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Lecture 1

o Hormander, *Analysis of Partial Differential Operators* Vol. 1
o Reed—Simon, *Methods of Mathematical Physics* Vol. 1

e Distribution Theory: Foundations

1 Motivation

You have probably seen Dirac delta function from previous calculus/differential equations classes:
o0
/ 0(x — xo) f(x)dx = f(zp), [f“nice”.
—0o0

Can we define ¢'(z — x)? One can try as follows

o0

/OOO 8 (z — z0) f(x) dz = lim ! [6(x —x0 + ) — d(x — x0)] f(z) da

e=0¢ Jg

= ;I_I}(l)é [f(xo — &) = f(z0)] = —f'(w0).

/5’@ — wo)f(x) dz = —/5@; — o) f (@) da.

Is this okay — is it rigorous? We will make this definition rigorous using distribution theory.

Fourier transform of poly z"
If feLY(R),

[/R |fldr < oo] then f(\):= /Oo =N f () da,

How might we take F.T. of f(x) = 2™? Might recall identity
o(A) = L /OO e dy
2 J_ o
Might then get
fo) = /00 x"e M dy

—00

_ . 9 " > —i\x
= (zm) /_Ooe dzx



=" 27 -5 (N)

Recall Parseval’s theorem - -
[ awsmar= [ g@ifads

Define F.T. of g(z) = z to be the 'n
A= &(A) such that

/OO FAN)FN)dr = /OO af(x)dx for all NICE f’s.

— o0 —00

Again, we will makke this rigorous using Distribution Theory.

Distributional solutions to PDEs

From linear acoustics, air pressure p = p(t, x) satisfies wave equ:

*p
o2

—Ap=0. )

Figure 1: We might be interested for physical solutions to (x) that have discontinuities and thus cannot be
treated using classical theory.

Introduce nice f(t,z), f € C>°(R?). () implies

//(at2 Ap>fdxdt_0:>//< O —pAT) dadi =0

We say that p = p(t, ) is a weak solution to (x) if

// < B pAf) dzdt =0 for all f € C°(R?).

(Try p = H(t — tg) — Heaviside function, [@] )

In each case, to extend a definition to a larger domain of applicability, we had to introduce a space of
“nicer” functions. Thus the theme of distribution theory: functions get replaced by linear maps on some
auxiliary space of test functions V.

A distribution is a linear map u : V' — C, i.e., we study the topological dual to V. Let (-,-) denote the
pairing between V and V*, i.e., for any u € V*, f,g € V, and scalars o, 8 € C,

(u,af + Bg) = alu, f) + B(u, g).

The topological dual V* consists of linear maps u : V' — C such that

fo—= FinV = (u, fn) S (u, f).
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E.g., V = C(R), equipped with the topology of local uniform convergence.
We say f, — f in V if, for any compact K C R, for all n > 0,

sup| () (fato) = 0| -0

TeEK

Define
0o : V= C,  (0g,,f) = flxo), forall feV.

Note, {3z, fn) = (Ozg, f) if fn = fin V where V = C*(Q), £ CR"™ open.

fn Y f in the inductive limit topology. One can also treat functions as distribution by defining

g€ C®[R), [ / f@)g(x)dz, feC

2 Distributions

2.1 Notation and Preliminaries

Let X,Y be open subsets of R", K compact. Integrals over X, R" will then be written:

J 1= [ 1.

2.2 Distributions and Test Functions

First space of test functions

Definition 2.1. The space D(X) consists of smooth functions ¢ : X — C, which have compact
support. We say a sequence {pn} in D(X) tends to zero in D(X), (¢pn — 0 in D(X)) if there exists
a compact set K C X such that supp(¢n) C K, and

sup |0%pp| — 0 for each multi-index o.

Functions in D(X) have nice properties. For example, if ¢ € D(X), then ¢ = 0 before you reach 9X.
Let 0X O A=R"\ X be closed, dist(A4, supp(¢)) > § > 0. Then supp(y) is closed and compact.

X

Figure 2: Support of a test function ¢.



This means that integration by parts is easy:

/gaajqux:—/ajgawdw.
b's X

Since ¢ € D(X) is smooth,

ol = 3 T0e() + Rue, ),

la|<N

and

Z hfo; (0%(2) — 0%p(&)) — 0 uniformly in z, £ € By(x).

lo|<N
Since 0%y is smooth and compactly supported, this implies uniform continuity. Therefore,

RN(QJ,]’L)

L — 0 as h — 0 uniformly in A.

Definition 2.2. A linear map u : D(X) — C is called a distribution if: for every compact K C X,
there exist constants C' > 0, N € N such that:

[, ) (= ul@) < C Y sup|d*p| (%)

lo| <N

for all ¢ € D(X) with supp(p) C K. The space of all such maps is denoted by D'(X), and its
elements are called distributions on X.

If the same N can be used in the inequality above for all compact K C X, we call the least such N
the order of u, written ord(u). Note: N = N, C=Ck

For zg € X, define
<5a;07 90> = (,O(l’o), pe D(X)

Then 0, : D(X) — C is linear and
[{0zo, )| = lp(20)| < sup|g].
So C =1, N =0 in the inequality. See that ord(d,,) = 0. For a collection {f,} C C(X), define
T:D(X) - C by
Z / fa 0%pdz.
|| <M

Take ¢ € D(X) with supp(¢) C K. Then

o)l < Z/\fa 0] dx

la|<M
. [e%
<£¢I|H<DJ\{4/ faldx> sup [0%¢p|.
la| <M
So () holds with
C’:max/ |faldz, N =M,
“ JK



and hence T' € D’(X). Note this estimate still holds if the {f,} are only locally integrable, i.e.,
fo € LL (X). That is, if for all compact K C X,

loc
/ | faldz < cc.
K
Henceforth we will make the following abuse of notation: if f € L] (X), can define
Ty :D(X) = C, (T, ¢) =/Xf<pdx
(the previous example with M = 0). We simply write T = f.

Lemma 2.3. Let p,, — 0 in D(X). Then a linear map u : D(X) — C belongs to D'(X) if and only
if

lim (u,m) =0 for all such sequences.
m—ro0

[(u, om) = (U, 0), ©m =@ Om =90 Pm—@—0]

Proof. (=) Suppose u € D’'(X) and ¢,, — 0 in D(X). Then supp(¢,,) C K, and by seminorm estimate,
there exist C, N > O:

[(u; om)| < C- Z sup [0% | — 0.
le|<N

(<) Suppose not, ie. u : D(X) — C linear and ¢, — 0 in D(X), = (u,¢m) — 0, but
no estimate of form () holds, i.e. there exists a compact set K C X such that for all choices of C, N,
(*) fails on some test function with supp(¢) C K. In particular, if we take C' = N = m, there must exist
some ¢, € D(X) with supp(p,,) C K and

[, om)| >m- Y sup|0pm.

la|<m

Can replace @, with ¢, /{u, om). So (u, pm) =1 w.lo.g. ie.

1>m- Z sup 0% | = sup [0%m| < =, m > |al.

la|<m

But the ¢,, — 0 in D(X), a contradiction since (u, @) =1 /4 0. O

2.3 Limits in D'(X)
Often have sequence {u,,} in D'(X). If there is some u € D'(X) such that

(Um, ) = (u,p) Yo € D(X),

’

D
Say Umy — U.

Theorem 2.4 (Non-Examinable). If {u,,} is a sequence in D'(X) and

<u790> = lim <uma90>

m—»0o0

exists for all ¢ € D(X), then u € D'(X).

Take uy, € D'(X) defined by
(s ) = / sin(ma)p(z) do



[ttr, = sin(mz))

On IBP (integration by parts),
1 /
[{tm, )| = |— [ cos(mz) - ¢'(z) dz| — 0 as m — oo.
m

i.e. sin(ma) — 0 in D’(X).
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2.4 Basic Operations
2.4.1 Differentiation + Multiplication by smooth functions

For u € C*°(X) C L{ (X), 0% € D'(X)

loc

(0%u, ©) :/ p0%udx, ¢ DX)
X

= (—1)‘a|/ 0%pudx
b'e
Leads to the following definition.

Definition 2.5. For u € D'(X), f € C*>(X), define

(0 (fu), 0) = (=1)*N(u, f0°¢)

for ¢ € D(X). Call 0%*u the distributional derivatives of u. Note 0%*(fu) € D'(X)

For §,, have
(0%04,9) = (=1)|21(5,,0%0) = (=1)1*1a%p ().

Now define Heaviside function
, x>0

H(m):{o 2 <0

Thus, H € L, .(R) and we can compute its distributional derivative
(W)=~ == | @) da = 0(0) = o)
So, H' = §y. Generally, say u = v in D'(X) if
(u,0) = (v, ) Vi € D(X).

Lemma 2.6. Ifu € D'(R) and v’ =0 in D'(X), then u = const.

Proof. Fix ¢ € D(R), (1,¢) = [ pdz = 1. For ¢ € D(R), write

p=(p—(Lp) 1)+(1,0) - 1=patep

Note that (1,p4) = [ padz = 0. So we have

1/),4(1’) :/m <pA(t) dt .



Thus, g4 € D(R) with ¢y = 4. Hence,
(u, ) = (u,0a) + (u, pB) = (U, pa) + (1, ) (u, 1) = —(u', 0a) + c(1,) with ¢ = constant
So u = const. in D'(R).
2.4.2 Translation 4+ Reflection
If p € D(R™) and h € R”, define reflection + translation by
¢a) =¢(-x),  (Thp)(x) = ¢z —h)
Definition 2.7 (1.4). For u € D/(R™) and h € R", define

(@ @) = (u, @), (Thu, ) = (u, T-np)

for ¢ € D(R™).

Lemma 2.8. For u € D'(R™) define
Thu —u
W =
1]

If TZI —m € S" ! as |h| = 0, then

Vi, = m-Vu in D'(R").

Proof. For ¢ € D(R"), by definition of V},

By Taylor’s theorem:
Iy
(Tap = 9)(x) = pla+ h) = p(a) = = 3" hiz > + Ry(a,h)

Know that R, = o(|h|) in D(R™) = so by sequential continuity, Lemma

Vi) = = 3 Gt 520 + o)

%

2.4.3 Convolution between D’'(R") and D(R"™)

For ¢ € D(R™), have
(Eep)(y) = Py — ) = p(z —y)

=¢
If u € C°(R™), define convolution with ¢ € D(R"):

(ux ) (x) = / w( — y)ply) dy



Definition 2.9. For u € D'(R™), ¢ € D(R™) define:
ux () = (u, Top)
Question: How regular do u * p(z)?

Lemma 2.10. For p € C*®°(R"™ xR"), write ®,(y) = p(z,y). If for each x € R™ exists neighbourhood
N, C R" and compact K C R" such that

supp (®|n, xrn) C Ny X K

then
O (u, @) = (u,05®) for u e D'(R™).

(Think of y — ®.(y) as family of test functions).

Proof. From definition and Taylor’s theorem
0P
(I)x-‘rh(y) - (I)w(y) = Z hzaix(xv y) + Ry (J?, Y, h)
For |h| sufficiently small, x € N, so
supp(Ri (1)) C K, akso have  sup |92 R(x,y, )| = of|hl).

So
Ri(z,-,h) = o(|h|) in D(R™).

By sequential continuity:
0
D, -0,) = hz s hl).
(U, By — @z) Z <u 3wi>+0(| )

So
0 0P

T%W»‘I’ﬁ = (u, 67:,»>'

Now for higher order multi-indices, the result follows by induction.

Corollary 2.11. Ifu € D'(R™) and ¢ € D(R™), then

uxp € C(R™) and 0%(ux*@)=ux*d%.

Remark. Observe that (u* ¢)(x) = (u, TpP) so ®, = T,.p in previous lemma.
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2.5 Density of D(R") in D'(R")

We can use the previous result to prove an important theorem. We need some preliminary results.



Lemma 2.12. Ifu € D'(R™), p,¢ € D(R™), then (u* @)« = ux* (¢ x 1)

Proof. Fix x € R™.

n

(wr ) s 0)(e) = [ (uwrille = vl dy
= /(u(z% plx —y—2),Y)(y)dy (abuse)

_ / (u(2), oz —y — 2)i(y), )dy

= lim 37 (u(e), oo — = — hon)is(hm), B)"
mezm

finite sumvh>0 ;. . n
W i (u(z), 3 pla— = — hm)i(hm), h)
mezn
@ (u(2), (p*x¥)(x — 2)) (by sequential continuity)
= (ux (1)) ()
To establish (1) define, for |h| <1, family of functions {F?} (+— > yn @(x — 2 — hm)(hm) - R It
is straightforward to show that supp(Fy) lies in some fixed, compact K C R™. Also, F}, are smooth. Note

that for each a,
sup |0 Fp(2)| < M,

so for each «, z — 9% F(z) is uniformly bounded and equicontinuous:

0% Fi(z) — 07 Fi(y)| = | @ vor Rz + (- o)

1
/ L o Byt + (1 — t)y) dt‘ _

Sa |z —yl, (ASB=3C>0:ACC-B).

Applying Arzelda—Ascoli and diagonal argument, get sequence {h} s.t.

sup |0%Fp, (2) — 0%(px ) (z — z)| = 0 for each a.
zEK

Theorem 2.13. For u € D'(R"™), there exist g € D(R™) s.t.
or —u in D'(R™) k- oo.
ug — w in D'(R™) if (up, d) — (u, d) for all p € D(R™)).
Proof. The idea is to set ¢, € D(R™) with [ 4 dz =1, supp(¢)x) — {0}, see the figure below. Informally,
these smooth functions approximate the Dirac delta at the origin. Interpreting w as a function, then we

see that the distributional convolution with a Dirac delta centred at x € R" is just evaluation at x, so we
takes a guess the convolutions of w with the ¥ and then localise by some appropriate cutoff. That is,

ok b(x) = / 5z — yyuly) dy = [ux ()] - X ()’

1, |zl <1 x
= , =x(+], e CXR"
X {07 2| >2 @ X(k) x € CF(RY)

We will make this precise below.



“or = 8”
j\ A\
| ° | -

Figure 3: Smooth bump functions ‘converging’ distributionally to the Dirac delta at the origin.
Fix ¢ € D(R") with [¢dx =1, set

V() = Kmp(ka), / o d = 1.

Fix x € D(R™) with x =1 on |z| < 1 and x = 0 on |z| > 2. For u € D'(R™) and arbitrary ¢ € D(R"™),
consider

(pr, ) where xi(x) = x <%)

or = (u* )Xk
{01y 0) = (w s g, xup) = (wx ) * (xrp")(0) = u* (Vr * (xae”)) (0)  (by Lemma

Yr * (xk0)" (x) = / k' p(k(z —y)) - x (—ky> 0V (—y)dy = /w(y) X (% - %) 0 (% ~ ac) dy

n

making the change of variables ¢ = k(z —y) < y=x— % Now, we compute
Wy * (Xke)v(lﬂ) = ¢(—x) 4+ Ri(—x), where
_ y_z ¥ _
Ry (2) = /<p(y) [X(k + k) w(k +l’) SD(I)} dy.

So
(0,0 = u 0" (0) + wx RY(0) = (u,0) + (u, Ry).

It is straightforward to show that Ry — 0 in D’(R"™), [@] . Sequential continuity implies that (¢, 0) —
(u, ) as k — oo, concluding the proof. O

3 Distributions of Compact Support

Let Y C X be open. We say u € D'(X) vanishes on Y if (u,) =0 Ve € D(Y).

Definition 3.1. For u € D'(X), define the support of u by

supp(w) =X\ |J Y

YCX
open
u vanishes on'Y

Example. For 4, € D'(R"), supp(d;) = {z}.

Claim: If v € D’(X) vanishes on a collection {U;} of open sets, then « vanishes on their union.
Indeed, suppose
supp(y) C Ui .
i

By compactness, there exists {U;, }7_, such that supp(¢) C U, Ui, Now fix a partition of unity {¢; R

10



subordinate to {Uj, }, i.e.

N
supp(¢h;) C Ui, and Y ¢ =1.
J=1

Then

)

N N
Vo) Z(u,d)jgo) =0 since supp(¥;p) C Uy, .
1

<u’ 99> = <u’ :

Corollary 3.2.

supp(u) = Complement of largest open set on which u vanishes

Lecture 5

3.1 More test functions and distributions

Definition 3.3. Define £(X) to be the space of smooth functions, ¢ : X — C, s.t. for any compact
K C X and for each multi-index a,

D%p — 0 locally uniformly,

o @
sup |[D%p(x)| < oo for all compact K C X.
zeK

Definition 3.4. A linear map u : £(X) — C is a distribution in E'(X) if for every compact K C X
there exists cx > 0 and N such that

[(u, )| < cx sup sup [D%p()|
|o|<N z€K

for all p € E(X) supported in K.
So &'(X) = distributions with compact support.

Lemma 3.5. A linear map u : E(X) — C belongs to &'(X) if and only if

(u, pn) =0 for all {p,} C E(X) such that p, — 0 in E(X).

Proof. Almost identical to the analogous result for D(X). Compare compact exhaustion of X.
(=): There exists K C X compact, cx, N > 0 such that for all p € £(X),

[(u,0)| < ex D> sup D).
|al<N

Thus, ¢, — 0 in £(X) implies sup |[D%p,| — 0 for all «, so n — oo gives
(u,on) — 0 as required.

(«<): Suppose u ¢ £'(X). Then for all K C X compact, for all N > 0, there exists ¢ € £(X) such that

[(u,0)] > ¢ Y sup|D%p].
|al<N

11



Let {K,} be a compact exhaustion of X. Then there exists {¢,} such that

{w, @n)| >n - Z sup |D%p,,| for all n € N.

laj<n ="

W.lo.g. suppose (u,p,) =1 for all n >. Then

Z sup | D%p,| — 0 as u, = 00 = ¢, — 0in £(X), but (u,¢,) > 1 for all n,

la<n Kn

a contradiction, completing the proof. O]

Lemma 3.6. If u € &£'(X), then u|px) defines an element of D'(X) with compact support.
Conversely, if u € D'(X) has compact support, then there exists a unique @ € E'(X) such that
supp(u) = supp(a) and i|p(x) = u.

Proof. Note that D(X) C £(X), so if u € &'(X) then u|p(x) is well-defined. There exist a compact
K C X, and constants C, N > 0 such that

(u, )] <C > sup|0¥p| Ve € D(X).
|| <N
So ulp(x) € D'(X) and supp(u) C K.
If w € D'(X) has compact support, fix p € D(X) such that p = 1 on a neighborhood of supp(u). Define
i:E(X)— Chby
(@, @) = (u, pp) Vo € E(X).
Note that supp(py) C supp(p) = K. Since p € D(X), there exist constants C; N > 0 such that

(@, @) = [{u, pp)]
<C Y sup|0(pp)|

lo|<N

<C Z sup |0%p| (by Leibniz rule).
la|<N

So @ € £'(X). Suppose there exists o € £'(X) with 0|px) = v = i|p(x) and supp(?) = supp(@) =
supp(u). With p € D(X) as before,

Hence v = 4. ]

3.2 Convolution between £'(R") and D'(R")

For ¢ € E(R™),u € £'(R™) define convolution as before:

u* p(x) = (U, T2 P)

12
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Find u * ¢ € E(R™). Note that u x ¢ = 0 unless (z — y) € supp(y) for some y € supp(u), i.e.
supp(u * ¢) C supp(u) + supp(y).
In particular, if u € £&'(R™) and ¢ € D(R™) then u * ¢ € D(R™).
Definition 3.7. Let u,v € D'(R™), at least one of which has compact support. Then define

(u*v,0) = (u,v*¢) Ype DR").

Then u v € D'(R"), [A] .
Lemma 3.8. For u,v as in Definition U*V =V *U.

Proof. Recall Lemma if u e D'(R™) and ¢,1 € D(R™) then
(uxp)xp=ux(px) (1)

Same holds if u € £'(R™) and ¢, 1) € £(R™) with at least one of supp(¢), supp(¢)) compact.
For ¢, 1) € D(R™),

(uxv)*(@*x) =ux*(vx(p*x1))
=ux((vxp)*v)
=ux[p* (v*)]
= (uxp)* (V)

Use ¢ * 19 = 1) x , then

(uxv) * (px ) = (uxp)* (V)
= ()« (vx o)
= (vxu)x(pxy) (1)

Soif E=uxv—vxu, then Fx (p*x1) =0 for all p,¢ € D(R™) and
(Exo)xp=0 YYpeDR")=FE*xp=0 VpeDR")=FE=0in D'(R") ie.

(u,v %) = (v,uxp).

So for any u € D'(R™) we have
doxu=u*xdy=u

since for ¢ € D(R™)

(uxdo)(p) =ux(do*p) =ux*ep
(80 * @)(x) = (d0, Tup)
722(0)

~

= ¢(—x) = p(x).

13



3.3 Tempered Distributions + Fourier Analysis

3.3.1 The test function space S(R")

Definition 3.9. The test function space, written S(R™) consists of all smooth ¢ € C*°(R"™) s.t.

sup |2%0P p(z)| < oo
TER™

for all multi-indices a, 3.
In words: ¢ rapidly decays to 0 as |x| — oo faster than any polynomial growth.

Examples 3.10. = — ﬁ € S(R?), x — exp(—|z|?) € S(R™).

Definition 3.11. A linear map u : S(R™) — C belongs to S'(R™), the space of tempered distributions,
if there exist C, N > 0 such that

@) <C D lelas.

lal,|B|<N

Remark. Arguing as before, one can show that for all o € S(R™), that u : S(R™) — C linear belongs to
S'(R™) & (u, om) = 0 Vo, = 0inS.

Note the inclusions
D(R™) c S(R™) C E(R™)
(pm = 0in D= ¢, -0inS= ¢, >0inf)

and
E'(R™) c §'(R™) C D'(R™).

So in a sense, S,S’, are the Goldilocks pair if we want to do Fourier Analysis. As it will turn out, the
Fourier transform is extremely well adapted to S, and by extension through duality, to S’.

3.4 Fourier Transform on S(R")

Definition 3.12. For f € LY(R") define Fourier Transform:

o= [ e=f@ds, gerr
Use F to denote linear map F : f +— f
Note that S(R™) C L(R"), since for ¢ € S(R™)
| telde= [ jah ™0+ fol) VIl do
<C Y el [ (@ la) Vo < oc

la|<N R

for N >n+ 1.

14



Lemma 3.13. If f € L'(R™), then f € Co(R™).

Proof. Suppose A\ — A in R™. Then

A

lim f(\g) m e AR (1) da z/ lim e~ f(z)dz

=1
k—o0 k—oo Jrn n k—00

Il
s
—~

>
N

gx(z)
Since |gx| < 1, f € LY(R"),
fy= [ e e = o,

IMPORTANT: Fourier transform interchanges smoothness and decay.

Lemma 3.14. For ¢ € S(R™) we have

(D%)*(A) = A"¢(N), D= —i0

Proof. By IBP:

Note Lemmas = f: S(R") = C®(R™)

Might have seen “Fourier inversion” Theorem

_ 1 eiz-)\A
o) = e [ e

Theorem 3.15. The Fourier Transform is a continuous isomorphism on S(R™), is bijective and
om 306 Pn 0.

15



Proof. Know that F: S(R") — C>*(R"). Lemma [3.14]

INDAB(N)| = ’/Da(;c%)e—mda;

< [ 10" pldo < . 0

Since ¢ € S(R™) we have D*(z¢) € S(R™) c L'(R™). Hence,

a8 < oo forall a, 3, ie., p € S(R")

2]
which means the Fourier transform is a map
F: S(R™) — S(R™).

By suitably applying (1) to sequence ¢,, — 0, find ¢, — 0= ¢, — 0.
Want to establish inversion. Consider

/ M TH(N)dA = lim [ e* e p(N)dA (PCT)

e—0

= /gp(y) U ei’\'(””_y)e_‘Sl)‘Qd)\} dy (%)

j=1

For all € > 0, by Fubini

(z)1/2€—<mj-yj)2/4s dy

n/2 2 —
= /cp(y) <7) e~lz=vl"/4¢ gy ( making the change of variables y* := z y)

2 E
= p@) a1 [y

= (2m)"p(2).
1

Ok /R e TR(N) X

o= g5

So we get a bijection F: S(R™) — S(R™) and by previous results, if ¢., — 0, then ¢ — 0.

(%) /e"“e—a*z d)\:/e_s(’\_%)Q_% d)\:e_‘fz/‘le/e_f(/\_%)z dA
R R

R

te. px)=

which implies

This last integral is a standard Gaussian integral. We can differentiate with respect to o

0

% [--] =0 implies o = 0 without loss of generality.
o

Alternatively, by the Cauchy integral theorem one can compute

/ e_‘s(/\_%)2 d\ = / e~ dg = HE.
R+ R €

16



Lecture 7

3.5 Fourier Transform on S'(R")

To define F.T. on §&’(R™) need Parseval’s Theorem.

Lemma 3.16. If u,p € S(R™) then

Proof. By Fubini:

LHS = /gp(x) U e—M%(A)dA] dx = /¢(A) [/ e—iA‘w(a;)dx} d\ = /z/)(/\)@()\)d)\
If u € S(R™) C &'(R™), then previous lemma states
(@, ¢) = (u, @) Vo € SR")

Since F: S(R™) — S(R™), the RHS is well-defined for any u € S'(R").

Definition 3.17. For u € S'(R™) define 4 by

(G, @) := (u,p) for all p € S(R™)
As an example take u = dg.
(o) = (60,:9) = 9(0) = [ pla)de = (1,¢)
ie. bp =1in S'(R™). Also, u = 1 compute
(Lo = (1,9) = [ Gdr= 2m"0(0) = (260, )

In “old” language,

" _ 1 efi)\-x "
o(e) = e / A

Straightforward to extend Lemma [3.14]to S'(R™), [/,@1] , e

(D2a) = A4

Theorem 3.18. The Fourier Transform defines a continuous injection

F: 8'(R") - §'(R")

Proof. To get injection, note

17



since

To see that F: §'(R™) — S’'(R™), note that
¢m — 0in S(R") <= ¢,,, = 0 in S(R")

SO
<ﬁ/7(pm> = <’LL, ¢m> —0asm — 0,

so @ € S'(R™). For continuity, suppose u,, — 0 in S'(R"), i.e.

(um, @, =)0 Vo € S(R")
(tm, 1, =)0 Vi € S(R")
(U, h, =)0 VY € S(R™)

ie. Uy =0 inS <= 1t,—0 inS. O

—
—

4 Sobolev Space

Definition 4.1. For s € R define Sobolev space H*(R™) to be the v € S'(R™) for which 4 € §'(R™)
can be identified with a (measurable) X\ — () that satisfies

[[ul

L= /(1 + A2)*|a(N)[2 dA < oco.

We will use notation
(A = (1+ A2

so (A\) ~ |A| as |A| = oo. Observe that u € H*(R™) then (-)*a € L*(R"™).

Lemma 4.2. Ifu € H*(R") and s > n/2, then u € C(R").

Proof. We establish that @ € L' (R™).

/ (M) dA = / ) () a(A)] dA

<(fo> dx)l/ (/ <A>28a<x>|2dx)l/2

1/2

— / do / W+ dr |l e M)
gn-1 0

()

Note, (1) = O (r=2*"~1) as r — o0, so the integral is finite if s > n/2. CANNOT invoke inverse F.T.
— only proved that inversion works on S(R™)! We can only write

(u, ) = {1, 6) = / OERE

18



Lecture 8

- / a(N) { (2i)n / e~ N Top(1) dx] dX.

Since @ € L'(R™), for ¢ € S(R™), can apply Fubini to obtain

(u, ) = / p(x) [ (2710n / e Tq(N) d)x} dx

= /u(x)cﬁ(w) dx
where )
u(z) = @ / eATa(N) dA.
Since @ € L*(R™), by Dominated Convergence Theorem we get u € C'(R™). O

Corollary 4.3. If u € H*(R™) for all s > n/2, then u € C*°(R™).

I Proof (sketch). Replace u with D®u(= A\*4), show (D%u)"~€ L'(R")etc., conclude D% € C(R™) O

Remark. When understanding regularity, which is a LOCAL concept, can confine attention to
ou, p € D(R™).

So very rarely need to study w in isolation, pu, ¢ € D(R™) will do. Thus, if v € D'(X), can consider
u € D'(X), ¢ € D(X), and make extension

(p)ext € E'(R™) C S'(R")

This leads us to the introduction to the notion of local Sobolev spaces Hj (X), which we turn our
attention to next.

Definition 4.4. Say u € D'(X) belongs to the local Sobolev space Hj (X) if up (extends to) an
element of H*(R™) for each ¢ € D(X).

Remark. Note we interpret pu € E'(R™) C §'(R") by

(pu, ¥) = (u, 1) Vi € E(R™).
Well-defined since supp(¢v) C X.

5 § 4: Applications of Fourier Transform

5.1 § 4.1: Elliptic Regularity

Interested in problems of form
P(D)u=f (%)
where u, f € D'(X), where P is a polynomial in A, e.g.

19



Interested in the following question: if f € Hf (X), can we say that u € H{

L (X) for some t = t(s, P)?
We will give a positive answer to this when P(D) is elliptic.

Definition 5.1. An N** order P.D.O.

P(D)= Y caD”

le|=N

(constant coeffs.) has principal symbol defined by

op(\) = > caX”.

lee|=N

Say P(D) is elliptic if op(A) # 0 on R™ \ {0}.

Remark. One guess for constructing solutions to such P.D.O.s would be to take Fourier transforms of
(k) and write

I

PN

The ellipticity condition will mean that such a guess is largely correct, since , P(X) < op(A), |\ — oo,
though this needs to be made precise.

ﬁ:

Lemma 5.2. If P(D) is N** order elliptic then for all sufficiently large |\ > 1,

[PV Z AN,

Proof. By continuity & compactness, since op(A\) # 0 on S*1,

min |op(A)] =C > 0.
IA=1

Then for A € R™\ {0},
1 [0
op (V] = AN Xj%(MO > O
|a]=N

By the triangle inequality,
[P = [op(AN)] = [P(X) —ap(})]

PO — o]
>F A }W

Since |P(\) — ap(N)| = O(|]A|N 1), choosing || sufficiently large so

PO — op(N) _ C
D]

Hence, for |\| sufficiently large

PO = SN = GIAY 2 ()Y

20



Theorem 5.3. Suppose P(D)u is N** order elliptic. Then,

P(D)u € Hi (X) = ue HIN(X).

loc

We will first tackle, more "easy" version, relevant if u € £&'(R™). We will crucially use the fact that if
u € E'(R™), then
4 e ER™), |a(\)] < (NM some M > 0.

(which we will establish using Payley-Wiener theory, see later). When u € £'(R"™), can use the parametrix
to prove version of Thm [5.3] which we define below.

Definition 5.4. Say that E € D'(R™) is a parametriz for P(D) if there exists w € E(R™) such that
P(D)E =60+ w.
Remark. This is almost like saying that we can invert the P.D.O., that is having some Green’s function G
satisfying P(D)G = d¢, which would allow us to express solutions to find P(D)u = f simply by taking the

convolution G * f.

Lemma 5.5. Every (non-zero), elliptic P(D) admits a parametriz E € E(R™ \ {0}).

Proof. Fix R > 0 such that |[P(\)| 2 (A\) on |A\| > R, x € D(R") such that x =1 on |\ < R and x =0
on |A] > R+ 1. Define E € §'(R™) by
. (1—x(\)

E\) =
Then E is smooth and |E| < (A)~N for |\ so £ € S(R”) = E € S'(R"). Inverting the Fourier transform,

we obtain
P(D)E =60+ w

where & = —x € D(R") = w € S(R™) C E(R™). For |A| > R+ 1 we have,

(X"E) (V)| = ‘DﬁE(A)‘ = ‘Dﬁ (}DEA))‘ < (A)y~N-18l

where the last estimate follows from an induction argument, [@] . So for every |G| (particularly s € Zx>g),
there is a 8 multi-index s.t. x?E € H*(R"). So for each o, D®(x’E) is continuous for |3| sufficiently
large (by the Sobolev embedding lemma). That is, E is smooth away from z =0, £ € &'(R™ \ {0}). O
Proof of easy version of Theorem[5.3 If u € E&'(R™), then @ € E(R™), using
P(D)EN) =14
ie. .
1=PWNE-&eD®Y) { =0(N") VR
and so multiplying both sides by #
Q= [P(/\)LDE - w} a.
Now, since @ € D(R"), we have that & = o((\) k) for all £ > 1. Thus we have, P(D)u € H*(R") and
P(N)a(\)® € L3(R™). We now estimate

a(\) N = [PaANTEN NN = @an)
<1 o({(\)~k)VE>1

and ||a(X)*™V ||, < 1 which gives u € H*™V (R™). O
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The above gives us some idea as how one could proceed to prove the general case of i.e. by localising
u by multiplying by some test function ¢ € D(X). Consider briefly the Elliptic P.D.O. P(D) and suppose
u € D'(X) satisfies in the sense of distributions P(D)u = f. Then, after this localisation step (also notice
f e H} (X) means of € H*(R™)) we can express
LHS = P(D)[ pu ]+ [, P(D)](u)

—_~ ——

€&(X) ord N—1
where the second term involves a commutator term which we will try to control. One can proceed by
iterating this scheme finitely many times and hope this will improve regularity locally, which indeed it will!
This is how we will proceed in proving Theorem [5.3

Figure 4: Iteration of localisation argument.

Proof (Thm[5.3). We will use the following facts, [£4] :

o u€e & (R") then 3t € R s.t. u € H'(R")

o Ifuc HY(R") = D € H'~l*l(R™)

. If s>t = H{R") C H(R)

o Ifp € C°(R") and v € H*(R") = ¢u € H*(R™)
Fix ¢ € D(X). Introduce test functions

{0,¢1,...,m} C D(R") s.t. 41 = 1 on suppp; and supp ¢ C supp(yp) C - -+ C supp 9.
(see the figure above). Note that You € &'(R™), so Yu € H(R™) (for some t). Then
P(D)[¢pru] = 1 P(D)u+ [P(D), 1] (u)
=1 P(D)u+ [P(D),1](dou)  since ¢o =1 on supp i
€ H*(R") @ H'"NTHR") (same t).

Le. P(D)[¢ru] € HA* (R™) where

A, =min{s,t — N+1} ie.
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[ PO P ax < oo 0
since |P(M\)] 2 (\)Y for |\| sufficiently large.
(= [N WP dr S [ PO W ah < oc
ie. Yyuc HY(RY), Ay = A; + N = min{s + N, t + 1}. Similarly,
P(D)[th2,u] = o2 P(D)u + [P(D),2](u) = 12 P(D)u + [P(D), 2] (¢1u)
since 1 = 1 on supp ¥, which gives that
You € HA2(R"), Ay =min{s,t — N +1} + N = min{s + N,t + 2}.

Proceeding inductively,

Yu € HA%(R™), A, =min{s + N,t+ u}.
Now, choose M s.t. M > s+ N —t,s0 Ay; = s+ N. Since ¢pr = 1 on supp ¢ get pu € H¥V(R") and
¢ € D(X) arbitrary, we conclude u € HSTV (X). O

loc

5.2 Fundamental Solutions

To solve PDEs of form P(D)u = f, can use fundamental solutions.
Definition 5.6. Say E € D'(R™) is a fundamental sol™ for P(D) if

P(D)E = 6.

Lemma 5.7. Fundamental sol™ for

is given by E = L. (z =z + iz, € C = R?)

s

Proof. E € L} _(R?), so E € D'(R?). For ¢ € D(R?)

loc

<885E,g0> = — <E7 g%;> = —;i_r% /Z>E %% dx  (Dominated Convergence).

O-tm [ 5L

P
(/ (8Q _ 8) dxidry = / Pdzi + Qdxo, Green’s Theorem)
8D 8x1 8352 oD

z

o1 ¢ _ .
;1_1% 5 /|Z|:8 Zdz (dz =dxy + idxs).

ice

0 1
~df = 5 27p(0) = (b0, ) (by DCT again).
T

gel

1 27
= lim —/ p(ecosb, esinh)
0

e—0 271
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Lecture 10

Lemma 5.8. The fundamental solution for the heat operator
PD)=0,—A; onRxR"

8

—n/2 _l=P
B(z,t) = (4mt) exp ( - ) , t>0,
0, t <0.

Proof. Note that P(D)E =0ont > ¢ > 0. Now, for ¢ € D(R"):

<(af - Aaﬁ)E7 90> == <Ea (af + Am)§0>

= lim — dt dx E(x,t) (0: + Az)

e—0 c R™

= lim (/ d:vEcp|:i +/ dt/ da?go[atEAmE])
e—0 R" =€ e n

2
o —n/2 7|x| r o _
;1_1%/” dx (47e) exp< e > o(x,€), NoE Y
1
T —n/2 |12
=ty [y () el b)e(vERD)
(DCT) 1

P0) - s [ ey = (0) = (6.

O

To approach more general P.D.O.s, one can attempt to construct fundamental solutions by considering
the following
1 (=)
E,¢) = dA
(89 = e | i

(PD)E. ) = (B P-D)p) = Gz [ P r = o(0),

One would need to check that this is well defined. The main difficulty comes in finding a domain of
integration (which was purposefully left blank), so as to avoin any ‘singularities’ of 1/P(\). We will see the
following construction due to Hérmander, namely, the Hérmander’s Staircase which gives the construction
of fundamental sol to general P.D.Os.

In other words, we will try to construct a surface ¥ C C" s.t. ¥ ~ R" (homotopic) and for which

(.00 = e | o @€ DY)

defines an element of D’(R™). Note then

1 PN @(=A) 1 L R -
(27r)"/z P()) = (2m)m /29”( A)dr = 2n)" /n G(=A) dA = ¢(0))

We willl use complex analysis, and the fact that ¥ ~ R™. Will call ¥ "Hérmander’s staircase."

Lemma 5.9. For A € R", write A = (X, \,,) € R""1 xR etc. For each N € R""!, if o € E(R™) then
C 3z~ @(N,2) is holomorphic and

there exists
5 > 0 such that |p(N,2)| S L+ A" ™2 m=0,1,2,...
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Remark. This establishes fast decay at horizontal infinity, so

/ SN, 2)dz = / SN, An)dN, VneR. (Cauchy’s Theorem)
R+in R

Theorem 5.10. For every non-zero P(D) there exists a fundamental solution.

Proof. By scaling and rotating coordinate axes, can fully assume () does the form:

M-—1
PN ) =M+ ) am(V)AY

m=0

Let us fix 4/ € R*~!. Then

M
P(u' s 2a) = [T = 7)) where Zﬁ(u') =0

i=1

are the zeros of the polynomial A, — P(u’, Ap).
Claim: There exists a horizontal line (see figure below) Im A, = ¢(¢') in the complex \,-plane inside
the strip |Im A,,| < M + 1 such that

Im(\, — G())| >1, i=1,2,...,M.

A — plane
N
Im(\,)=M+1
i ROOT FREE
[/ S S S Im(\,) = e()

VA A AA4

CNG @Q’

> Im(\,) = —(M +1)

Indeed, [Im(A,)| < M +1 consists of M + 1 strips of width 2. By the pigeonhole principle, there exists a
strip with no roots ¢;(u') inside it. Choose horizontal line Im(\,,) = ¢(i') to disect strip. Consequently,
|[P(1/y An)] > 1 on Im(A,) = c(p’). Since the set of roots varies continuously with the coefficients of
polynomial, deduce that same statement holds for p’ in a sufficiently small neighborhood of ', call it
N(p'). We thus get open N(u') such that

IP(N, M) >1 for Im(\,) = c(i) and X € N(i').

Can do this for every p/ € R"~1, can generate an open cover of R"~! with open sets of the form N (u').
By Heine—Borel can extract locally finite subcover

Ny = N(u'), No=N(?),
We have that .
|[P(N,A)| > 1 on {Im(\,) = ¢; =c(p'), X € N;}.
Define open sets L
Al Z:Nl, Al :Nl\(NlLJUNl_l)
Have (A;); are open, disjoint,

UJA;=R*" and |[P(N,A)[>1on {ImA, =c;, N € Aj}.

j=1
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Define, for ¢ € D(R"),

1 - 95(_)‘/7_>‘n)
E,p) = / X [/ dN\, T
Bt = gy 2 [y o ™ PR

Then

1 o0
P(D)E,p) = / d)\’/ BN, An)dAy
(P(D)E, %) = Gy ; LN e
= (by Cauchy + Lemma [5.9))

1 & .
- WZ/A‘dX/Rd/\n P(=XN, =)
i=1 K

no ¢ ependence 1
(no @ 2 1 dependence) 771/ dA’/ BN, A)P(= N, —An) A = 9(0) = (60, ) -
(27'(') Rn—1 R

Still need to show that F € D'(R™), [A@‘] . This implies

P(D)E =6y, E € D'(R").

Herumoer’s Spaanase

Remark. To obtain the continuity of zeros, let U, be neighbourhoods, balls of radius €
say, centered around zeros of the polynomial A, — P(u',N\,), ' fized (see the figure below). Can count

1 AP/ (1, M)
27i) Jou, P/ M)

is continuous in a neighborhood of i’ and integer-valued, hence constant.

d\,

# of zeros inside U, (arg-principle) =

Lecture 11

5.3 Structure Theorem for E&'(X)
We know that if f € C(X), then 0*f € D'(X) with
@ f.0) = ()" [forgdn Ve D).
Also, note that dy = (zH)" in D'(R). It is natural to ask: can all distributions be written in the form

u=>Y 0% inD'(X)where f, € C(X)?
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We will prove in case £'(X), but the result is true more generally.

Lemma 5.11. Ifu € &'(R™) C §'(R™) then @ € S'(R™) can be identified with the smooth (analytic)
function .
A= a(\) = (u(z), e ),

Also, there exists M > 0 such that |a(\)] < (\)M.
Proof. Fix x € D(R™) with

0, |z|>2

1, |z <1
X:

For ¢ € S(R™) set ¢, = x (£) ¢(z) € D(X).

m

Claim: ¢,, — ¢ in S(R™). For arbitrary «, f:

lom = lla,s = 12D [p(2)(1 = x(2/m))] l|oo

— e (F) e 070 xtafm)
v<B K s

All derivatives of 2 — (1 — x(z/m)) tend to zero uniformly, and
oD% - (1~ xte/m)|. < swp e D] | 2| < Pleris

~Y
lz|>m m

So, by sequential continuity of & € S'(R"™),

m—r o0 m—r o0

(1,6) = Jim (o) = T o o) = T (), [ a0
By Riemann sum argument in Lemma [2.12] (note each ¢, has compact support)

= lim | (u(z), e %) o, (N) dX

m— o0

Since power series for x — e~*'* converges locally uniformly, can interchange (-,-) with infinite sum by
sequential continuity. So @()\) = (u(z), e~**) is smooth, and by semi-norm estimate of u € £&'(R"), there
exists IV > 0 and compact K C R" such that

A = [{u(e),e ) < C Y sup|DF(e”™*)| S (WY, AeR"
lal<N

So by DCT,

i.e. @ can be identified with A — a()\). O

Theorem 5.12. For each u € E'(X), there exists a finite collection {fa}, fo € C(X) and supp(fa) C
X, such that

u=>Yy 0fa in&(CX).
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Proof. Fix p € D(X) such that p = 1 on supp(u). Then for ¢ € £(X), we have

(u, ) = (u, pp) + (u, (1 = p)p) = (u, pp).

By extending by zero, we can treat u € £&'(R™) and pp € D(R™). For some ¢ € S(R™), can write

(pp) = (™). In fact,
(2m)"Y = py (*)
so we have
(u, ) = (u, (W) = (@, ).
Note that
(1= 2)")" () = (N> (N)
where A = 37,9 /0x3. Also,
(u, ) = (N 7274, [(1— A)™9]").

By choosing m sufficiently large and defining

_ 1 ei)v.'r 2m,&
@) = e [ €7 Qa0 i
€L1(R™)

we see that by DCT, f € C(R™). Also,
(2m)" £ () = (1) 7a)"

Hence

(u,0) = (N7, [(1 = 8)™¢]") = (2m)" Y, (1 = A)"™)
= (f, (1 = A)™((2m)" "))
and from (), = (f, (1 — A)™(py)). Can expand derivatives, by Leibniz

(u,0) = (£, (=1)*10*(p0¢))

«

where p € D(R™) with supp(pp) C X. So

(w,0) = O 0" (fap), )

= <Z 0% fos )

where f, € C(X) and supp(f.) C X. O

Example. Know that 6o = (¢H)"”. Now, if

* (¢ =1 on some neighbourhood of 0) ¢(0) = 1, and ¢ is in D(R), then dy = @do.
® <50a f> = <(.’EH)//, f>7 for f in D(R)

Therefore, using
¢(xH) = (p'zH) — ¢"asH = " (xH) + 2(¢'vH) + p(zH)"

which implies
(paH)" = ¢"(xH) + 2¢'(xH)' + p(zH)",

we can compute for any f € D(R)

(00, f) = ((pxH)" 4+ " (xH) = 2(¢"(xH))', f).
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Lecture 12

Thus,
do = (paH)" +¢"(xH) - 2(¢'(zH))’
—_—— — ——

€C.R)  €C.(R) €C(R)
Since ¢’ = 0 on some neighbourhood of 0 and (zH) = 2H' 4+ H = H as a distribution.

Note that the existence of fundamental solution theorem (Hérmander Staircase) is called
“Malgrange-Ehrenpreis Theorem."

5.4 Paley-Wiener-Schwartz Theorem:

Have seen that if u € £&'(R™), then @ can be identified with A — @(\) = (u(z),e~*'*). Take complex
analytic extension to z € C™, call

(2) = (u(@),e™"*)

4
the Fourier-Laplace transform of u € £'(R™). Know that there exist C, N > 0, K C R"™ compact

4()] = (u(e), =) £ C 3 suplon (e )]

lal<N

—iz-x

Also z — 4(2) is entire (power series of x +— e converges locally uniformly, so can apply n-termwise
(sequential continuity of u) to get power series for 4(z)).

Lemma 5.13. Ifu € £&'(R") and supp(u) C Bs = {x € R" : |z| < 6}, then 3C, N > 0 such that
la(z)] < C-(1+ |z))NeXI™2 2 ecC.

Proof. Fix ¢ € C*(R) such that (1) = 1 on 7 = =3, ¢(7) = 0 on 7 < —1. For € > 0, define
Ye(z) = P(e(Jz| — 0)), z € R™. Then 1. € D(R™) and

e =1 0n|:v|§<5—|—2f1s
Y.=0 onlz[>d+1.

Note that ¥ = 1 on supp(u). Since u € &'(R™), 3C, N > 0 such that

4] = [(w(@) vel@) - e =) < C- 3 sup (92 [nl@)ei=7])

|al<N [a|<o+2
Also observe that 9%¢. < el?l and
. 1
e T < |,z|"y‘e(‘wg)'lnﬂzl7 on supp .

which implies

~

[Bl+Iv[<N

|’1:L(Z)| S Z gl'B||Z|"‘/‘e(5+%)-Inlz\

Taking € = Mﬁ gives the result. O

Paley-Wiener-Schwartz is about converse in the sense that if z +— U(z) is entire function of z € C" and
|U(2)] < O+ |z)Ne ™2l s it the case that U = @ where u € £ (R") and supp(u) C Bs? Yes.
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Theorem 5.14 (P-W-S). (A) If ¢ € D(R™) and supp(p) C Bs, then z — ¢(2) is entire and
(1) 16(2) Sy L+ [e)~ Vel 2 eC,N=0,1,2,...

Conversely, if z — ®(z) is entire and satisfies (T), then ® = ¢ for some ¢ € D(R™), supp(p) C
B;.

(B) If u € &'(R™) and supp(u) C Bs, then z — 4(z) is entire and 3C, N > 0 such that
1) 1S @ +[h)NellmO 2 eCm

Conversely, if z — U(z) is entire and satisfies (1), then U = 4 for some u € &' (R") with
supp(u) C Bs.

Proof. (A: Clear that z — §(z) = [e " %p(z)dz is entire (e.g., 9*p/dz* = 0 Va,Vz € C", or apply
Morera + Fubini, or expand z + e~ ¥ and integrate termwise). For the estimate (1) (c.f. Lemma ,
for arbitrary

1590(2)] = ] ety da

_ ‘/(e‘iz"”D“gp(x)) de .

Since |e’i“”| = |eImZ'I| < Cedl'™ =l on supp ¢, estimate (t) now follows.
For converse, given entire z — ®(z) obeying (}), define

1
(2m)"

o(z) = / EATH(N) .

Follows ((DCT) + (1)) that ¢ € C*°(R"™). By Cauchy’s theorem, entirety of z — ®(z) and estimate (),

have for arbitrary o € R™.
1

(2m)"

|p(@)] =

/e“”m)'%uﬂ‘n) dX| .

The above is justified because of rapid horizontal decay of ®. So by ():

lo()] < / (14 A4 in) N el dy

@eém-x\ ,
@e—t(cm—a) _

If |x| > §, take t — oo to get ¢ = 0, i.e. » € D(R™) and supp(p) C Bs. Taking Fourier transform shows
that ® = ¢.

(B): (=): already established (Lemma [5.13)).
(<): Let z +— U(z) be an entire function satisfying (1). Then |g» € S'(R") since |[U(\)| < (M\)V. Since
F:S'(R") — S’(R™) is an isomorphism, Ju € S'(R") s.t. 4 =U. For ¢ € D(R"™),

Take n = &L t>0,

/gpdm =1 and supp(y)C Bj.

Set @.(x) = e "p(x/e). Then . — § in S'(R™) and supp(¢:) C Be. Hence ¢, — 1 in S'(R™).
Define @.(z) = ¢=(2)U(z). By (1) for ¢, and (}) for u, have @c(z) Sy (1 + |2) Ne@Falimzl N =

0,1,2,3,.... Hence, i € D(R™) and supp(d.) C Bsie. As e — 0, get 4. — 4 in &' (R™). O
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6 Oscillatory Integrals.

In this section, we would like to make sense of
/ei)\x dx

/ei‘b(m’e)a(x, 0) do

where z € X, § € R*. Call real-valued ® € C°°(X x R¥\ {0}) the phase function and a will belong to a
class of functions called symbols. NOTE: latter integral will not be well-defined classically since we will
allow symbols that get large as |8] — oo.

and more generally, objects of the form

Lemma 6.1 (Riemann-Lebesgue Lemma). If f € L*(R), then |f(\)| — 0 as |\| = oc.

Proof. Assume f € L'(R) N C(R).

F\) = % / [e*i’wf(x) + e*“‘If(x)] dx where z = x4+ w/A
= % /e_M””f(x) + e AT f(x 4 /N da
1

=5 [ @) - fla+ w/N) s

Since f € L*(R), given € > 0, there exists R s.t.

1

. /|I|>R F(2) — (o +m/N)| d < < /4

Since f € C(R), choose R sufficiently large so that

/| Re*“m [f(z) — f(x +7/N)]dz| <e/4 (by DCT)

ie., [f(\)] < /2 for || sufficiently large. Note that L*(R) N C(R) is dense in L!(R), so given g € L'(R),
fix f € L'(R) N C(R) such that || f — g||,: <¢&/2 So,

PN

9GN] =130 = FO) + F] < 13 = FI + If(N)] < & for [A] sufficiently large.

More generally, if ¢ € D(R™) and ® € C*°(R), expect

/90(0) . ei)\¢'(9) do

to decay as |A\| = oco. E.g., if &’ # 0, then the operator
1 d

ix®'(0) db
is well-defined since |®’(6)| = 1 on supp ¢. Note that
Leir® — oir®

SO

)
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Figure 5: “More oscillation in integrand = more decay of integral”( [ f(x)e=? dz) because oscillation gives
cancellation.

/90(9)61’\@(9) do = /@(H)Le““b(a) do = / [th(e)} e g

where
b Ldfl
TiNde | P

Can do this as many times as we please to get

} “formal adjoint of L”.

‘/ei*% dH‘ = ‘/(Lt)Nga(ﬁ)eim d@‘ <y NN N=0,1,2,...
Expect to get dominant contribution from pts at which ® = 0 (stationary pts).

Lemma 6.2 (Stationary phse lemma). Let ® € C*°(R) such that ® # 0 on R\ {0} and ®(0) =
®’'(0) =0, ”(0) #0. Then for ¢ € D(R):

; 1
iADP (0
‘/e Q) dH‘ < e A = oo.

Proof. Fix p € D(R) such that p=1on || <1 and p=0 on |f] > 2. Write
/ e p(0)do = / e p(0)p(0/5)dd  (call this )+ / e (1—p(0/8))p(0)dd (5 > 0, call this I) .

Since p(6/0) = 0 on |0] > 2§, we get simple estimate |I;| < . Note (1 — p(60)) = 0 on |8] < J. So we're

integrating over |6 > 9, so
1 d

T iND/(0) b

is well-defined and Le**® = ¢*®. So
B = [ N2 (1 p(66))pl6)] a8

where

1d[1
t— —_——— PE—
L=-xa [fb’]
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Note if

4 , d [ d
=, % |35
d? da d
_ 2 hetalhad 1AV
—ad02+3ad9d9+(aa)

= L] L @ 0" d "\
T2 (®)2 db? (®')3 do ()3
sinceiq)m + 37((1)”)2
(@) ()
Note that

' (0) — '(0) = /09 o' (t)dt = 0/1 " (0t)dt

0
ie.
/ 1
LAGN / " (01)dt
0 0

LHS #0 at 0 #0 and = ®"(cf) #0 as § — 0. i.e. |®'(0)| = |0] on supp ¢. So,

LR 10 - 9001 =0 (535 ) + 0 (355) + 0 (5357

Integrating over |0| > § gives

L) =0 (Aj@) ‘0 (g) Lo (vlég) |

Matching with I5(\) = O(9), want

YL *|/\‘1/2'

Remark. This estimate is sharp, for example, consider

/ei)‘GQp(H) o, 6=p/VA

1 ig? ( [ > const
=— [ € — | df ~ —— + lower order terms as A — oo.
\a/ A X

Using this result, we expect

u(x) = /ei/\‘b(l’e)a(x?@) do
to be “badly behaved” at zy € X, for which Vy®(z¢,0) = 0 for some § € R". We will show that
sing supp(u) C {x € X : Vo®(z,60) = 0 for some 6 € R" \ {0}} .

Lecture 14

Definition 6.3. Let X C R* open. A smooth function a : X x R™ — C is called a symbol of order
N € R if for each compact K C X,

10295 a(x,0)| Sk.ap (OB for all (x,0) € K x R™

Call the space of all such symbols Sym(X,R™; N).
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For example, if {¢,} € C*°(X), then

a(z,0) = Z Ya(x) - 0% € Sym(X,R"; N).
la|<N
Ouly care about behaviour of symbols for large ||, since for any compact L C R™, if a € C®°(X x R"),
then
D D6 (a(z,0))

(z,0) — @A compact in X

will always be bounded on K x L (K compact in X).

Lemma 6.4. e Ifa € Sym(X,R¥;N), then agaga € Sym(X,R¥; N — |8]).

e Ifa; € Sym(X,R¥; N;), i = 1,2 then ajas € Sym(X,R¥; Ny + No).
Proof. Obviously Dnga(a:, 6) is smooth on X x R*. For K C X compact,
1D DY (D2 D]l = | D2 DI 4| Sieorpr (0)NIP1FT = DEDEG € Sym(X,RF: N — |B)).
Again for K C X compact,

|DEDY (araz)| = | > ( )< > (DS DY ay) (D2~ DI ay)

a'<a B'<B

Skas y D (ONTITUGNTIETI S ()M,
a'<a f'<f

whence ajay € Sym(X,R¥; Ny + No).

Lemma 6.5. Ifa € C™(X xR"™) and a is positively homogeneous of degree N (in 0) for |0| sufficiently
large, then

a € Sym(X,R"; N).

Proof. For |0| sufficiently large, a(z,t0) = tNa(z,0) for t > 0. So for |0| large
tN DD a(x,0)] = DD} a(x, t9)] = /(D DY a)(x, 16).
Le. Dnga is positively homogeneous of degree N — |3], for || large. For K C X compact,
|Dg Dja(x,6)| = |Dg Dja(z, [6w)], w=6/|6] € S"

= |01¥ 19 Dg D, )| Sicas ()Y (£ =1/16], 0 large)

Definition 6.6. ® : X x R¥ — R is called a phase function if:

i) ® is continuous on X x RF and positively homogeneous of degree 1 in 0, i.e. ®(z,t0) =
t®(xz,0), t >0,

ii) ® is smooth on X x (R¥\ {0}),
iii) d® = Vo® - df + V, P -dz # 0 on X x (R¥\ {0}).
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Want to make sense of

«@ _ 1 iz-0 po
Dy (x) = (27T)”/6 0% df

ie. ®(x,0) =x-0, a(z,0) = (27) 0% € Sym(R™,R"; |a|) and more generally, if x € X

phwon
/e’ ®(z,0) a(z,) do.
~——
€Sym(X,RF;N)

Could define a linear form Ig(a): D(X) — C by

o) = / / @0 q(x,0)p(x) da db

But too cumbersome because of lack of absolute integrability of the double integral. Instead, fix x € D(R"™)
st. x =1on|0] <1 and set

I5(0)(z) = / (@0 (3 0)y(0) do
Then define I§(a) = lim.\ 0 I5(a) in D'(X).

Lemma 6.7. If Ly has the form

n

L:zn:aj(xﬁai Z xH + ¢(z, 0)
j=1

with a; € Sym(X,R¥;0), b, c € Sym(X,R¥; —1) then L' has same form.
Proof.
0 0
—Zafoj(aj') - Z&Tj(bj )+c
j j
3 7 K
= Zaj 20, +c where @; € Sym(X,R¥;0), b; € Sym(X,R¥; —1)

Z % — abj + ¢ € Sym(X,R*; —1) (use symbol lemma).

If we could find such an L for which Le'® = ¢'® then

a0 | / (LN e®)ar, 6)x (0) () da 6
// (LYN [a(z, 0)x(e0)p(z)] dz db.

From form of L, (L") should lower order of [a(z,0)x(e6)¢(z)] by 1 each time.
Lecture 15

Lemma 6.8. There exists a differential operator L of the form

L=("")

such that
Ltei® — oi®

where @ is any (fized) phase function.
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Proof. Clearly,
0 00 D w00,

69]‘ 89 8$j 8$]

SO

S o 0 Z 02 0\ e _ (1912|vyap + |V, BP) ¢

=1 89 89 8:10]- c‘hj
Note, since ®(x,t0) = t®(z,0), t >0
0 0 8@

So a<1> ~+ Vi homogeneous of deg 1.

0 0P

t—&(z,0) = 50,
J

0P
a0, —(x,t0) = —— is + vely homogeneous of deg 0.

09,

Now define
i 00 9 0~ 0P 9 0
P: — _— _—
j; 0PN o®F + V.82 08, 06, 06; 2= 0a; O 0,

from which we easily verify Pe!® = e’®. We see that the coefficients above are positively homogeneous
of deg 0, —1 respectively. Note that denominators can vanish at = 0. Fix p € D(R*), p=1on || < 1
and p =0 on |6] > 2. Define

L'=(1—-p)P+p

Then 4 . . ‘
Ltez¢> _ (1 _ p)ez<1> _’_peztb _ eztb

and by Lemmas [6.4] and [6.7]
k n
D D
L=% a2 L — (LT)*

a; € Sym(X,R*;0), b; € Sym(X,R¥; 1)

Note that
L : Sym(X,R*; N) — Sym(X,RF; N — 1)

Also, more generally,

LM [a(z,0)p(x)] = Z ao(z,0)D%  where a, € Sym(X,R¥; N — M)
lal<M

which can be seen by inducting on M.

Theorem 6.9. If ® is a phase function and a € Sym(X,RF; N) then

Io(a) = lim I5(a) € D'(X)

and
ord(Ip(a)) < N+ k+ 1.
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Proof. For each € > 0,
I5(a) = /e@(I’e)a(x,G)X(sQ) do (x € D(R*), x=1on |6l <1,x=0on |0 > 2)

So for ¢ € D(X)
Iia)p.=) [ [ e Nata b)x(eb)p(e) dads

= // [(Lt)Meiq’] a(z,0)x(ed)p(z) dx db (L' asin Lemma
= [[ 1 ot on(e)ot)) dras

Note that, since y € D(RF),
2\ lal |/ qa lal () —led
50 x(e0)| = "M (0%x) (€0)] Sa €'(eb)

glal 1

- =y
(1 +e2(g)2)172 (L +10p2)

So, for 0 <e < 1:

‘(5?9) X(EG)‘ Sa (0)71 e, x(ef) € Sym(X,R*;0) uniformly in e.

So
a(z,0)x(e) € Sym(X,R*; N) = LM [a(z,0)x(e0)p(x)] = Z aq(z,0,6) D%
lo|<M

4o € Sym(X,RF: N — M).
And also ay(z,0) := aq(z,0;0) € Sym(X,R*; N — M). Choose M sufficiently large, i.e.,

N-M<—(k+1) forallz,,

i.e., enough to take M = N + k + 1. So, by the Dominated Convergence Theorem (DCT),

(Ig(a), ) = lim(Ig (), ) = Z // @0 q (x,0) 0% dz db.

e—0
|a| <N+k+1

If supp(p) C K, then

(o (@), )| < Z // lao(z,0)] - 0% dx df Sk Z sup |0%p| (as a is integrable).

la|<N+Ek+1 la| <N+k+1

So Ig(a) € D'(X) and ord(I@((x)) <N+E+1.

Given I (o) € D'(X),
/eié(x’a)a(m,H) do

We can show that 0/0z; I3 (o) coincides with the oscillatory integral

/e@(z’e) [iaji)(a:,@) + ia(x,@) do
8$j
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% Since [ - -] might fail to be smooth at § = 0, write
/e"@(r’e)p(ﬁ)a(x,ﬁ) do + /eiq)(m’e)(l — p(0))a(x,0)do

where p € D(RF), p=1o0n |f] <1 and p =0 on |#] > 2. Because of this technicality, we often assume that
the support of a(x,0) lies in |6] > 1.

Lecture 16 Consider
1 .
In(0) = 55 /e”'edﬁ, (z,0) eR" xR® (X — R",R* — R").
T
For ¢ € D(R")
(Is(a = lim // w0y (e0)p(x) da df
e—0
(2,0) — (z,60) = lim —— // @0y (0)p(ex) dr df = hm/ —X(—z)p(ez) dx

e—0 (2m)"

i.e.

1 .
50($) = (271-)71 /611-0 46
This gives
D%6o(x) = 7(271)” / 0% do

Natural to ask when Ig(a) € D'(X) can be identified with a smooth function.

Definition 6.10. Let Y C X be open. Say u € D'(X) is smooth on Y if there exists f € C°(Y)
such that (u, ) = [ fedz for all ¢ € D(Y). Define the singular support of u € D'(X) by:

sing supp(u) = X \ U {Y : u is smooth on Y}

YCX
open

i.e. the complement of the largest open set on which u is smooth.

Example. sing supp(dp) = {0}, [@] .

When looking at sing supp(Ig(a)) the following lemma allows us to assume a(x,0) = 0 on 0] < 1 wlog.
Lemma 6.11. If ® is a phase function, a symbol, then the function
T /ei‘b(w’a)p(H)a(x,H) de
is smooth for any p € D(RF).
Fix p € D(R¥), p=1o0n |#] <1and p=0 on |[§] > 2, can write
(@)= Ta(pa) +la((1—p)a)  Ta((1-p)a).

Y

smooth function a
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Note a € Sym(X,R¥; N) = a € Sym(X,R*; N) and
sing supp I (a) = sing supp I¢(a)

Clearly a(z,0) = 0 on |0] < 1. Consider again

/ei‘b(wﬁ)a(x,ﬁ) de
Expect this to be “bad” at x € X for which Vy®(x,0) = 0 for some 6 € R".

Theorem 6.12.
sing supp(Io(a)) C {z € X : Vo®(z,0) = 0 for some 6 € R* \ {0}}
Proof. Fix g € X for which V®(z9,6) # 0 for all § € R*\ {0}. Note 6 +— |V4®(z0, )| is homogeneous
of deg 0, so is completely determined by values it takes on S*~!. By continuity and compactness,
|Vo®(z0,0)| > 1 on R¥\ {0}
By continuity, 9 small open nbhd Y of zy such that
[Vo@(z,0)] 2 1onY x (R*\ {0}).

Consider
= (Is(a), @), @€ D(Y).

The differential operator

Z _266 0
|Vo®|? 89

is well-defined on Y x (R* \ {0}), and
LLei® — i

Since we can assume a(z,60) = 0 on |[§] < 1 wlog, it follows that L’ is well-defined on
(Y x R*) Nsuppla(zx, 0)].
By same argument as proof of Thm
L : Sym(X,RF: N) — Sym(X,R*¥; N —1).

So for ¢ € D(Y),
(Io(a), ) = lim / / ¢ L [z, 0)x ()| (x) dz dO

e—0

Note that L does not hit ¢(x). Since a(z, 0)x(£0) € Sym(X,R*; N) (uniformly in €), can choose M large
enough so we use DCT to take limit

(ta(@p) = [ | [ e rate.0)db) etayan

Can choose M as large as we please, so differentiation under integral permitted and deduce Ig(a) is
smooth on Y. Since zg € Y, we conclude the proof of the result. O

Recall we showed earlier that

So(z) = (271)" /e”'edﬂ.
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Now, we also have
sing supp(dp) C {z € R"™ : Vg(z - 0) = 0 for some 6 € R¥\ {0}} = {z =0}

Now, suppose want to solve

Du .
i +c-Vu=0, gl_r,%u(x,t) = do(x)

Le.
u(-,t) € D'(R™) Vt and 1%irr(l)u(-,t) = do(x)
—

Set x = (z,t). Guess, by F.T.,

1 i0-(z—ct)
t) = e de
o) = g | ¢
Differentiate under integral, find
% +c-Vu=0.
and )
. _ i0-x _ : /(n
tlgx(l)u(a:,t) = G /e df = éo(xz) in D'(R™).
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