly:

Af’“ajfyka +B'Dyii+Ci=f onD
u=¢ onDN{y" =0}
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where
. . Bf= &M b+ a¥ 52#,6 :
Oxt 9z’ ot Oxtoxi’
C=coy™, f=foy!
Rescale: choose o0 > 0 s.t. B,(¥(2)) C D (as D open). Want to apply Thm with u(y) =
(¥ (z) + oy), we will get

Atk _ i Ok oyt

3 057 02 < C(1lo,5¢ aey + 0 W leus v 1Pl st o) (1)

for some C' = C(n, A\, «, 3, V). To apply Thm we need to check that the assumptions are
satisfied. That is,

(a) Coefficients are bounded, and strictly ellipticity.

(b) |A™[!

oy
0,0;BF (¥ +‘B 0,0; B3 (¥(2) +|C’0a;B;L(‘II(z))§M(\II)B

(b) For this, note -
AT (y)e'et = aoi(e - w)o;(€ - )
and a¥ elliptic gives the lower bound
> AD(E-W)[FT (y) > Ae(D)[¢[.
The last inequality follows from
Ey=¢-T(T(y)

and by the chain rule,
§=D(E V)lg-1() - DYy

€< ID(E- Dl - DT,
—_————
C(W)~1/2€(0,00)
Can check (a) similarly [/Q] . So transforming RHS of (1) for & — u, f — f,$ — ¢ have
WVQQ;BJ/Q(\IJ(Z)) < C(lulon + [ flo,as0 + |@l2,0:0)
where C' = C(n, A\, a, 5,¥,0). Pick 0 > 0,7 = r(2) s.t.
By(2) € U™ H(Bya(¥(2))).

Then, by the above, we have

[ul2,0:B,(z)n2 < C (Julo;a + [ flo.as + [¢l2,.0:0) (1)

All this was done for a fixed z € 9 so have ¥V =WV,, 0 =0,, C =C,.
We finish with a compactness argument. Clearly 9Q C U,c90 Br(z)/2(2), by compactness

there is a finite subcover 002 C Uévzl B,.(.;)/2(2j). Then let € = minjeq }{ (Z])} C =
max|<;<n {Czj}. Then for any x € 02

|ul2,0:8.(z)n0 < C ([uloa + | floae +[#l2.a0) -
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Lecture 13

5 Global Schauder Estimates

Can combine interior and boundary estimates to deduce the following result.

Theorem 5.1 (Global Schauder Estimates). Suppose hypothesis (H) holds. Let 2 be a C%°
domain. Then if u € C**(Q), f € C%*(Q), p € C**(Q) satisfy

Lu=f inQ
u=¢@ on 0

then
|u|2,a;Q <C (|U|O;Q + |f|0,a;Q = |90|2,a;8§2)

where C' = C(n, A\, a, 3,).

Proof. Let € = €(Q) be as in the proof of Theorem [4.4] Then let Q¢ = {x € Q : dist(z, Q) >
€/4}. By interior estimates, we have

|ul2,0;0. < C (Jufoe + |flo,ase) -
Then note that 2\ Qe C U,ea0 Be/a(z). Therefore for all € Q,
e either z € €, giving

|u(2)| + [Du(z)| + [D*u(z)] < C (Julo0 + |floa0)
e orx € Q\ ), and some B, /4(y) contains = for some y € 9§2. By Theorem

lu(z)| + [Du(z)| + |D*u(z)| < |u 2,08, 402 < C ([ulo,o + [ floase + |@l2,a500)

So in both cases we obtain

ulz;e < C ([uloe + [ flo.a + [#l2,a500)
To be continued... O
® Global Schauder Estimates
® Solvability of the “Dirichlet problem”
{Lu =f inQ
u=1¢ on 0f)

Quasilinear Theory (279 order)

De Giorgi-Nash—-Moser (a priori estimates)
Application to minimal surface equation
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Proof (continued). We have just established

[ul;0 < C1 (luloe + [ flo,ae + [©]2,050) (©)
Cy =Ci(n, N\, 8,9Q).
It remains to bound [D?u]_,. Let z,y € Q, z # y.

mg —-/
&

Let € be as in Thm Suppose |z — y| < /4. There are two cases to consider. First suppose
both
z,y € Q. = {z € Q:dist(z,00) > e/4}.

In this case, interior Schauder estimate gives:

| DFu(x) — DZu(y)|

|z — y|*

<C (|U’0;Q + |f’0,a;9) . (®)

Alternatively, if either x € Q\ Q. or y € Q\ Q¢, then x,y € B,/5(2), for some z € 9. Then

Thm (4] gives ®.
Finally, suppose that |z — y| > &/4:

|Dju(x) — Diju(y)|
|z — y|*

< (e/4)™ (|DZu()| + |DEuy)|)

< 2(e/4)"ul2
< (e/4)7% - C(|ulog + [flo.ma + |¢l2.a:0)
by @, concluding the proof. O

6 Solvability of the Dirichlet problem

Having established a priori estimates of solutions to the aforementioned Dirichlet Problem, we
now turn our attention to another set of important questions. Given a'/,b', ¢ € C%%(Q), the
Dirichlet problem for L is: given f € C%%(Q), ¢ € C?%(Q), does there exist a solution

u € C%%(Q) to:

{Lu =f inQ (DP)

u=¢ on 0f)

If exists, is it unique?
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Theorem 6.1. Let o € (0,1), Q C R a bounded C*< domain. Suppose a,b’,c € C>*(Q),
c < 0 in Q (last condition turns out to be mecessary) and a® satisfy the strict ellipticity
condition

a” ()& > NE2, A > 0 constant, Vo € Q,& € R™.

Then,
1. for any given f € C%*(Q), ¢ € C*%(Q), the Dirichlet problem
Lu=finQ, u=y on o)
has a solution u € C**(Q).
2. <= For any given f € C¥*(Q), ¢ € C*%(Q), the (DP)
Au=finQ, u=¢p ond

has a solution u € C**(Q).

Proof. By considering u — ¢ in place of u, it suffices to establish the equivalence for the case
¢ =0, since

v=00n 00, u=v+¢

Lu= fin Q Lv=f—Lyin Q
=
u = @ on Of)

So assume ¢ = 0. Note that the subspace
Cg’a(ﬁ) = {v € C**(Q):v=0o0n 89}

is a closed subspace of C%%(Q), with respect to the usual norm, hence Banach.
Consider one-parameter family of operators:

L : C2*@Q) = C** (@), telo,1].
Lt:tLJr(lft)A, SOLQZA,leL.

Let
Lu = aiijju +b'Dyu + cu
a? =t + (1 —t)0Y, b =th', ¢ =tc.
Let N
B=2 la/loan+) |bé|07a;ﬁg + letlo,as0 -
Then,

Z ‘a?‘O,a;Q + Z ’bilo,a;ﬁ + |Ct‘0,a;ﬂ < max{l,8} Vte|[0,1]
and similarly N
ay &€; > min{1, \}¢[* vt e [0,1].

The Global Schauder Estumates, Thm [5.1]) now gives
lulo,a0 < C (Julo.o + [Luloan)  Vu e Cg*(Q),

for some

C=C(n,\7,03,9Q).
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Lecture 14
Proof of Thm[6.1] (continued). Ly: C’g’a(ﬁ) — C%e(Q),
Ly =tL+(1—1t)A.

Global Schauder give |u|2,q;0 < C1(|ulo,o+|Lsul, ,.q), forall u € C’g’a(ﬁ), Cy =Ci(n, A\, 5,9Q)
(indep. of ¢t and u).
Since ¢ < 0, by the max. principle, a priori estimate, Thm

’u|0;Q < C’2|Ltu|0;§, Cy = 02(n7 A, B, Q)

So
Ul 0 < ClLitly 0 Vu € Cr(Q),

for all u € Cg’a(ﬁ), C = C(n,\ k,3,Q). This says L; is injective. Solvability of Liu = f
in Cg’a(ﬁ) is equivalent to surjectivity of L; (by the injectivity of L;). We will show if L; is
surjective for some ¢ € [0, 1], then it is surjective for all ¢ € [0, 1].

Let s € [0,1] and suppose L is bijective. The estimate above can be written as

‘L;lgb’a;ﬁ < C|g’07a;§7 Vg € CO,a(ﬁ)‘
Now, fix f € C%*(Q). The following chain of equivalences holds,
Liu=f <= Lo+ (Li—L)u=f < u+L;*((Ly — Ls)u) = L, f

= u=L;'f+ L ((Ls — Lt)u)
Ttu

Claim: T;: Cg’a Q) — Cg’a(ﬁ) is a contraction mapping provided |t — s| <, where
v =7(C(n, 0, 8,1),Q).
Indeed, for u,v € Cg’a(ﬁ),

LMLy = Li)(u )|

|Ttu - Ttv‘?,a;ﬁ = 2.0:Q

=[5t [LT(L = A)(u - )|

2,a;Q
<C-ls—t|-[(L—-A)(u—v)],,qg (direct computation)

<C-|s—t|- [(u = v)|y 00

So if |s —t] < %, then T is a contraction.
By the contraction mapping principle, T3 has a unique fixed point u € Cg Y(Q). If solvability of
Lou = f for u € C3*(Q) holds for some s € [0,1], then solvability of Lyu = f for u € C*(Q)
holds for all ¢t € [s — ~,s + 7]. By breaking [0, 1] into intervals of length 2 and applying this
conclusion on each subinterval, we arrive at the conclusion of the Theorem. ]

Remark. The method of proof is called the continuity method. The exact main steps of
solvability of L:
(i) Use Thm to prove solvability when Q@ = B a ball
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Lecture 15

(ii) Perron’s method: “solvability in balls = solvability in general domains’.
Proposition 6.2. Let B = Br(y) C R™ be any open ball. If f € C®(B), ¢ € C®(B), then
there is a unique function u € C*°(B) s.t.

Au=fin B, u=p on dB.

Proof (Sketch). By considering v = u — ¢, one can simply reduce the proof to showing the
analogous statement for Av = f — Ay, v = 0 on B. Now, by Riesz rep. theorem, there exists a
weak solution u € WO1 2(B). Regularity theory (difference quotient arguments) give v € C®(B),
see the book of Evans. O

One can generalise this to the case f € C%Y(B), p € C°(B) or (p € C**(0B)).

Proposition 6.3. Let B = Bg(y) C R™. If f € C%*(B) and ¢ € C°(B) then there exists a
unique u € C**(B) N C%(B) s.t

Au=fin B, wuw= ¢ onJdB.

If o € C%%(B), then u € C**(B).

Proof. 1dea is to mollify f, ¢ to get smooth data, use Prop to solve for these smooth approx-
imations and then take a limit. More precisely, consider the standard mollifier

1

— . elz?2-1

n(z) = n=cre el <1 , ¢ chosen s.t. / n=1
0, |z| > 1 n

Define for o > 0, n,(z) = o~

= 07" (3). Choose o5 — 07. Extend f to f € C%*(R") and
© — @ € CYR"). Mollify f,® and set

fi@) = [ S@mma =) dy= [ @ =y () dy

k()= | Sy, (x dy—/ @z — Yo, (y) dy .
-

Note that fi — f, ¢r — » uniformly in B. We in fact have | fi|o arr < ‘f‘07a;Rn and |¢g|orn <
|®lo,;rn (direct computation).
By Prop get u, € C°(B) s.t.

Au, = fo in B, us, =, on 0B.

Proof of Prop (Cont’d). To solve
Au=fin B, u=ondB for fcC"(B),pecC'B),

Aug = fr in B, up = @ on 0B,
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A(ug —w) = fr, — fin B, ug —w = @p, — ¢ on OB.
By the max. principle a priori estimate, Theorem we have

|ug —ul|0;§ <ok — 901|0;83 +C-|fr — f1|0;§ —0 ask,l— 0.

So uy, is Cauchy and hence converges uniformly to some u € C°(B). In particular, u = ¢ on dB.
Now applying interior Schauder estimates gives for all B’ CC B,

|ur2,058 < C (‘uk‘o;ﬁ + ‘fk‘o,a;ﬁ) <C (’U‘o;ﬁ + ‘f‘O,a;Rn + 1)

from the mollification bounds. Passing to a subsequence (without relabelling), there exists
u € C**(B') s.t. up — uin C?(B’) (by Arzela-Ascoli). Since uy — u pointwise, we have v = u
in B’ and so in particular, u € C*%(B’). By passing to limit in Aug = f} in B, get Au = f in
B. B’ CC B is arbitrary, so u € C?>%(B) and Au = f in B.

For the 2" part when ¢ € C>%(B), repeat the argument (after extending ¢ to ¢ € C>*(R"),
see general extension theorem, [GTGTT77, Lemma 6.37], and use global Schauder estimates in
place of interior estimates. O

Proposition 6.4. Let B C R" be a ball, a € C%', a¥ b',c € C*B), ¢ < 0, Lu =
aijD?j + b%0; + ¢ be strictly elliptic. Then for any f € C*%(B) and ¢ € C°(B), there exists
unique u € C**(B)NC%(B) s.t. Lu= f in B, u= ¢ on OB.

I Proof. Combine Thm [6.1] with the proof of Prop. O

Perron’s method: We'll assume the following for the rest of the section. Hypothesis (H):
€ (0,1), © C R™ bounded,

Z |aij|0,a;Q + Z |bi’0,o¢;Q + |C 0,a;Q2 < /85

a(x)€'€¢7 > Né[’, A >0 constant,c < 0.

Observation 1: [féﬂ Fix f € C%%(Q), and suppose that u € C?(€2). Then u is a subsolution
to Lu = fin Q (i.e. Lu > f in Q): if for every ball B CC Q we have that u < up, where
up € C%%(B) N CY(B) is the unique function satisfying Lug = f in B, up = u on OB (such up
exists by Proposition [6.4). This follows from the weak maximum principle (Existence).

Observation 2: [ f € C%(Q), ¢ € CO(Q). Define
S, = {UECz(Q)ﬁCO(ﬁ):LUZfin Q, Uggoonaﬁ}
Then if u € C?(2) N C%(Q) solves Lu = f in Q, u = ¢ on I, then

u(z) = sup v(x).
vES,

Definition 6.5. Let f € CY(Q). A function
u € C°() is a subsolution (resp. supersolution) to Lu = f in Qif, for every ball B CC Q,
we have u < up (resp. u > up) in B, (where up is the unique function in C*>*(B) N CY(B)
such that Lug = f in B, up = u on 0B).
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Definition 6.6. Let u € C°(2) be a subsolution to Lu = f in Q. Let B CC S be a ball,
then the L-lift of u wrt B is the function Up defined by

’LLB(SU), z € B,

Vel = {u x), xze€\B.

Lemma 6.7. We have the following:

(i) Let u,v € C°(Y), if u is a subsolution and v is a supersolution to Lu = f in Q, and if
u < v on 02, then u <wv in Q.

(i3) If ui,uz € C°(Q) are subsolutions to Lu = f in Q, then u(x) = max{u;(x),u(x)} is
again (continuous and) a subsolution to Lu = f.

(iii) If uw € C°(Y) is a subsolution, and B CC Q, then the L-lift of u is again a (cts)
subsolution.
I Proof. [/éﬂ , application of max principle.
With the above in mind, define for p € C°(Q0), f € C%*(Q) fixed

Sy = {v e C°(Q) : v is a subsolution in Q, v < ¢ on OQ} ,

and set u(x) = sup,eg, v(z).
Lecture 16

Theorem 6.8. Let hyp(H) hold. Let f € C%%(Q) and ¢ € C°(Q2). Define
Sy = {v € C°(Q) : v is a subsolution to Lu = f in Q, v < ¢ on 89}.

Set

u(z) = sup v(z) Vo e.
vES,

Then, the function u defined as above is well-defined (i.e. S, # 0 and u(zx) € R) and we have
u € C%%(Q) and solves Lu = f in Q.

Remark. 1. Fven though we use the function ¢ to get the solution u as above, in this
theorem, there is no claim about the behaviour of u on approach to Of).

2. Once we know u € C%(Q), we of course have that

subsolution to

ulr) = su or v
( ) vEC}()Q)f {Lu:fﬂ)gw

Howewver, the proof of the theorem (including v € C?(2)) will crucially depend on Lemma

[6.7(i), (iii):

i.e.,u1,us subsolutions = max{ui,us} is a subsolution)
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L-lift of a subsolution is a subsolution.

Note they are not valid for the smaller class of C? subsolutions. In this sense, the philosophy
of the proof is similar to the Hilbert space (variational) approaches to solving PDEs.

(Proof of Theorem[6.8). First we check that S, # 0. Pick y = (y1,...,yn) € R™ such that
QQ{xER”:mlzyl}.
Let d = sup,cq |z — y| < oo (2 is bounded). Set
s(x) = —sup|p| — (7 — 179 - sup | f],
o0 Q
for some sufficiently large constant . By direct calculation, we have
Ls = "@1791) . gup |¢| - (a1172 +bly + c) — ¢ (sup |¢| + e sup | f]).
Q Q Q

Now, ¢ < 0 gives the lower bound

Ls > /@7 Lgup | f|(a 4% + bly +¢) > sup |f| > f  if 5 is sufficiently large.
Q Q

Also,
s < —suplp| <¢ on O
o0

Thus, s € S, so S, # 0. Moreover, if s; = —s, then

Lsi =—Ls < —sup|f|<f in, s1>¢pondQ by ().
Q

So by Lemma [6.7(i), v < s1, for all v € S,. In particular, u(z) < s1, for all z € S, hence u is
well-defined.

Fix z € Q, and choose R > 0 such that Br(z) C Q. By definition of u(z), there exist v; € S,
s.t. vj(z) = u(z). Let 0; = max{vj, s}, s € S, (by Lemmal[6.7). So, u(z) > 9;(z) > vj(2) giving
0j(z) — u(z),@ and s < 0; < s1(= —s) implies supq |0;] < supg |s|.

Now, let V; be the L-lift of ¥; w.r.t. the ball Br(z). So we have LV; = f in Br(z), V; = 0 on
OBg(2). V; € S, (Lemma ii)), and V; > 0; gives

u(z) > Vj(2) = 95(2).
By interior Schauder estimates:

\Vilcza (g a) < C (|V}'\0;BR(Z) + |f|0,a;BR(z))

max. principle estimate

< C (‘6]"0;833(,2) +1f

O,a;BR(z)) < c-C (Slglzp |S| + |f|0,a;BR(z)> .

Now, Arzela—Ascoli implies that there exists V € C?*(Bp/s(z)) s.t. up to a subsequence, V; — V
in C?(Bg/2(2)). In particular LV = f (passing to limit in LV; = f). By @, V(z) = u(z).
Claim: v =V in Bgj16(2). This will complete the proof, since V€ C?*(Bp/16(z)) and solves
Lv = f, and z € (1 is arbitrary.

Proof of claim: Since u > V; (since V; € S,), we also have u > V in Bp/y(2). If the claim
is false, then there exists 21 € Bp/i(2) st. V(21) < u(z1) and so there exists w € S, s.t.
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Lecture 17

V(z1) < w(z) < u(zl),@. Let w; = max{w,V;} € S,. Note that u > w; > Vj. Let
W; be the L-lift of w; w.r.t. Bg(21). By interior Schauder estimate as before there exists
w € C**(Bpgjs(z1)) s.t. up to a subsequence, w; — w in C*(Bpr/s(z1)). Have Lw = f in
BR(Zl).

Now, W; > w; > V; in Bg4(21), @ which gives W >V in Br/g(z1). (¢ <0, and the
strong max. principle) implies L(W — V) = 0. By @ and the fact that V;(z) — u(z), we have
that W(z) = V(2), but since z € Bg/3(21), we have by the SMP that W =V in Bgr(21).

By (2), V(1) < w(z1) = wila) £ W) (, L-ift of w;)

defn of w; L-lift of w;
V(z1) < W(z1) as j — oo,

a contradiction. O

Next goal: Discuss the behaviour of u on approach to 0€2. We’ll show that under a mild

regularity condition on Q (i.e., if Q satisfies the exterior sphere condition at every point on 9f2),
the Perron solution extends to a C” function on Q and satisfies u(x) = () on 9.

=
14 /Q Q////

//

To do this, we need the notion of barriers.

Definition 6.9. Let hyp(H) hold, and let f € C**(Q), ¢ € C%*(Q). Let xo € 9.
(i) A sequence of functions wi € C°(QQ) is an upper barrier at xo, w.r.t. L, f, ¢ if:

® w;r 18 a super-solution to Lu = f in Q with w;r > on 0N), for each i;

® w; (z0) = p(zo) as i — oo.
(ii) A sequence w; € C°(Q) is a lower barrier at xo, w.r.t. L, f, ¢ if:

® w, s a subsolution to Lu = f in Q with w; < ¢ on 09, for all i;

® w; (o) = ¢(zo) as i — oo.
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Lecture 18

Proposition 6.10. Suppose hyp(H) holds, f € C%%(Q), ¢ € C°(Q). Let x¢ € Q. Suppose
upper and lower barriers at xo, w.r.t. L, f, ¢ exist. Then the Perron solution u given by Thm
has the property that u(x) — p(xo) as x — xg, x € QL.

Proof. Let (wzi) be upper and lower barriers at xg. Since wf is a supersolution with w;r >

on Jf), we have by Lemma (1) that v < wj € Q. Thus for all v € Sp, u < w? in  for all
i. Also, w; < u for all i, since w; € S,. Since wi (o) — p(zo) and wi € CO(Q), we get the
conclusion. O

Proposition 6.11. Suppose hyp(H) holds, f € C%*(Q), ¢ € C°(Q). Let zg € O0. If there
ezists w € C2(Q) N CO(Q) s.t.:

(i) Lw < —1 in Q,
(ii) w(xzp) =0,
(iii) w(z) >0 Vz e Q\ {0},
then upper and lower barriers exist at xq w.r.t. L, f,o. In fact, for any sequence €; — 0,

there exist constants k; s.t. wi(z) = p(20) + &; + kjw(z) define upper and lower barriers.

Proof. Let € > 0 and choose r > 0 s.t. |¢(x) — ¢(x0)| < € for all x € Bs(xp) N IN. Since
00\ Bs(xg) is compact, we can find constant /. large enough s.t.

Lew(z) > p(z) — p(z0) — €
{ng(:r) > —p(z) + plao) — & Vo € 00\ Bs(xo).

Set
k. = max {Eg, sup | f(x) — c(x)ap(:co)\} :

e

Then we compute Lw. < f in {2 where
(@) = (o) + & + kaw(a).

So take &, \, 0 we get w} = w., is an upper barrier.
Similarly, w;, = ¢(z0) — en — ke, w(T). O

Proposition 6.12. Suppose hyp(H) holds, f € C%*(Q), ¢ € C%Q). Then, if Q satisfies
the exterior sphere condition at xo € 0S), then upper and lower barriers exist at xg w.r.t.

L, f, .
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Br(y)
R

Proof. By assumption, there exists Bg(y) C B" s.t. Br(y) N Q = {xo}. Let w(x) = u(R™7 —
|z — y|79) for x € Q, where y,0 > 0. Then w € C%(Q), w(wg) = 0. By direct calculation, [@ﬂ
, we see that Lw(z) = —1 for all z € Q, provided p, o > 0 are chosen appropriately.

O

Theorem 6.13. Let hyp(H) hold, f € C%*(Q), and p € C°(Q). Then there is a unique
function u € C**(Q) N C(Q) s.t. Lu = f in Q and u = ¢ on 0N, provided Q) satisfies the
exterior sphere condition (e.g. if Q is a C* domain,).

Proof. Let u be given by Thm Then u € C%(f2) and satisfies Lu = f in . Then extend
u to Q by setting u(z) = ¢(x) for all z € Q. Propositions (6.3 implies u € C°(9). O

Theorem 6.14. Suppose that hyp(H) holds, and Q is a bounded C*< domain. Then for
any f € C¥¥(Q) and ¢ € C*%(Q), there is a unique function u € C**(Q) s.t. Lu = f in Q,
u = on ON.
Proof. Set ¢1: Br(zo) — Uy, bo: Uy — Us both C*-diffeomorphisms. Let ¥ = )5 0/, then
U: Bp(zo) — Us is a C** diffeom.
s.t. there exist ball B with B C U(Q2 N Bg(zo)) and
T =W (02N B,(xp)) C 0B for some p > 0.

Letting y = ¥(z) be coordinates in Us, then the equation Lu = f becomes

Lu(y) = f(y), a(y) =u(T '), fly)=FfT "),

o(y) = (T Yy)) foryeT.
Now solve the problem ) i
Lv=fin B, ©=1ondB.

and get © € C%%(B) N C°(B). By adapting the same mollification + compactness argument
(used to prove Theorem , we also get that v € C>*(BUT). How?
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Can extend @ € C°(B)NC*>*(T"), T' cC T to @ € C°(B)NC**(G), G is some open nbhd of T".
(JGTGTTT, p.137]) Then proceed by mollifying extensions of f,u™,$, namely f,,u, € C*°(B).
Have f, — f and u, — u uniformly in B, and

|f”‘2,a;§ S ’f’2,a;§

lunlg < |uly5 (shrinking G if necessary)

’u‘Q,a;GﬂB < ’u 2,a;GNB Vn > 1

Consider now v, € C*°(B): )
Lv,=f, inB
Uy = Uy, on oB

The usual hyp. (H) holds for L = apply boundary Schauder estimates near the boundary to get
that there exists € > 0 s.t.

|Un|27a;B€($0) N B <C (’unIO;B + ’fn|0;§ + |Un|2,a;G> .

————
G:=GNB

The WMP, a priori bound gives the estimate

<C (IUIO;B +flos + \U|2,a;G)
and the mollification bound

<C (|U’0;B + 1 flos + |u|2,a;G)

and we thus obtain a bound independent of n. Thus, v, € C?>%(B) and are uniformly bounded,
thus by Arzela—Ascoli, we have that there exist subsequence (not relabelled) s.t.

v, — v* € C**(G), convergence happens in C*(G).

Thus v* satisfies Lv* = f in G. Now, NTS: v* = 3|g, o € C**(B) N C%(B). By interior
Schauder estimates, as in Thm. we have that up to a subsequence, v, = v € 01203‘(3) in
C?(B). Additionally, v € C°(B) and v,, — v uniformly in B (apply WMP + a priori estimate).
Thus v € C>*(B) N C°(B) and Lo = f in B, v = @ on dB. By uniqueness, ¥ = v on B, and
in particular 9|¢ = v|g = v* € C?%*(G'N B). Hence, pulling back to 2, there exist nbhd U of
xo € 09 (chosen arbitrarily) s.t. u € C*>*(U U Q).

On the other hand,

—i=00n0B, @—1ucC'B).

e
=
|
=
Il
)
E
s
s3]

By the weak max. principle, o = @ on B. So in particular @ € C**(BUT), so u € C**(Q). O

Fredholm Alternative:
Let V a normed space and T': V — V a compact linear map. Then either

(i) the equation x + Tx = 0 has a non-zero solution x € V', or

(ii) for any given y € V, there is a unique z € V s.t. x + Tz = y.

50



Us

"/’1 /\/\<l
_—
Conlomng nloioni
Y1(o)
A

Figure 4: Construction of diffeomorphism ¥ in the proof of Theorem

I Proof. Omitted, see [GTGT7T, Chapter 5]. O
Lecture 19

Theorem 6.15 (Fredholm Alternative). Let a € (0,1) and let Q@ C R™ be a bounded C*°
domain. Let

a? bl ce COQ) and Lu= aijD?ju + b'Diu + cu
be strictly elliptic. Then either:

(i) The homogeneous problem
Lu=0 1in€,
u=0 on 0N

has a non-trivial solution u € C%%(Q), or
(ii) For any given f € C%*(Q) and ¢ € C*>%(Q), the Dirichlet problem

Lu=f inQ
u=¢@ on N
has a unique solution u € C>*(12).
Remark. (1) This says that the sharp condition under which (ii) holds is not that ¢ <0, but

that the homog. problem has only the zero solution.

(2) Failure of (i) is equivalent to the statement that uniqueness holds for solutions to the DP as
in (ii), so the theorem can be seen as saying that if uniqueness holds (i.e. DP as in (ii) can
have at most one solution), then there exists a solution.

Proof. Tt suffices to prove the theorem in the special case ¢ = 0. (Unique solvability of Lu = f
in Q, u = ¢ on 9N for u € C*>%(Q) is equivalent to unique v € C*%(Q) solving Lu = f — Ly in
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Q, v =0 on 09N.)
So assume ¢ = 0. Choose constant o > supg c and let

<0

RPN . ——
Lou = Lu — ou = a“Djju+b'Diu+ (c—0o)u

so that ¢ — o < 0.
By Theorem [6.1] we know that

Ly : C*9(Q)) — C%*(Q)
is a bijection. By Global Schauder estimates + max. principle estimate,
uly i3 < ClLoul g, Yu € Cy™(9).

Equivalently,
1Ly flyag < ClLoulyg, V€ CP(Q).

L;1: % () — C2*(Q) is a bounded linear operator.

The inclusion I : C3*(2) — C%%(Q) is compact by Arzela—Ascoli. That is, compactness follows
by exploiting boundary regularity (need at least C?) and proceeding similarly to the proof of the
Global Schauder estimates (Theorem. SoT,=TIoL;!:C%(Q) — C%*(Q) is compact, i.e.
if (u;) is bdd in C%*(€2), then (T, (u;)) has a convergent subseq. in C%%(Q). Hence so is oT}.
By the abstract Fredholm Alternative we have either

(i) u+ oT,u = 0 has a non-zero solution u € C%%(Q), as does Lu = 0 or,

(ii) for any f € C%*(Q), there is a unique function v € C>*(Q) s.t. u + oT,u = L7 f.

Note that in either case, since T,u, L ;'f € C’g’a(ﬁ) and u = —T,u in case (i), and u =
L;'f — T,u in case (ii), we have that u € Cg’a(ﬁ) automatically. Now just apply L, to both
sides of the equation in both cases (i), (ii). O

7 Quasilinear second order elliptic theory and the De
Giorgi—Nash—Moser theory

Fix a € (0,1), 2 a bdd C?“ domain,

ij i 0o o 2 o
a’,b' € CV*( x R x R R).

Suppose

a (z, z,p)i; is positive definite for all (z,z,p) € @ x R x R".  (second-order) .

Consider the quasilinear operator

Qu = a (x,u, Du)Dizju + b(xz,u, Du).

We are interested in the Dirichlet problem for Q, i.e. the question of solvability for u € C*%(Q) of

Qu=0, inQ

for gi € C*().
W= ondQ or given ¢ (Q)

(DP) {
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To do this, we will rely on the following fixed point theorem.

Theorem 7.1 (Leray—Schauder fixed pt. thm.). Let X be a Banach space, and T : X — X
a continuous, compact operator (not assumed linear). Suppose there is a constant M > 0
such that for any o € [0,1] and any x € X satisfying x = oT(x), we have that |x| < M
(indep. of o). Then there exists xg € X s.t. xg = Txg, i.e. T has a fized point.

Lecture 20 To apply this result to the (DP) above: we will take X = C'1#(Q) for some fixed 3 € (0,1).
Now, define T : C1#(Q) — CY#(Q) by setting
T(v) :=u for any given v € C1H(Q),
where u solves the linear Dirichlet problem:

a(z,v, Dv)D3u+ b(z,v,Dv) =0 in Q
U= on 0f)

Note for given v € CY#(Q), z +— a¥ (z,v(x), Dv(x)), x +— b(z,v(x), Dv(x)) are in CO* ().
Also, a¥(z,v(z), Dv(z)) > A, - [£]? for some constant \g > 0.

By Thm there is a unique u € C%*(Q) c C*A(Q) := X solving (DP)y, so T is well
defined. By the Schauder estimates, one can check that 7" is continuous and compact. Note also
that (DP) is equivalent to T having a fixed point, i.e. the existence of v € C1#(Q) satisfying
v =T(v). Such v automatically will be in C>*%(Q).

More generally: v € C1#(Q) satisfies v = oT(v) for some o € [0,1]

aij(xyv,pv)pgjy + ob(z,v,Dv) =0 in Q

— v e C?%(Q) and solves
v =0p on 0f2

or equivalently,

. ij Dv)D?2 b Dv) =0, in
v e C**(Q) and solves {a (z,0, D) Do+ obla, v, Dv) =0, in
V=0 on 02
So by the abstract (Leray—Schauder f.p. Thm , if there exists
M= M(n,p,a”,b,Q) >0 and some fixed § = (n,¢,a”,b,Q) € (0,1)

s.t.
uly g <M whenever u € C%(Q)

solves
a(z,u, Du)D?ju + ob(z,u, Du) =01in Q, wu = oy on I for some o € [0, 1],
then (DP) has a solution in C%%(€).

Remark. Proving such a bound |u|y g.0 < M generally requires additional hypotheses, e.g. in the
case of minimal surface equation (see below). This requires the geometric condition that the
domain  is "mean convex' (and C%%).
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Now let’s consider operators () arising as Euler—-Lagrange operators associated with functionals
of the form

F(u) = /QF(ZE,U, Du) dz,

xz z p
F:OxRxR'—R.

with Euler-Lagrange equations, [/ } ,

d
0= —

2| Flu+tn), n€Ce(Q)

t=0

has divergence structure, which in non-divergence form is a () as above.

Assume as a further simplification that F(z,u,p) = F(p), i.e. F' depends only on the gradient
variable p € R™. A very important specific example (the prototypical quasilinear 2°¢ order elliptic
operator), is the case when F(p) = /1 + |p|?>. So we have the area functional

F(u) =/Q,/1 + |Duf?

u

A

g

whose E-L eqn is the minimal surface equation:
Diu
Di| ————] =0, div. form
z(,/1+|Du|?> ¥

D;,uD;
[&.. _ 1—|—I|L—DZZ|L2} D?ju =0 non-div. form

In the generality of F' = F(p), the E-L equation is

D;(Fp,(Du)) =0, div. form

where it is understood that
sz‘(p) = DPiF(p)’
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or, in non-divergence form
Fyp, Fy, (Du)Djju = 0.

If the integrand is convex in p, then a*(p) = Fp.p; (p) is elliptic.

In the case of the Minimal Surface Equation, one has

y PiPj 1
a’(p) = ((5" - ! ) ——

a'(p)

[a (p)];; has eigenvalues

1
L., 1, —
——" 1+p|
(n=1)

and so is elliptic, but strictly elliptic only if | Du| bounded in €.
Recall we want a C1#(Q) bound in C?%(Q) solutions to

F,,(Du) Diju =0 in ,
u=op on 0L2.
By the WMP, |u,q < |oglon < |oloo (first easiest step). Then we need
(1) |u’1;§ S Ml = Ml(@a Fv Q)7

(ii) [Du]ﬂ;ﬁ § Mg = Mg(tp, F, Q)

For both of these, we derive and use the PDE satisfied by partial derivatives w = Dyu,
ke {1,...,n}. Typically, (i) will come from applying the max principle and (ii) requires
De Giorgi—-Nash—Moser.

Lecture 21 In particular, considering functionals of the type

f(u):/QF(Du) dz, eg. F(p)=4/1+|p|?

for the Minimal surface equation.

E-L equation / F,,(Du)Djn = 0,@ vn € CL(Q) (& Di(Fp,(Du)) = 0 weakly in Q).
Q
We now seek to bound

(1) ’Du‘o;ﬁ;ﬁ < Ml = Ml((P,F, Q)a
(i) |Dulyg <M, ——VERY PROBLEM DEPENDENT.
(iii) [Du]ﬁg S Mg.

To do both (ii), (iii), we need the equation for partial derivatives w = Dyu, k € {1,...,n}.
Now, replace  with Dyn in @ to deduce

/ F, (Du)D;Dyn =0 ¥y € C2()
Q
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IBP w.r.t. x; gieves
| e (Dw)Dim = 0
which implies

/ﬂFpip].(Du)Dijm =0.

So w is a weak solution to
D; (Fpyp,(Du) - Djw) =0 in Q. (2)

So if |Du| < My on Q, then this is a uniformly elliptic equation in Q.
Step (iii) follows (once we have step (ii)), by applying De Giorgi—-Nash—-Moser (DGNM)
theory in the interior to Equation @ This theory says that if

we Wh?
is a weak solution to a divergence structure equation
D;(a”(z)Djw) =0 in Q,

with a bounded measurable and strictly elliptic, then there exists 3 € (0,1) depending only on a
bound on 3, ; |a'?| () and the ellipticity constant, and dimn, s.t. the solution

we CYP(Q)  (with an estimate).

loc

Remark. 1. DGNM theory extends to more general div. structure equations which have lower
order terms, as well as inhomogeneous terms on the r.h.s. under appropriate assumptions.
We will only present the theory for pure divergence form, homogeneous eqns as above.

2. There are also global estimates, giving bounds on ‘wlo-ﬁ-ﬁ subject to appropriate boundary
assumptions, and that’s what is really needed for the quasilinear applications. We will omit
the bdry theory.

De Giorgi—-Nash—Moser Theory
We consider operators of the form
Lu = D;(a” Dju) in some open set ) C R".

Hypothesis (H):

(i) a" € L*®(2) with |a"|fe ) < A, A = a fixed constant,

(ii) a¥(x)&&; > MEJ? ae. z € Q, for some fixed constant A > 0.

Definition 7.2. A function u € W12(Q) is a weak sub(super)solution to Lu = 0 in Q if

/ a’DjuD;p <0 (> 0) Yo € Wy(Q) and ¢ > 0.
Q
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Remark. A u € W2(Q) is a weak solution to Lu = 0 in 2 if and only if u is both a weak
subsolution and a weak supersolution.

Theorem 7.3 (Local boundedness of subsolutions). Suppose hyp(H) holds. If u € W12(€2)
is a weak subsolution to Lu = 0 in Q, then for any ball Bor(y) C Q and any p > 1,

sup u < C-R™™P Hu+‘ , where C' = C(n,\ A, p).

Br(y)

LP(B2r(y))

Theorem 7.4 (Weak Harnack inequality for non-neg. supersolutions). Suppose hyp(H)
holds. If u € WH2(Q) is a weak supersolution to Lu = 0 in 2, non-negative in Bygr(y) C Q,

and if p € (1, ﬁ), then

: R _
B]}I;(EJ)U 2 C-R p HUHLP(BzR(y)) y C = C(n, )\, A,p)

Corollary 7.5 (Harnack inequality for non-negative solutions). Suppose hyp(H) holds. If
u € WH2(Q) is a non-neg. weak solution to Lu = 0 in €, then for any subdomain Q CC €,
we have

supu < C - inf u,

(o) 2

where

C = C(n,\ A, Q, Q).

(Proof of Corollary[7.5). Just pick some p € (1, —5), and apply Thms. and to get
the Harnack inequality for balls. Then use the same argument as in the case of non-negative
harmonic functions to extend it to domains €1 CC . O

Theorem 7.6 (Holder continuity). Suppose hyp(H) holds, and suppose that u € W12(8) is
a weak solution to Lu =0 in 2. Then u is (a.e.) locally Holder continuous in 2. Moreover,
we have the estimates for any ball B,(y) C €,

(i) For any r € (0, R], we have
r\H* '
08CBR(y) U < C - (R) 0SCBL(y) > (0sc = sup — inf).

(i) u € CO*(Q), and

R*[u) < C- sup |ul.

,B
123 R/4(y) Br(y)

C=C(n,A\A), p=pnAA)€(01).

Lecture 22
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Theorem 7.7. Lu =0, u € Wh2(Q), Br(y) C Q,
(i) for allr € (0, R], oscp,(yyu < C (% OSCR (y) U
C

(i) RM[ulBr, 4y < Csubpp) lul,

Proof. First check (ii) = (i): @,z € Bgj(y), © # z. Let d = 3|z — 2|. Observe

R, Bsr(z) C Br(y)
SOSCBR(y) u

d 1 R
\u(m) — U(Z)’ < OSCBd(:r) u < Cc (5R/8) OSCBsR/s(Z) U

M < C sup ‘u| which giVGS

(by (i)), we have R*
|z — z|# Br(y)

B [u]Bryu() < C sup Jul.
Br(y)
To see (ii), we’ll use Theorem [7.4l (Note also that |u] is locally subharmonic by Theorem (7.3
applied to v and —u.) Suppose now that » < R/4. Set M; = Supp, () 4, M1 = infp ) u,Ms =
SUPR, (y) U M4 = infp, () u (want to establish (M1 —m1) < y(My—my), v <1, and iterate).
Now, My — u and u — my are both non-negative in Bu,(y), and satisfy L(Ms —u) =0, L(u—
my) = 0. So by Theorem [7.4] with ¢ =1,

r_"/ (My—u) < C- inf (My—u)=C - (My— M) (1)
By Br(y)
and
7’*”/ (u—my) <C- inf (u—myg)=C"-(mg —my). (2)
B, B'r'(y)

Now, (1) + (2) give (My—ma) < C-((My = My) + (m1 — ma)), and (My—m1) < (S4) - (My—
my) for v = €5 < 1 which implies

0SCB, (y) U < YOSCR,, (y) U, € (0,1).
Iterating this, starting with r = R/4 we deduce

oscp (y)ugfyjoscBR/4(y)u, 3=0,1,2,...

R/4J+1

Given any 7 € (0, R/4], there exist (unique) j s.t. 4/T!R <r < 4/R, hence

i—1
0SCR, (y) U < 0SCR,. i(y) U <! OSCBy 4 (y) U

/

R : log~y
_ 1 1 _
=7 .4 (logy 7)j OSCBR/4(y) u, let n = m S (0,1)

—~ L g-in
=7 4 0SCRB, 4 (y) U

which finally gives the estimate

1" /‘L
oscp, (yyu < C- <R) OSCRBL 4 (y) U
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Proof of Thm[7.3. We are assuming u € W12(Q) is a weak subsolution, i.e.

/ aijDiuDjv <0
Q

for all v € W[)l’z(Q), v > 0. Then u™ := max{u,0} is also a subsolution, [féﬂ . So w.l.o.g. we
can assume that u is non-negative.

It suffices to prove the theorem assuming in fact that u > e for arbitrary ¢ > 0. The general
case u > 0 then follows by applying the conclusion to u + € and letting ¢ — 0.

By considering @(z) := u(y + Rx), we may also assume y =0, R = 1. Let 8 > 0 and set

Vg := min {5, uF, k:u} for suff. large k.

Claim: v, € WH2(B), with

Doy () = BuP~ Du(z) ifxEQk::{xEB:uﬁ(x)<k:u(x)},
R kDu itre B\ Q.

To see this, note that if 5 < 1, Q = B and v, = v for sufficiently large k (since u > ).
When 5 > 1, then

1
U, = umin {u'g_l, k‘} =u-g(wg), wherewy = min {u, kzﬁ} , g(t) = =1

Since ¢ < wy, < k7T and g and ¢’ are bounded on [g, kﬁ], we have that
g(wr) € WH(B) with Di(g(wr)) = g'(wk) Ditwr.

Thus, by standard facts about Sobolev functions, the claim follows. (w; € W2 being min of
Sobolev functions.)
Now, fix n € C}(B) and take v = vyn? in the inequality [5 a” D;uDjv < 0. This gives

B aYDiu-u’'Djn® +k a” DyuDjwpn®

<=2 a“ Dyu - uﬁnDﬂ] — 2k aijDiuwknDjn.

By ellipticity and bounds |a¥/| Leo(B) < A, this gives:

_ 2A 2Ak
8 [ 1Dl e xk [ pul? < 2 [ iDulelaliDal+ = [ | Dululal D,

A
Young’s inequality with e:
C
[ IDuluui gDl < 2 | puPurt 4 G [ Dy
Q 2 Joy B oy
Hence,

B/Q/ |Du|2u5_1172+k:s/ |Du*n? < C’/,B/ uﬂ+1|Dnl2+ck/ u?|Dnf?,  (since ku < u”).
Qs B\Q o B\Q

O
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Lecture 23

Proof of Thm[7.3 (Cont’d). We have just established that for all # > 0 and k > 1 sufficiently
large that

52 [ IDuPut 45 [ pu <0/p [ wtonP oz [ D,
Qg 2 JB\o, Qr B\Q
where C' = C (%) , Q= {z € B:u(z) < ku(x)}.

;»5/2/ \Dul2u?1? < C/,B/ u5+1|Dny2+c/ 2| D,
Qr Qr B\Qy

Note that 1g, — 1p pointwise in B (u > ¢).
Assuming [z vt Dn|? < oo, we can let k — oo to deduce that

5/2 [ 1Dufa™ "l < /5 [ Dy
B B
Let o = 5+ 1, then
® C
Dul?u®? < 7/ u®| Dn|?
J 1w < o [ tion
holds for any o > 1, where C' = C (%) provided [5u®|Dn|* < co. Now compute
D (u%n> = %u%_lDu -+ U%Dn
and estimate O
a 2 s 1
D (u2n)| < —— [ u* ' Dul2p? 2/ *|Dn|?.
A‘ (uzn)’ _(a—l)Q/Bu | U|27’] + BU| 77|

C-a? o
< (a_l)Q/Bu \Dyl2.

Recall the Sobolev inequality (for f € Wy(B))

1f 12205y < C DSl 25 5

®

n—2

any fixed # if n = 2.

{7L if n > 3,

for some C' = C(n).
Using this with f = u®/2n, we get from the previous line that,

(o) = i oe)”

/ u®|Dnl? < .
B

subject to
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Given 0 < 7' < r < 1, choose 7 so that n € CY(B), n =1 on By, and n = 0 in B\ B,, and

1Dy < 25 (IA]), 50
o o> \"* /o
</B uaa> : <<ac— j)2) (r _i')z/a (/B “a>1 '

and take r = rj_1, ' =7, as well as a = pol =1 for any p > 1, for j > 0.

_ 1 1
Let rj = 5 + 571

& =1+ ﬁ is decreasing in «, we have

Since go = ;%7 =
g(po?) < g(p) = L~
< b1
; 1/po’j ! 2(],*1) - 1/po’j*l X
/ uf? < Crod=12pai=t / uP” , C=0C(p,5)
By, Br,_,
j=12...
Iterating this gives:
) 1/pa’ S 2o g 1/p
/ uf? < Q4= pod=1 . QP £j=1 poi—l (/ up) =C- |U‘LP(B)
Br'j 1
Taking j — oo gives
supu < C' - |ulpr(B),
By )2
for some
C:C(n,%,p), p>1
O

The iteration technique used above to prove the theorem is called the Moser iteration.
Remark. Using the case p > 1 (in fact the case p = 2) of the theorem (proved), it is possible to

extend to all p > 0 (with C > 0 depending on p).
It remains to prove Thm [7.4] (Weak Harnack inequality). For this we need the following lemma

first.
Lemma 7.8 (John—Nirenberg). Let B = B1(0) C R", and let u € Wli’cl(B) Suppose that

there is a M > 0 such that
pk"/ |Du| < M < o0
Bp(y)mB
for any ball B,(y).

Then, there exists pg = po(n) and ¢ = ¢(n) s.t
/ epo/Mi‘u7:B| <e
B
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where )

up = @ /;U
I Proof. Omitted, see [GTGT7T, Chapter 7]. O
Proof of Thm[74. W.l.o.g., assume R =1, y = 0, also u > ¢ (else can replace u with u+e, then
let £ | 0). Thus, have

/ aijDiuDjv >0, forallve WOI’Q(B4) . ()
By

One can check, [@ using ellipticity that with w = 1/u,

2

D
I <0, forall ve WHA(BY).

/ aijDiijv < -2 5
By u

By

(putting w?v for test function in (f)). So by Thm

1/p
supw < C </ wp)
B By

oz ()
= () [0) U

giving the lower bound

Lecture 24
Proof of Thm (continued). So w is a non-negative weak sub-solution. So by Thm

1/p
suprC’(/ wp) < oo Vpe(0,2]
B Bs

and the remark at end of Thm [7.3] gives

gz () e (,) ") ()]

C=0C(n,A/\p)

Claim: there exists
po=po(n,A/\) >0 and C =C(n,A/)) s.t.

() Uy, ) =e

This will prove the theorem for p = pg, and hence (by Holder inequality) for any p € (0, po.
Indeed, we rely on John—Nirenberg lemma. Let

1
w=1logu— —— [ logu (since u>e,w e Wh?(Bs)).
|Bs| /B,
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Dijw = Dju/u, using t with v~ 'v in place of v
g . g 1
/a”xDZw g'Djv — /a”xDZw ﬁDju >0

which gives
/ a DiwDjv > / a’ DiwDjwv > A / |Vw|*v

using |a¥| < A, replacing v with u?,

2A
/\Vw|2v2@7 / |Vw||Vo|v  (replace v with v?) Yo € CL(By),v > 0.

ab§€a2+ﬁb2 1 A
2.2 2
@ §/|Vw]v +5/]V1}|
1
/\Dw|2v2 < X/‘DUP vE 061(34/5),1) > 0. @

If By,/6(y) C By, then we can choose in @ v € CH(Bz,/6(y)), v =1 on B,(y) and |Dv| < %,
v > 0. Hence,

and

1/2
| apep<cpis [ |puj< ( / er|2) B2 < C-p .
By(y) By(y) By(y)
We need to check that for any ball B,(y),
L oy 1P O (++)
B,(y)NB3

If p > 1/4, then

[ pul< [ pel<c !
By(y)NB3 B3

For p € (0,1/4), if B,(y) N B3 # ), then
Bryjoly) © By, so again, [ Dol [ Dl <0t
By(y)NB3 Bp(y)

So by John—Nirenberg

Note [p, w = 0. So

U ) U = () () =e

so the claim holds, and hence the theorem for p € (0, po]. To prove the theorem for p € (po, -"5),

it suffices to show that given such p,

1/p N /P A A
(/ up> §C-(/ up> , forsome 0<p <py, p=9p (p,n,), C:C’<n,>.
Bs B3 A A
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To see this, let B > 0, take v = u= %52, so
/aijaiu djv > 0.
By the exact same steps as in Thm
—B-1 22_C 1-8 2
B/2 [ w77 |Dul™ <5 /U [ D~

Letting v = 1 — 3, and assuming v € (o, 1) (i.e. § € (0,1)), this gives us

_ C
/uV 2| Dul*n? < W/WIDUIQ.

o 1/y
() s (o) ()" e

0<r'<r<4,o= % Given p E.(po,o), chopse N = N(n,%,p) € N such that o= Vp < po.
In (%) take y =07 lp,r =24+ 4, ¢ =24+ 11 j=0,1,2,...,N — 1 giving

1/c=p . _3_1 , 1/o=i"1p
/ u’ e < <CJ 'p1> N7 / wo e
B2+% l1—0 BQ+%

for  =0,1,2,..., N — 1 giving finally

1
(/ up)UP <C. (/ UUNp) a—Np.
B Bs

So,

O
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