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Problems

1. Let u : R" — R be continuous, non-negative and bounded. Prove using Har-
nack’s inequality that u is a constant.

2. Let u e C*(Q)NC%Q), g€ C°(dQ) and f € C°(Q) such that Au = f in Q.
Show that

< +CM=C +
mﬁaxlul max gl (n(ggx gl s%p If I]

where C is a positive constant, that only depends on the domain Q and not on
u,f,g.

3. Let HZ(Q) denote the closure of the space C(Q) with the H? norm; it is a
closed subspace of the Hilbert space H?, thus a Hilbert space in its own right.
Consider the map,

B:H}(Q)xH3(Q) >R

where
Blu,v] = j AulAv, u,ve Hg(Q) (D
Q

Show that for any bounded linear functional f on H&(Q), there exists a unique
u € HZ(Q) such that

Blu,v] = f[v], VYveHZQ)
4. [1, p.107] For p # 2 and t = 0 show that

ISl _
oo Tlls
Hint. Consider ¢ = e~ @+b)**/2 with 4 > 0 and b € R. Let a tend to zero or
infinity depending on the value of p. Discussion. There is a general principle.
Suppose that S is an operator which respects the L” norm in the sense that

cligllr <lISeller < Cllelle-

If there are functions such that ¢, and S¢, are spread regularly over their
support and the supp(S¢,) is incomparably smaller than supp(¢,), then S
cannot be bounded in LP for any p > r. The reason is that if M, ( resp.
m,) is a typical magnitude for ¢, (resp. S¢, ), then respect for L" yields
M vol (supp ¢,) ~ mj,vol (supp S¢,). Thus m,/M, — oo, so S is not bounded
on L*®. Similarly, |S@,ll;»/|l@nll » — oo for any p > r.

If there are functions whose support is compressed, one finds that S is not
bounded on L? for any p < r. In our case r = 2, the L? norm is conserved and
Gaussians of size a~!/? are spread by S(t) over a region of size a'/?t which,
letting a tend to infinity (resp. 0), is incomparably larger (resp. smaller) than
the original spread. The conclusion is that S is unbounded on L? for all p = 2.




The test functions of the hint are suggested by the solutions
S(1)6 = (4mit) V2l /4
and .
S(t)((—4mit)y 274 = 5,

which spread from a point to all of IP? and contract from all of IR to a point.
These are extreme examples of dispersion.

The operator S(t) is the Fourier mutiplier & *e =il ’F and the multiplier eitlel
is smooth and bounded but gives an operator which is unbounded on LP for
p = 2. This discontinuity is not obvious. Viewed from the point of view of the

SRT) ; 2 .
multiplier, the problem comes from the fact that e #fI°I° oscillates faster and
faster as |&| tends to infinity.

. Let u : R? xR — C be such that u(t,-),u,(t,-) € S(R?) for all + € R. Suppose u
satisfies the Schrodinger equation

id,u+ Au = ulul. (2)

Show that the energy

1 — 1
E(t)z—f VuTVu+—f u?mu?
2 R4 4 R4

is constant.




Solutions

1. From problem sheet five, Harnack’s inequality was derived. Restating it one
has for f : R" — R, u > 0 continuous on the ball B(xy, R) C R" and harmonic in
its interior, one has for all |x — xg| = 7 < R:

1-% 1+ %
Wf(xo) < f(X) < Wf(x()) (3)

Since u is bounded on R”, take

M =suplu| < o0
er
and define
n=u+M

Now one has that 7 > 0 on R” and that it is harmonic on R". Fix y € R”
arbitrary. For all R > |y|+ 1, the conditions for Harnack’s inequality (3) are met
with y € B(0,|y|+ 1) C B(0, R) yielding

lyl+1 y|+1
1-2+— 1+~
[1+ R ]n_l [1- R ]n_l
Taking R — oo gives that
[yl+1 yh+l
1-2+— 1+ 45~
— R  and —R  both —1
[1_+_3’|;'1]n—1 [1_}’%1]11—1

Finally giving that (0) < #(y) < #(0). Thus, # = (0) giving that u is constant
on R" as required.

2. Assuming f is bounded on Q c R" (otherwise there is nothing to show), let
M =sup|f(x)|. Consider the functions

xeQ
i, (x) = u(x)+Mﬁ i_(x) = u(x)—M% xeQ
A 2n’ T 2n’
2 _
and let C = sup % < co. Note that they are both C?(Q)NC(Q), where |.| = ||.||,.
xeQ

By linearity, one has that
A, =Au+M=f+M=>0, Ai_=Au-M=f-M<0 on Q.

Thus, i, is sub-harmonic in Q) and sufficiently regular for the weak maximum
principle to yield
|x]?

2 2

X X

max u+Mu =maxiu, =maxu, =max|u+M—|=max|g+M—
Q 2n Q 0 Q 2n Q 2n




Now, one has

u(x)§ﬁ+(x):u(x)+Mﬁ£max u+Mﬁ = max g+ME
2n Q 2n 20

<maxg+CM <max|g|+ CM
20 20
by the sub-additivity of max. Thus, taking maxima over the compact Q

max u < max|g|+ CM 4)
Q 2Q

Similarly, —ii_ is sub-harmonic in () and sufficiently regular for the weak max-
imum principle to yield

2 2
X X
max —u—i—Mu —max—i_ = max—1i_ = max —u—i—Mu =max|-g+M—
aQ 2n a ) Q 2n Q)

and by the same reasoning, one obtains

u(x) <i_(x) u(x)+M|x|2 < max|-u +M|X|2 +M|x|2
- _(x)=- — < max|- — | = max |- —
N 2n = o 2n 0 g 2n

<max—-g+CM <max|g|+CM
0Q 0Q

yielding
max —u < max|g|+ CM (5)
a 20

Since |u| = max{u™, u"}, where u™ = max{u, 0}, u~ = max{-u, 0}, the inequalities
4 and 5 imply for C = max{1,C}:

mﬁ&Xlul < max|g|+ CM = C(nggXIgl +M) = C[r%g)XIgl +s%p Ifl]

2
as required. Finally, note that C = max{l,sup %}, only depends on the do-

o xeQ
main Q) and not on u, f, g.
. H}(Q), defined as the closure of the space C5°(Q2) with the H? norm is a closed
subspace of the Hilbert space H?, thus a Hilbert space in its own right. Consider

the map,
B:H}(Q)xH3(Q) >R

where
Blu,v] = J Aulv, u,veH Q) (6)
0




By the linearity of the Lebesgue integral, clearly the map B is bilinear. If
one maages to show that this map B is both bounded and coercive, then Lax-
Milgram from lectures can be used to obtain that for any bounded linear func-
tional f on HZ(Q), there exists a unique u € HZ(Q2) such that

Blu,v] = flv], VYve H&(Q)

Now, boundedness follows from

2S(I |Au|-|Av|)2£J- |Au|2~f |Aul?
Q Q Q
by Cauchy-Schwarz. Notice also for u € Hg(Q) that
2 = ’ - 2 ’ 02 2
L|Au| :L[;aiu] :L[;yaiu] :n-L;(aiu) <n-llullf g,

by another application of Cauchy Schwarz to the integrand. Thus, by a two-
fold application of the above:

2 o 2 22 w2 w2
Bl ol < [ |18 < 0l g, I g

or equivalently,

|B[u,v]|* = 'J Aulv
o)

|B[u,v]| < ||”||H§(Q) : ”V”HOZ(Q) (7)

Now, for coercivity, using (6)
Blu,u] = J (Au)? (8)
Q

Since the domain Q) is bounded, and u € H&(Q), one can use Poincaré’s in-

equality
qu gch Va2 )
Q o)

where Cg > 0 only depends on the domain Q). Additionally,

f IVuIZ:—f u-AuSJ |u| - |Aul
Q Q Q

Since, by the definition of Hg(Q) (using smooth approximation by smooth com-
pactly supported functions), the integration by parts formula used in the first
equality above holds. Further, using a weighted Cauchy-Schwarz inequality
with e > 0 pointwise on the integrand above

j |u|-|Au|§€J u® +£J (Au)2
Q Q € Ja




Now, combining the above yields
J uZSCQ-eJ u? + C'CQJA (Au)2
Q Q € Q
Choose e = ¢ = 2C(11—+1 > 0 which gives

1 .
—J u2§(1—CQ€)J- u?< ¢ CQJ- (Au)?
2Jo 0 € Ja

Thus,
2C-Cq [
f u? < Q1 (Au)? (10)
Q € JQ
from which we can similarly bound
2 1L (oo 1 2
Vu|* < lul - |[Au| < = | |u] |Au|
Q Q 2 Ja

(1D

S[C'GCQ—F%]L(AL[)Z

By another application of Cauchy-Schwarz and of integration by parts. Now
for u € C°(Q)), repeated integration by parts yields

J d;judjju =~ J d;ijud; u_J d;jud;ju

Now, by smooth approximation, any u € H3(Q) satisfies

J d;;ud; u_J d;jud;ju

Thus,
J J Z (D3i) ( f (Au)? (12)
Q1<z]<n Q1<1]<n Q
Combining (10), (11) and (12) one obtains
8 u)

|u||2 J u +j IVul* + jQ
1<1]<n
< 20 | ([R5 [ o L (80

€
and finally,
C-Cqo 3
2 o, 3 2
I 0, <[ 24 5] | () a3
Thus, for
1
B=<cc 3> 0
eQ t32




one has that
B u,u|l= ]; iz 2

showing coercivity. To complete the proof of existence and uniqueness, it is
indeed that case that the linear functional

v |—>J fv, v eHg(Q)
Q
is bounded. This is easily seen by applying Cauchy Schwarz yielding

)7

thereby enabling the use of Lax-Milgram, showing existence and uniqueness of
weak solutions finishing the proof.

< [ 1< 071 Tl
Q

. Consider the function
(x) =exp[-(a+ib)|x]*], xeR%a>0,beR

Its LP norm (1 < p < oo, p # 2)is computed using the standard formula for the
integral of a Gaussian:

Il = e "”'p); ([ e anie?)

esssup || =sup|P|=1,p =0
R? R?

==

()
— ,p <00
ap (14)

Its Fourier transform is computed

F@)(&) = 12L{de_ix"51,b(x)dx: 1‘§L<d exp[ (a+1ib) |x|]

(2m) (270)
1 5 s
(2n)%e p[ (a+ib uRdeXP[ (a+ib)|x+iz 2D ]dx
(i £ )
T 2n)t (<a+zb)) eXpl_4(a+ib)]’ £eR (15)

since a > 0 and using the standard formula for the value of the integral of a
Gaussian again in the final line. Now, from lectures, the solution map to the
PDE

dyu =iAu, u(0,")=1eS(RY) (16)

is given by:

S(typ(x) = F 7 e P F()()](x), teRxeR?




More explicitly, using (15):

S(f(x) = —— [ e F(gye)ae

d
_ 1 —it|§|2+ix-5 TC 2 _ |é|2
" 2n)d Lde @+iv)] P 4@+ de
1 ix-& B 1 N e
210) Lde eXP[ (4(a+ib)+1t)|€| ldé

T 1 1 .
(w5 o] (e o

d
|x|?

+z4t)

v
(3 * it)

where (15) was used in the last line in conjunction with the fact that Re { 4(a1+i b)} =
> 0. Computing the LP norm for p < co:

exp |-

] (17)

(e
(a+ib)) (2n)d (5

Isoptal, = [ Iswpeor)
B e % 1 T : Sl ap(a® + b?) 2]);
_(<a2+bz>é) (Zﬂ)d[4(aiib)+it‘] deep[ T (b + )7
_[ e ]g' 1 T 2.(n(a2+(b—4t(a2+b2))2))2dp (18)
N@+p2)p) o] 1 +it| ap(a® +b?)

4(a+ib)

Now, combining (14) and (18), one computes:

d

IIS(t)z,bllp_( e )g' 1 T 2.(71(612+(b—4t(a2+b2))2))fp/(£)2p
Il (@2+p2)3) (2r) +it' ap(a® +b?) ap

1
4(a+ib)

1 47t(a’ + b?) g.((a2+(b—4t(a2+b2))2))2i’
)\ (a2 4 b2)5 a—ib+idt(a®+b2)| (a2 + b?)

_( (a2 +b2)2 ] ['a—1b+z4t(a +b2)|] [|a—ib+i4t(a2+b2)'](;§)d

|a—zb+z4t(a2+b2)| (a2+b2)j (a2+b2)%

(19)




Now, for 1 < p < 2, notice that

1 1
a==-=>0

=573
Consider the sequence (1,,),>0 given by:

P, (x) =exp [—n|x|2] z0¢€ S(IRd)

Then, using (19), one computes for p <co and b =0, t = 0:

d
S(t a+idta?]\”
SOl | | =|1 +i4ta|* (20)
19l a

One computes using (20) for t = 0:

ISl

——(|l+i4tn|a)d~nad—>oo, as n— oo.

19all

Now for the case where p € (2,),t # 0, notice

and compute using (19) witha=1,b=L:

11
IS all,  (|a—ib+idt(a®+b?)| (5-3) R PN
= i :( +i4t|(a +b)2)
11l 7)) —
1 1 1520
=( —— +ib (—2+b2) ]
E-i-lb n
But, as n — oo,
1
l+ib+i4t — 0, and (%+b2)2 e'% 2D

Thus,
IS()all,

— 500, N—

19l




since ad < 0 For the final case of p = oo, using (14) and (17):

IS (1) llo
% = 1IS(t)loe = esssuplS (1))
Plleo xelR4
d d
esssup ( T )2 1 [ T ]Ze p[ x|
= . X -
/ d 1 . 1 .
xelR4 ((l+lb) (27'() (m-f-lt) (m+l4t)_
—( T )g ! T 2 esssup expl Gk
= ; ’ d . T
la+ibl/ - (2m) 4(a1+ib) + ”‘ xeR? ((a+_zb) * 14t)_
d _
R U N O Y Ol
la—ib+idt(@+b2)] ) seme| T | a2+ (b-4t(a+ b))

:[ (a2 +b2)2 ]2 22)
|

|a—ib+idt(a® + D2
Now, consider the sequence (¢,,),>¢ given by:

¥, (x) =exp [—(% + %)lxlz] =0 € S(RY)

One computes using (22):

[STESW

+ 14t

ISt Pulles
1l

1 5\2)
T (—2+b) — 00, as n-—o oo.
pm +1ib n
for the same reason as in (21) and since —% < 0. Thus, we have showed that
forall1<p<oo,p#2,t+0:

IS(#)Pllee | d — -
sup{ T peSR) = 0} =

meaning that S(t) cannot be extended to all of LP(IR%), as required.

10
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Question 5

It suffices to show that %E (t) = 0 for all t € R. Rewriting the energy as

1 — 1
E(t):—f VuTVu+—J u?mu?
2 R4 4: R4

and differentiating, one obtains

d 1d 7= 1d 2—2
—E(t)= —— -
dt *) 2dt _[Rdvu Vu+4dt ]Rdu !

1 d e 1 d, .,

B 2J;Rd dt(vu Vi) 4_£Rd dt(u w)
exchanging time and space derivatives, and using the product rule one arrives
at (keeping in mind that u(t,-), u,(t,-) € S(R?) for all t € R):

1 _ 1
iE(t):—j (VutTVu+VuTVut)+—J (2uu, 7% + 2u’T - 75) (23)
dt 2 R4 4 R4

Now, since u satisfies
idiu+Au = ulul? (24)

taking complex conjugates and using distributivity, yields
—id, M+ A =7 - [u]? (25)
Using integration by parts on the first integral in 23 , one obtains
d 1 — 1
EEU) =-3 JIRd(utAu + U Au) + 1 J;Rd(Zuutﬁz +2u’T )
Substituting the functional forms of Au, Au from 24, 25 results in

d

—E(t):—lj [ut(ﬁ-lﬁlz+i8tﬁ)+u_t(u|u|2—i8tu))+lj (2uu i + 2u*u - ;)
dt 2 R4 4 R4

1 — 2 — 1 _ _
=—— (up -0 [0 + iy - 005 + W0 - ulu|? — 07 - 1,) + = (uu,a? + u?u - 7)
2 JRd 2 JRd
1 — 2 L 2y, 1 2 = 2 —
=-3 (up-u - [ul” +vu - ulul”) + = (Ju|” - wu+u-|ul*-u;) =0
R4 2 R4

upon noticing that [u| = |u| = u - u, concluding the proof that E(¢) is constant in
time.
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